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PKEFACE 


T hough the theory bf plane algebraic curves 
still attracts mathematical students, the English 
reader has not many suitable books at his disposal. 
Salmon’s classic treatise supplied all that could be 
desired at the time of its’ appearance, but the last 
edition was published some forty years ago, and has 
been long out of print. It seemed therefore as if 
a new book on the subject might be useful, if only 
to bring some more I’ccent developments within reach 
of the student. 

In the preparation of this volume I have made 
frequent use of the books written by Salmon, Basset, 
Wioleitner, Tcixeira, Loria, &c. But most of the con- 
tents and examples are extracted from a very large 
number of mathematical pei’iodicals. With the ex- 
ception of the list at the end of Ch. XX, I have not 
attempted to give systematic references. In fact, in 
a field which has attracted .so many workers, it would 
be almost impossible to trace the steps by which 
particular results have reached their present form. 
In some cases I cannot even remember whether a 
result is my own or not ; but Chapters IX, XI, XVII, 
and XVIH contain most of my own contributions to 
the subject. The solutions are mine for the most 
part, even in the case of examples derived from other 
authors. 
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PREFACE 


In a book dealing with so wide a subject I can 
hardly hope to escape the criticism that I have in- 
cluded just that material which happens to interest 
myself, and have excluded other matter of equal or 
greater importance. I have not seriously dealt with 
problems of enumeration, such as ‘ How many conics 
touch five given conics?’ 1 have treated all curves 
with the same degree and singularitie.s as forming a 
single type, and have not attempted to subdivide the 
type by considering all their 2 )ossiblo positions relative 
to the lino at infinity. 1 have not given the proj^erties 
of ‘ special plane curves ', imle.ss they ai’e representa- 
tive of some general type, such as, for example, 
Cassiuian curves, into which any quartic with two 
unreal biflccnocles can be ])rojected. I have not in- 
cluded any discussion of curves of degree n for special 
Viiluos of n other than 2, R, or 4. A thorough dis- 
cussion of quintic curves would be very welcome, but 
at present the difficulties seem insuperable. At any 
rate very little work has been published on their 
properties. The reader will doubtless detect other 
important omissions. But on the whole 1 have tried 
to cover the limited ground I have selected with 
reasonable completeness. 

No one can really master a branch of mathematics 
except by working at it himself. I make no apology, 
therefore, for the long lists of examples. The reader 
can select from them few or many, as he pleases. 
I give hints for solution in most cases. I hope that 
these will be of real assistance to the student, setting 
him on the right track if he is in difficulties, enabling 
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him to check the accuracy of his results, and giving 
him a guarantee that the examples are not of un- 
reasonable difficulty. 

The beginner should not attempt to read the book 
straight through, but should select for himself those 
parts which he thinks easiest and likely to interest 
him most. As a rough guide I recommend the omis- 
sion of the following portions on a first reading : 
Ch. VI ; Ch. VII, 8 to 10 ; Ch. VIII, §§ 4 and 5 ; 
Ch. IX, 3 to 12; Ch. X, 7 and 8; Ch. XI; 
Ch. XII, 7 to 10; Ch. XVI; Ch. XVII, 6 to 8 ; 
Ch. XVIII, §§ 0 to ir> ; Ch. XIX. O'tf 8 to 7 ; Ch. XX, 

10 and 11 ; Ch. XXI. 

My best thanks arc due to friends and pupils who 
have made suggestions and pointed out inaccuracies 
while the l)ook was being written. I owe a special 
debt of gratitude to Miss G. D. Sadd, who has given 
me very valuable lists of corrections required in the 
MS. 

I must also express my grtititude to the Delegates 
of the University Press for so kindly undertaking the 
l>ublication of the book. 

H. H. 


June 1919. 
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Preface. While this book was in the press a treatise by S. Ganguli 
called Lfctures on the Theory of Plane Curves has a])peared. 

Page9, Kx. 2. Omit(-l)”. 

Page 10, Ex 8. Read ‘2y/-2’ for and ^ 2 «+r 

^’s M+i > 2/3 n+1 > ^3 «+l • 

Page 24, Ex. 12. Read Hhree real tangents* for ‘three tangents’. For 
the solution read ‘ Use Ex. 11 or Ch. I, § 6, Ex. 2 

Page 116. In the theorem at the foot of the page a linear branch is 
counted as being superl inear of order 1. 

Page 146. In Ch. X, § 4, N must-be l(*ss than n. Otherwise the state- 
ment on page 146, line 33, ‘ Hy choosing f ])roi) 0 rly, F may be made 
any point of the ;?-ic * might be incorrect. Similarly in Ch. X, § 7. 

Page 359, line 24. The quartic consecutive to Q is supposed non-cuspidal. 

Page 369. In Fig. 13 it is essential that the nest should lie inside the 
circle and outside 12. 

Pa'ge 371. Add ‘ Gottingen Nachriehten, xi (1909), p. 308 *, to the list of 
references. 



CHAPTER I 
INTllODUCTORY 
§ 1. Coordinates. 

We shall assume a knowledge of the more (dementary 
portions of the calculus and of pure and analytical geometry 
including the theory of cross-ratio, involution, projection, 
reciprocation, and inversion; l)ut in this introductory chapter 
we shall remind the reader of some elementary results of 
which wo shall make* frequent use. 



If through a point P (Fig. 1) we draw parallels PiV, PM to 
two fixed reference lines meeting at an origin 0, and OM^ 
ON contain x and y units of length, x and y are the Cartesian 
coordj nates of the point P (x, y), 

221C B 
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I 1 


If the referencc-axL‘s are perpendicular, 

./• = r cos y = r sin 6 : 

where r is the distance OP and 6 is the angle between OP 
and y = 0. We call r and 6 the polar coordinates ol the 
point P {i\ 6) with respect to the ])ole O and prime vector 


// - 0 . 



connect(Ml !>} th(‘ n‘lation 

+ /y + : = h 

instead of dejiiiing the position ol h,y its areal coordinates, 
we ina^ use instead any constant mu]tij»les of them and write 
.r = k , . PBCJ/A BC, y ^ . PCA/A BC\ z =^k,. PAB/A BO. 

In this K, /■.. are any constants chosen arbitrarily, but 
considered «fixed when onct* choseji. We call //, ^ in this 
case general Itooufyeotuafs coord f nale^'<. e lia\c tlie relation 

J'/ />*! + /// l*\t + -/ /‘V, = i ^ 

]*y means of wliicb tbe equation of any locus may be unule 

hoinogimeoiis. 

lnst(*ad o\’ .r, /y, : wo may lake any (piantities proportional 
to tliem when dealing with such houjogeneous equations. 
Fo)- instance, the vertices of tlie triangle of reference wdll 
usually be taken as (1, 0, 0), (0, 1, 0). (0, 0, 1) ; though these 
arc tbe actual coordinates only it areal coordinates are 
used. 

We shall mean by tlie symbols ./*, y, o the general homo- 
geneoiiR (not necessarily the areal) coordinates, or quantities 
proportional to them, unless the contrary is stated. 

The new equation of a given curve when fresh homogeneous 
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coordinates (and triangle of reference) are taken is obtained 
by replacing x, y, 0 in the original equation by expressions of 
the form 

//7/| /y -f* ^ C', "f* // b ^<2^, 1/ yV -{■ If n^z 

respectively. 


§ 2 Projection. 

Suppose we have fixed planes H, 17' and a fixed point W 
Suppose also that P is any point in Q and that VP meets 17' 
in P'. Then is called the /yrojeciloib of P on FI', F being 
th«^ ‘ vertex of projection If traces out a locus e, 7^' traces 
out some locus <•', which is called the ‘ projection ’ of c. Simi- 
larly e is the projection of r' on 17. 


11 



Fig. 


The projection of a straight line is evidently a straight line. 

The projection of a range (A BCD) of four eollinear points 
whose cross-ratio is AB , (111/ AD ,CB is a range of the same 
cross-i-atio. For the rangt* and its projection are the inter- 
sections of two transvorsal.s with the rays of a pencil whos(‘ 
vertex is F. 

In particular, if the range {AC. BD) is harmonic, so that 
AB . CD/ AD ,(^B = — 1, its projection is harmonic. 

Similarly the projection of a pencil of four concurrent lines 
is a pencil of the same cross-imio. In fact, the pencil and 
its projection have the intersection a of the planes IJ and U' 
as a common transversal. 

It follows that the projection of the ‘ involution range ’ 
traced out by points P, P' such that (/J, PP') is harmonic, 
where /, J are the fixed ‘double points’ of the* involution, is 
an involution range. Similarly for involution pencils. 

B 2 
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PROJECTION 


I 2 

Suppose that the planes through K parallel to 11' and FT 
meet IT and n' in the lines v and r' respectively (see Fig. 3, 
in which the plane of the diagram is perpendicular to the 
lines V, v\ ff). If the point P, moving in the plane 11, 
approaches v. its projection P' recedes indefinitely ; while if 
P lies on r. VP docs not meet O' ; so that P has no 
projection. 

It is convenient to observe the convention that two planes 
meet in a straight line, or (what is the same thing) that tlu‘ 
projection of a straight line is a straight line, even in the 
case in which the planes arc parallel. We say, therefore, that 
‘ all points at infinity in the plane iP lie on the straight line 
which is the projection of the vau/islilmj hne v\ 

Similarly such a statement as ‘ a parabola touches the line 
at intinity ’ means that its projection tonelies the vanishing 
line ; and so on. In general, when we describe any property 
of a curve at ‘ an infinitely distant point P , we mean a 
property possessed by its projection at the corresponding 
point P of V ; it being understoo<l that the ]>roperty is one 
which would he iinalt(‘r(‘d by projection, i( P and P were 
finite points. Similar nunarks apj>ly to the lin(‘ 

Ex. 1. The lelatKui between i>ole and witli rt*B]»ect to a conn 

and betw(‘Cii coiijugdt(* points or lines is unaltered b)" ju’ojection. 

Kx. 2. If two lin(‘s through P in tli<‘ jdane II nu'et r in // and A', the 
angle Ill*K projects into an angle efjual to UVK. 

Ex. 3. It i.s possible with a given vani.shing line to ]>roject two angles 
into angles of given magnitude; or toi»rojee1 a given eoiiic into a circle. 

|See Ex. 1, 2. Project any two conjugate pairs of Hues through the 
pole of the vanishing ‘line* into pcrj)endicular ]>airs.| 


^ 3 Plane Perspective. 

Suppose that P and P', Q. and Q\ R and R' are i)ro)ections 
of each other, and that Q, H are taken as fixed points of D, 
and P as any other point of 11. Since Q'R' is the projection 
of QR, QR and Q'R' meet on a. 

If the plane il is turned ahont a carrying J‘, Q, R with it, 
while II' is kept fixed, QR and Q'R' continne to meet on <i, 
and Q, R, Q', W continue to f)e coplanar. Hence W' and 
RR' continiu! to intersect. Similarly PI" and QQ', PP' and 
RR’ continue to intersect. This is only possible if PP', Qi^, 
RR' are concurrent, since they are not coplanar. Hut P is 
any point whatever <jf 11. Hence wlien H is rotates! al.out (t, 
two figures in 11 and 11' which were originally projections of 
each other remain projections of each otlicr. The vertex V 
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turns about the line v\ as is evi<lent from Fig. 3, since the 
distance l)et\veeM n and r is constant and is equal to the 
distance between V and v/. 

Suppose that IJ turns about o till it coincides with fl\ 
Two figures which originally were projections of one another 
are now two figures in the santp plane with the property that 
th(^ lin(‘ joining corresponding points of the two figures passes 


y = y' 



4 . 


through a fixed point F, and corresponding lines of the two 
figures intersect on a fixed line <i. Two such figures are said 
to be m j)lane /)ers'f)ecf im, V being the vertex and// the 
of perspective. 

Suppose that in each of the figures the vanishing line is 
chosen as axis of x and the ])erpendicular line through V as 
axis of y. Suppose that and P' {x\ y') are the co- 

ordinates of two corn'sponding points. Let c be the distance 
between V and v and b that between V and ?/, which is the 
same as that between v and a by Fig. 3. 

Then x' = bx/y, y' = br/y or ,/* = ex' /y\ y = hc/y', . (i) 

For, taking as axes of reference the lines through V parallel 
and perpendicular to v, the points H (0, /*) and H' (0, oo) 
correspond, while P is (x, + Then P' is the intersection 
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PLANE PERSPECTIVE 


(6.////, h{y’\-v)/y) of the line VP and the line joining 
H' to the interfiection of PH with the axis of perspective. 
But by definition P' is (./, + from which (i) at once 


ibyjpvvs. 

//) = 0 is ilie e(juation of the locus of P, 

is the equation of its projection. 

We can always choose the projection so that b = r. We 
thus get the useful rule 

]f In the of a nrrve tve rephtce ,t\ y by aof y^ <'“///» 

'tre yet the fAiiiatioo of //s /mf/ect Ion ; the oxis of x beivy the 
Viniialn iiy line both for the curve oud its projection, ((ml the 
axis of y being unaltered. 

Let hv + ^n y + n ~ 0 be any line in the first figure. The 
distance d from it of the point P (x, y) is given by^ 

d (P + = lx -f tny + /o 

The distanc(‘ d' fiom the corresponding line in the second 
figure (7;r+ e// + />( /// = 0 of the point P' (bx/y, bc/y) is given 

d'y (r “7^ -f = be (lx -}• my + a). 

Hence d' (r-7“+ /r')^ = bed (P + m“)^/ y (ii) 

Suppose that we take a fixed triangle A BC of which the 
vertex C coincides with \\ while A and B lie on v. Then 
putting n = cm in (ii) we see that th(‘ perpendicular from 
P' on GB liears a constant ratio to the cpiotient ol* the per- 
I)endiculars from P on OB ami AB; and similarly for th(‘ 
perpendicular from on ('A, 

Now (clianging the notation) we may take homogeneous 
coordinates (.r, y, d) of P with ABC as triangle of reference, 
such that o'/z is equal to the (juotient of the perpendiculars 
from P on CB and A B multiplied by any constant we please ; 
and so for y/z. 

Also the perpendiculars from P' on CB and CA are constant 
multiples of tin* Cartesian coonlinates of P' referred to CA 
and CB as axes of reference. 

If, then, f{x, y) = 0 is the Cartesian equation of a curve, 
f(x/z, y/z) = 0 is a homogeneous equation of a projection in 
which = 0 is the vanishing line, and ^ 0, a; = 0 are the 

projections of the Cartesian axes of reference. 

Conversely, if ./'(x, y, c) = 0 is the homogeneous equation of 
a curve, f{x, y, 1) = 0 is the Cartesian equation of the curve 
obtained by a projection in which c = () is vanishing line, 
followed by an orthogonal projection. 
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I 4 

Kx. 1. if 1* and I*' are any two corresponding points of two figures in 
plane perspective and VPI*' meets a in /?, the cross-ratio of {VPRP') is 
i-onstant. 

[Project a to infinity, and the figures have V as a centre of similitude. 

If the cross-ratio is -1, the perspective is called har}noniv.\ 

Mx. 2. < liven F, a, and a pair of corresponding points Q and Q\ con- 
struct P' corresponding to a given jjoint P. 

[I*' lies on VI* and on the line joining (/ to the intersection of 
and a.\ 

Kx. 3. Given F, r, a, construct F corresponding to a given point P. 

[If Q is on r, Q' is at infinity on VQ. Now use Kx. 2.| 

VjX. 4. 'fhe relations connecting the coordinates of any two correspond- 
ing points of two plain's which have a one-to-one correspondence can be 
})ut in the form (i) of § 3 by a suitable choice of axes of reference. 

[Let /, J be the points in one plane corresponding to the circular 
]>oints ol the other plain* (§ 5). The axes of reference an* fJ and its 
perpendicular bisector. So lor the othei plane. [ 

§ 4. Asymptotes. 

Su[iposo tliat ill § o H curvi* in the first figure crosses r 
at Q and t is tlu^ tangent at Q. but / and r do not coincide 
fFig. 5), Taking t as the liiu^ /.c-f h 0 referred to in 
(in of '5' d and P as any point of the curvxs <//// approacdies Uie 
liniit zero as P apjiroaclies along the (turv(\ 



Fin. r>. 


Hence the point i^'of the cori-csponding curve in the second 
figure (the projection of the first), which is at a distance d' 
from the projection /' of t, approaches indefinitely as P' 
recedes indefinitely. 

Such a line as // whicdi is the projection of a tangent, whose 
point of contact is on the vanishing line (but the tangent and 
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vanishing line do not coincide), is called an asymptote of the 
projected curve. 

§ 6. Circular Points and Lines. 

It is well known that the lines through the origin parallel 
to the asymptotes of a conic are given by equating to zero the 
terms of the second degi’ee in the Cartesian equation of the 
conic. Applying this to the general equation of a circle 
^.2 ^ y'A _|_ -I- 2fif + r* = 0, 

W(^ sec that the asymptotes of all circles are parallel to 

y^-h2/" = 0; 

or, as we may put it, all circles go through the unreal and 
infinitely distant points on j/ = + 

These points are called the circular poiitts at infinity. W e 
shall denote them usually by a> and o)'. 

Any line through a circular point, i.e. any line parallel to 
?/= ± v^(-l) .r, is called a circular Hue. 

Ex. 1. A circular lino is perpendicular to itself. 

Ex 2. Two points on a cirpular line are at zero distance from om* 
another. 

Ex. 3. Any point not on a circular line is at an infinite distance from 
that line. 

Ex. 4. Project a given i3air of points into the circular points. 

[With the line joining them as vanishing line project any conic 
through them into a circle. See § 2, Ex. 3.] 

§ 0 Higher Plane Curves. 

A curve whose homogeneous (*q nation is obtained by 
equating to zero a polynomial in x, y, c of degree n (and 
whose Cai*tesian eqiiation is therefore obtained by equating to 
zero a polynomial in x, y of degree /<.), is called an alyehraic 
'plane curve or higher plane curve of degree n. The word 
‘ higher ’ implies that the degree is greater than the second, 
the properties of conics being supposed too well known to 
require fui*ther investigation. Nevertheless we shall not con- 
sider conics necessarily excluded from the definition, though 
most of our work will he concerned with the case 'H > 2. 

If f{x^ ;y, c;) = 0 is the equation of such a curve, the lines 
joining its intersections with Xx-\- gy + =: 0 to the point 

(0, 0, J) will be /(i/a;, i/y, ^Xx^-fxy) = 0, and are therefore n 
in number in general. Hence : 

A cui've of degree u meets any straight line in ih real or 
unreal points in general,^ 

* Wo note that the number of real points is n — 2r, where r is zero or 
a positive integer ; see also § 7. 
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If* the curve meets the line at a point on the vanishing line 
(§ 2), the projections of the curve and line meet in less than 
a (finite) points. Such exceptions will be considered later. 

A ‘ curve of degree a * will often be called for short ‘ an i^-ic 
Thus a curve of degree 3, 4, 5, i.e. a cubic, quartic, quintic, 
... curve, will be called a 3-ic, 4-ic, 5-ic, .... Another notation 
for an >t-ic in common use is ‘ (7^ 

Two or more curves whose degrees have the sum n may be 
considered, when taken together, as forming an iv-ic. Such an 
will lx; called (iegen berate. For instance a cubic may 
degenerate into a conic and a straight line or into three 
straight lines. 

Ex. 1. Through any point 0 two lines are drawn in fixed directions 
meeting a given >/-ic in Pj, and Q,, Show that 

the ratio OPj . 01\ OP^, : OQ^ . OQ., 

is independent of the position of O. 

[Take Cartesian axes of reference in the fixed directions ; let O he 
{.r, y'), and the curve b(‘ /(.r, y) *= 0. Then 

OP, .01 \. .. . (il\ — ± /(a?', y')-r {coefficient of j*" in /(a?, y)|.J 

Ex. 2. The sides of a triangle ABC meet an //-i(* in 7* ]\ J*,, \ 

Show that 

{ - 1)» AB, . A B, Ah \, . BI\ . BI\ BP„. CQ, . CQ. CQ,, 

= AQ, . ci \ . . op;. BB, BH^, 

[Use Ex. 1 or take ABC as triangle of reference. The cases n = 1 
and 2 are known as Menelaus’s and Carnot’s theorems.! 

Ex. 3. Extend Ex. 2 to the intersf*ctions of an /?-ic with the sides of 
any polygon. 

Ex. 4. (liven all but one of the 3w intersections of three lines with an 
>/-ic, construct the remaining intersection. 

Ex. 5. The lines joining any point O to two fixed points A and B 

meet a given n-ic in P,, Po, .... P„ and Oi, O 2 Qn^ Show that the 

ratio 

01\^0I\ OP,,.BQ,.JfQ, />V, : 

OQ,.AP,.AP, A1\ 

is independent of the jiosition of O. 

[Apply Ex. 2 to the triangle ABO.^ 

Ex. 6. Two curves touch at P, and O is any point not near A line 
through O close to P meets the curves in Q, B and the tangent at Pin T. 
Show that the ratio of the curvatures of the two curves at P is the cross- 
ratio of (OQTB). 

Deduce the fact that the ratio of the curvatures of two curves at 
a point of contact is unaltered l»y projection. 

Ex. 7. Given a set of n tangents to a conic meeting at y «(n — 1) 
points and a second set of tangents also meeting at points, 

show that the n{n-l) points thus obtained lie on an (w- l)-ic, and that 
the intersections of an infinite number of n tangents lie on the (h~ l)-ic. 
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[Take the conic as the locus of 2^, 1). Then, whatever A* inay be, 
the intersections of the tangents whose points of contact are given by 
= 0, where /and cj) are polynomials of ib‘gree n in t, lie on 
the (w — l)-ic obtained by eliminating f and 7’ from 

The case n - B is well known. | 

Kx. 8. If any line meets the curve ‘ 4 //'*■' - r//: // in 

(^ 1 , y,, c,), (X,, y, //..-fi- - 0 . 4 , h being homogeneous in 
.r, /y, of degree h - •>, then 

J\.r, .. //i !h * //•0/4, ‘ u/-, 1 =^~ 


If the line is X./*4 f,//4 I'C — 0, then 


J\ ./'o • • . ),4, / Vi //u •••?/:, «4 




Ex 9. A variable line is drawn in a given direction meeting a given 
«-ic at J\ where the radius of curvature is p ami the tangent makes an 
angle d) with the given direction. Show that Scotch is constant and 
2 (/jsin'’</))“^ = 0, the suinmation extending over tli(‘ h inters<*cti(,ns /'of 
the line and /i-ic. 


[For a given value ot\r we have S// — o./* I h, the equation of the //-ic 
being if-{ax-\ ?>)//"'’ t ...^0 Ditfeientiate ibis lelation twiee with 
respect t<» .r | 


§ 7. Intersections of Two Curves. 


Tw curves of (le( free n oiid S Intersect lit tiN /Hjtiits. 
Suppose the equations of the curves are given in homo- 
geneous coordinates. lict their etj nations he 


where denote homogeneous ]>olynomials of tlie /th 

degree in x and 2/- , . 

Multiplying these equations respectivedy by 1, c, .s' 

and by 1, z, h we obtain n 4- A linear (sjuations in 

1 /. -2 I 

1 , , 


from which these quantities may be elimiuat<‘d. For instance, 
if 16 = 4 and N — 3, we have 


(^0 

(/, 

^'2 

a.. 


0 

0 

0 


(h 

^'2 



0 

0 

0 




a . 


0 

0 

0 

K 

'b 

Ik 


0 

0 

K 




0 

0 


/b 



0 

0 

K 



f>3 

0 

0 

0 



(ii). 


This eliininant gives the lines joining the point (0, 0, 1 ) to 
the intersections of the two curves, foi- it is readily seen to lie 
homogeneous in x and //. The lines are /6.V in niimbei’, for 
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a typical term of the determinant jn.sb written is ± 

The theorem is therefore proved. 

We note that the number of real intersections of the curves 
is iiN—2ry r bein^ zero or a positive integer. For complex 
roots of (ii) occur in conjugate pairs. 

If and are zero, botli curves pass through (0, 0, 1). 

Suppose that and , ... , /j/,' , are iden- 
tically zero. Multiplying equations (i) by l,c, ^ 

and by I, c, z'' * and eliminating as ]>ofore, we get 

an e(|uation giving the lines joining (0, 0, 1) to those intersec- 
tions of the curves which do not coincide with (0, 0, 1). 

For example, if // = 4, iV = 3, and </j = 0, ?>„ = (), we have 

o , (/ , // j 0 

' o, a. O4 _ 

; 0 />; /;, 

I I 

A typical term of the detm'minant just written is 

which is of degree {n — h') K + (S — K) tt = itN—li K in u* and y. 

Hence the curves meet in e A' — /’7v" points other than (0, 0, 1). 
In order to observe the convtuiicmt convention that in eveiy 
case two curves of <legre(js n and xV meet in aS points, we say 
that IcK of the intersections of the curves coincide with (0, 0, 1 ). 

If in this ((i^ and h/,' have a factor in common, the factor is 
a factor of the first column of the determinant just obtained. 
It is readily seen that the number of intei*sections of the curves 
other than (0, 0, 1) is //iV- kK — 1 in general, i. e. LK \ 
intersections of the curves coincide at (0, O, 1). 

Similar!} , if aj. and />a' have r factors in common, LK r 
intersections coincide at (0, 0, 1).* 

Ex. 1. It is iiii])OsMl»l(j lor cv(‘ry line to meet a ffiven in n real 
l)oiiits. 

[A line adjacent to and jmndlel to any tangent will meet it in 2 
real ])oints at niost.J 

Ex. 2. An ii~\c with unr(?al equation cannot pass through more than 

real poinls. 

[Th(‘ only real points on // -l-( - 1)* v 0, where // == 0 and r - 0 are 
real ?/-ics, arc th(‘ real intersections of // = 0 and r = 0.) 

Ex. 3. If a non-degenerate ti-ic has the symmetry of a regnlai 
polygon of k sides, tf ~2 or else n > 


* For a detaih'd discussion by this method of the intersections of tw<i 
curves see Segre, Otornnle dt Matemaiiclie di Batiaglnu ^ xxxvi (1898'), pp. 1- 50 
For other methods see Ch, VI, § 2, and Ch. IX, § 8. For the general theor.> 
of the eliminant (ii) see Bofher, Higha AUjvlna, § 09. 
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If n is not a multiple of the «-ic passes through the circular points. 

[Consider the intersections of the n-ic with circles concentric with 
the polygon.] 

Ex, 4. A circle with centre 0 and radius a meets a given ?<-ic at 
Pj, p 2 » •••» ^how that 

(i) The sum of the angles which ()l\t OPj,, makes with any 

fixed line is independent of both a and the position ot (>. 

(ii) Tire sum of the tangents of the angles which 01\, OP^y ... niak(‘ 
with the tangents at Pj , Pg , ... is zero, 

(hi) The sum of the polar siibtangeuts of the curvi* at Pj, Pg* ••• 
is zero. 

[(i) Use polar coordinates, (ii) and (hi) follow at once from (i). It 
is assumed that the ;/-ic does not pass through tin* circular points.) 

Ex. r». If we eliminate y between two equations /(.r, y) = 0 and 
F (Xy y) = 0 of degrees n and N respectively, we obtain in general an 
equation for x of degree wA’. The coefficient of in this equation 
only involves the coefficients of the terms of degree h in / and degree 
N in P. The coefficient of * only involves the coefficients of the 
terms of degrees n, n - 1 in / and degrees N, A — 1 in F, 

Deduce that : 

(i) The centroid of Pj, Pj, , Pj,, in Ex. 4 is independent of a. 

(ii) The centroid of all points on an algebraic curve at which the 
Cartesian tangent is of length a is independent of a. 

(hi) The same is true, if we replace ‘Cartesian tangent’ by ‘Cjir- 
tesian normal ’ or ‘ radius of curvature 

(iv) The centroid of all points on a curve at which tlie circle of 
curvature cuts a circle with centre 0 and radius u at an angle a is 
independent of a and a. 

§ 8. Pencil of Curves. 

'If u = 0, V = 0 are the equations of curves of the nth 
degree, and k is any constant, n { h'v = 0 is a curve of degree 
Ii passing through the iv^ intersections of = 0 and v = 0. 
The family of curve.s obtained by taking different values of k 
is called a pencil of v^-ics, by analogy with the well-known 
case in which vt = 1. The fixed points through which all 
curves of the pencil pass are called th(‘ haae-poiiits of tluj 
pencil. They are not necessarily all distinct. 

Ex. 1. The number of curves of a pencil of n ics which touch a given 
line is in general 2 {n ~ 1 j. 

[Take = 0 as the lino,] 

Ex. 2. If in Ex. 1 the line passes through a base-point, the number 
of curves is 2// -8 in general. 

[One touching at the base-point and 2 -2) others.) 
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§ 9. Tangents. 

Suppose r (j&\ fj\ z*) is any point on a curve /(j-c, y, z) = 0 
<)i‘ degree >6, and Q {x, y, :) is any other point. The point 
dividing PQ in the ratio /z ; A, where A = 1, is 
{\.r' + xy + /t^, Xs' + /xs). 

This lies on the curve if 

/(A./:' + /ziz*, A'/4-/zy, \z' fiz) = 0 
or 

{■>■', y', =') + X'> (r + '/ +- ^v) ^ •” y’ ^ 

(i); 

where means the result of putting x for ./*, // for //, 

/ *. . <yp'. /A-) c, 

; lor ^ in • . , ive. 

d.r 

This equation in /z/A' gives the ratio in which tl»c curve 
divides PQ, One root is zero, for P lies on the curve. 
A second root is zero, if PQ touches the curve at P, T^hc 
condition for this is 

V 

.r * , + // c 7 "h 
<>.r i)// vz 

whicli is therefore the e.quation of the tangent to the curve 
at P, 

If the equation of the curve in Cartesian coordinates is 
/(ic, y) = 0, the tangent at (./, 7/) is 

+ (?/-/) |Uo. 

If the coordinates of any jioint of a curve are given in the 
form =/(0, y = ^ - = f 

where is called the parameter of the point, the tangent at 
the point is 

(0x1^' — (p'ylr)x+(\lrf— yjr'f) 7/+ /'^>) ^ 

In fact, this line goes through the given point and the con- 
secutive point, whose coordinates are 

(f(i + dt), 0 (^ + dt), dt)) or (/+/(«, <f> -f (l>'dt, xjr + t/rW), 

neglecting the squares, cubes, &c., of dt. 

If we put 0 = 1, we get the tangent at any point of the 
curve whose Cartesian coordinates are 

y = 

Suppose now P {j:', y', z') is not on the curve. The line PQ 
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wil] touch the curve, if the equation (i) in fi/\ has equal roots. 
If we write down the condition for this, the resulting equation 
is that of the tangents from (£r', c') to the curve. 

Ex. 1. Jf the u~iv -:) = U jiasses through (0,0, 1), the roefhcioiit 

of c" ill /is zero, and the tangent at (0, 0, 1) is obtained by equating to 
zero the terms involving 

lf/('^»y) — 0 passes through tin* origin, tiie constant term in / is 
zero and the tangent al the origin is obtained by equating to zero the 
terms of the first degree in f 

Ex. 2. The axes of reference interce]>t a constant b'ligth on any 
tangent to 4 //S = 

Ex. 3. The tangent at any point I* oi ijx^ = meets the axes in A. li 
and the curve again at V. I’rove that the ratios AP:PB:BQ arc 
constant. 

Ex. 4. The sum of tin; interceiits made by any tangent to x'-: 4 //i — ((\ 
on the axes of reference is constant. ^ 

Kx. 5. Show that two jKirpendi<*ul.n- tangents to 

r = (2 cos / 4 cos 2/), If - a (2 sin / — sm 20 

meet on the ciicle x’ if = o*. 

Ex. 6. The tangents trom an,\ point O to a cuhic are six in numb<*r 
in general. Their points of contact lie on a conic, and th(*y meet the 
eubic again in six jioints on a conic. The tangents meet the two conics 
again in twelve points on another cubi<* also touching the tangents. 

I Putting (i) in the form — 3), f 3 iqXV + 4 i/jg’ C. 

where /q is of degree r in ,r, y, and writing down the condition for 
equal roots, wc have 

The two conics arc n,, 0 and 4fq,?/2 — J the other cubic is 

t i'q* - 0] 

Ex. 7. The two ciihics of Kx. b are in plane Iiarniuiiic peispective 
with 0 as vertex, each conic corresponding to itself in the p<‘r.spectivc, 
(See § 3, Ex. 1.) 

[Choose the triangh* of reference so that O is (0, 0, 1) and iq, ~ -t 2.xy.I 

Ex. 8. h'ind the lengths of the tangents and normals from any jioint 
to a curve. 

[Take the jioint as origin, and put the eiiuatiun of tin*, curve into 
the form f(r,t) — 0, where == (1 - /*) r/ (1 4 /q, y == 2 /r/ (1 4 ^'). 

Eliminate f from /= 0, and - 0, oi = 0.1 

or vt 

^10. Inversion. 

If 0, P' are colliuear points, 0 being fixed, such that 
OP . OP' ^ k/^y the locus of P and the locus of P' are said to 
be inverses of each other with respect to a circle* with 
centre 0 and radius k\ or more simply ‘inverses with respect 
to 0 \ 

^ Or a splici'o, if the loci arc not coplanar. 
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If P and P'. Q and Q' are points on two inverse curves, 
OP. OP' -OQ. (Hi'. Hence tlic angles OP(i, OQ'P' arc 
ecpial. Making (J consecutive to P and therefore Q' con- 
s^utive to P', we see that the tangents at P and P' to the 
inverse curves are coplanar and make snppleraentai’y angles 

with OPP'. , , , 

Again, from the similar triangles (JP(i, 0(i P {Q not neces- 
sarily coiisiicutive to P) we have 

P(i-.P'Q' = 0P:0(i'= OP.oP'-.OP'.OCi'. 

Hence PQ = h\P'(i'/OP'.0(i', 

which enables us to express lengths in one figure in terms ol 
lengths in the inverse figui'e. 

Suppose now that two curves meet in P and the two inverse 
curves in 1^. 

Let the tangents at P and P' to one pair of inverse curviis 
meet in // and the tangents to the other pair in K. Then, 
since the tangents HP. HI'' make supplementary angles with 
OPP’. PH — P'H and similarly PK == P'K. Therefore the 
triangl(“S ]/PK. 11 P'H are congruc'ut, and the angles HPK, 
HP'k are e(|Ual, 

Hene,e. two curves cut at the same angle as their inverses. 

If now the two inverse figures are coplanar while 0 is taken 
as this origin ol w'Ctangular (.'artesian axes and P is the point 
ix, y), P' Is Iry/ix-^ + y% This follows at once 

from the fact tliat 0, P, P' are collinear and OP . OP' = k^. 

Hence, if /(.r, y) = « is tin- equation of a plane curve, 

/ i'k-x -I- //•'), P^y/ (a-'* + y-)) = 0 

is the e<juation of the inverse curve. 

For instance the inverse ol the circle 

X- + y- + -I- '• = 0 

is P + ((/•'■ +.fy) + '■ {•'•" + v~) — *’• 

Hence the inverse of a circle with respect to a point 0 in its 
plane is a circle, or a straight line if 0 lies on the given circle. 

The inverse of a straight line is in general a circle through 0. 
But, if the line passes through 0, it is evidently its own 
inverse. Also, il the line passes through a circular* point, its 
inverse is a line through the other circular point. In fact, 
the inverse of x + iy = <* 

is — c (.r—iy). 

We have a similar result for three dimensions, and may show 
tliat the inverse of a sphere with respect to 0 is a sphere, or 
a plane if O lies on the given sphere. 
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The inverse of a circle with respect to a point not in its 
plane is a circle, for the intersection of two spheres inverts 
into the intersection of two spheres. 

Kx. 1. Prove that a circle and two inverse points invert into a circle 
and two inverse points. 

[Use the fact that all circles through two points inverse with respect 
to a circle cut this circle orthogonally. | 

Ex. 2. A sphere is projected from any point V on its surface on to 
the diametral plane perpendicular to the radius through V, Show 
that circles project into circles and angles are unaltered by the 
projection. 

[The projection is the inverse of the original Hgure with respect to V. 
This projection is called sfereof/mphic.] 

Ex. 3. If o), w' are the circular points, the inverse with respect to () of 
a point P on Ojo is at w. 

If a curve cuts Oo) at P, the corresponding tangent at o) of tli(‘ inversi* 
curve is the invei-se of a)'P. 

[Let 4 ) be a jioint of the curve near P and Q’ its inverse. 'J’luui u.Q' 
and 6)^ are inveise lines. Now let Q approach P.] 

^ 11. Theory of Equations. 

For convenience ol rel'erence we insert here some well-known 
results in the theory of equations. 

The typical equation of degree n is 

The product of two roots is — 1 if 

Uo + ^2 = 0, (^'0 "h 4- ^3 (3r/j -f = 0, 

+ + + + K^^2 + aj</4) = 0, 

{ % i^o - 5 -f ^5 <^i ) ! ' ('b. - 5 (7^) 

4- (t/g + 10 a3 4- 5 Uj) ((f . — 5 ) ; 

-h25 4'5^aoU3 — — ••• 

in the cases //- = 2, 3, 4, 5 

The cubic eejuation (a = 3) has two invariants 

(t = (/(,2a3~-3aoaj(/2 4-2ai^ II = 

According as 

4* 47/^ = + 4a(,a./ 4 - 4ta{'a. ~ 

is negative, positive, or zero, the cubic has three real roots, 
one real root, oi* two equal roots. 

The (juartic equation {)i = 4) has two invariants 


«.) 

«1 



“a 

«3 


% 

“4 


1 = — 4aja3 4-3a2^ 
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If 0 is the cross-ratio (a — jS) (y — 5) -r {a — 8) (y— j8) of the 
roots a, /3, y, 8 of the quartic, 

{(^+1) (<f>-2) = 27 1)3J2. 

We note the cases (f> — 0, —1, ^ (1 + ■/— 3). 

If ^ = 0, the qnartic has two equal roots and /•’ = 27 J-. 

It <p = -l, J=(); and if ^= |(l±v'^), /=().* 

* Tlic langf of points : a, 0), (fl, 0), (7, 0), (8, 0) and the pencil of lines 
V = ar, 7/ = fix, 7/ --- yx, y ^ Sx are said to be respectively ‘harmonic' or 
• (‘quianharmonif ’ in these two cases. 
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CIIAPTEL* II 
SINGTTLAK POlN^rs 
§ 1. Inflexions, &c. 

Suppose that th(^ (Jartesian equation ol a curve of // 

arranged in ascending powers of ,r and y is 

0 = a + h^/,r 4- ?>,?/ 4- 4- - (\ xy 4 <’,y' 4 4 . . . . 

If the origin lies on the curve, the equation must he satisfied 
by a? = 0 and 2 / = 0; and therefore <f ^ i). 

The equation now becomes 
0 = 4 /q 2/ 4 i\,X' 4 2^1 xy 4 - (\/if 4 4 *^d^ x^y 

4 *^doXy- 4 4 4 . . . . 

The line y = mx meets tlu^ curve wliero 
0 = a: (6o 4 /q m) 4 (c^, 4 2 c^m 4 (\>ohx) 

4 ir ‘ (c/jj 4 3 (l-^ 171 4 ^d.y'hf" 4 4 4 . . . ) "t . . . . 

One root of this equation in x is always zero ; as was to hr 
expected, since any line through the origin meets tin* curve 
in one point coinciding with the origin (Fig. 1). 



Suppose that, as m is made to vary, bQ-^h^tn a])proaches 
zero. Then a second root of the equation approaches zero, 
i, e. a second intersection of y = iiix with the curve approaches 
the origin, or the line* becomes the tangent at the origin (Fig. 2). 
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Eliminating between y = mx and = 0, we obtain 

the equation of the tangent at the origin, namely, 

+ = 9 . 

Suppose that, when = (), wc have also 

r„-f- + = 0. 

Then the tangent at the origin meets the curve at three points 
coinciding with the origin (Figs. 3 anti 4). The origin is 




called a jtoint of iotfexUni (or simply an inflexion) in this 
case. The tangent at the origin is called an inftexioiui/ 
laufjent or tangent of three- ixnnt contact. 

It is evident that b^ + h^m is a factor of -f ; 

or, what is the same thing, 

+ ^ factor of CqX^ + ^^c^xy + (\jy^. 

If we have also 

di) + 3 9/1 + 3 + (^3 m"' = 0, 

the tangent meets the curve in four points coinciding with the 

C 2 


20 


INFLEXIONS, ETC. 


II 1 


origin. The origin is sometimes called a point of undulation 
in this case. The tangent is called a tangent of four-point 
contact. 

In this case + is a factor of both 

CqX^ ~\-2c^xy + and of 

These results can bo immediately generalized and wo have : 
cui've pa8sei< iltrougli the origin^ the tennt^ of the firat 
degree equated to zero give the tangent at the origin. 

If the ter me of the firet degree are a factor of the terms of the 
3*^, (r~I)^*‘ degrees, the tangent meets the curve in, 

r points coinciding n^ith the origin^ and is cidled a * tangent 
of r-poi nt contact \ 

The cvrre crosses the tangent at the point of contact if r is 
odd, hut does not cross it if rjs even. 



The last statement in the theorem may be })roved as 
follows : 

I'he curve may be written 

K^~^h^y = +1 -f ... + -f- (1 + ... + ^’y_2)> 

where and Vj. are liomogencous of degree h in x and ?/. 

The perpendicular from any point (x, y) of the curve on the 
tangent at the origin is 

(h^x+h^y) ^ 

= + 4- ... -f- (I + ...-f ^'V- 2 ) + 

and has therefore the same sign as u^^^ when 

X and y are small and approximately in the ratio 6j : But 

Uy evidently does or does not change sign with i/;and y, where 
+ = 0, according as r is odd or even. 

The truth of the statement may also be seen geometrically 
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by considering a tangent oi* r-poiiit contact as the limiting 
position of a line meeting the curve in r points close together 
(see Fig, 3 for the case r = 3). 

The definition of ^ r-point contact ' of a lino and a curve 
may be generalized. Any two curves will have ‘ 7’-point 
contact * at P, if they may be considered as the limiting case 
of two curves meeting one another at r points * very close to 
P, (Curves having three-point contact at P are said to o.scu- 
late at P, For instance, at each point of a curve there is an 
osculating circle called tin* ‘ circle of curvature whose centre 
and radius are the ‘ centre of curvature ’ and ‘ radius of curva- 
ture ’of the given curve at P. 'Fhe circle of curvature has 
foui'-point contact with the curve, if the radius of curvature 
of the curve is a maximum or minimum at P.f 

§ 2. Double Points. 

Suppose that in § 1 and are zero. The curve is now 

0 = + 2i\Xjf 4 - <\>ir + -j- d.{y^ 

4" cc* 4* • • » S 

and y = mx meets tho curve where 
0 = 4 2r^7u 4- ^ d^m^ 4- d.^vr*) 

+ «^(«o +•••) + •••• 

Two roots of this equation are zero for every value of m. 

Hence every line through the origin meets the curve in two 
points coinciding with the origin. The origin is called a 
double point. 

The tangents at the origin are defined as the lines meeting 
the curve at three points coinciding with the origin. The line 
y = nix is such a tangent if 

Cy 4- 2c*j'Ui 4- = 0. 

Eliminating m between this equation and y = mx, we have 
the ecpiation of the tangents at the origin 

4“ 2Cj^xy 4* 

Such a tangent may be considered as the limiting position 
of a chord joining the double point to another point of the 
curve, when this point approaches the double point. 

There are three cases to be discussed. 

The tangents may be real, when the origin is called a cru- 
node (Fig. 5). In this case the curve has two real ‘ branches * 
through the origin, % 

* On tlio same branch of each curve ; see next section, 
t See treatises on < Differential Calculus \ 
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The tangents may be unreal, when the origin is called an 
acnode (Fig. 6). The origin is a real point of the curve, but 
there is no real point of the curve adjacent to the origin. 

The tangents may bo coincident, when the origin is called 
a ciiRp (Fig. 7). 

The word node is equivalent to ‘crunode or acnode’, i. e. to 
' a d()ul)le point which is not a cusp 



I 


Fig. 7. 

As in § 1, we show that, if one factor of c^x- + is 

a factor of + the corresponding 

tangent is an inflexional tangent. The origin is called a 
flee node in this case (Fig. 8). 

If both tangents are inflexional tangents, so that the terms 
of the second degree in the equation of the curv(^ are a factor 

* Other nomenclatures are ‘node’ for mmode, ‘ isolated point ' or ‘ con- 
jugate point ’ for acnode. The term ‘ spiuode * for cu8j> is obsolete. 



II 3 MULTIPLE POINTS 23 

of the termH of the third degree, the origin is called a bijlec- 
tiode (Fig. 9). 

Similarly if one of the factors (or both) of the terms of the 
seeon<l degree is a factor of the terms of the third, fourth, . . . 
degrees. 



ll‘ 0 ',, (\, are all zero, so that the terms of the lowest 
degr(‘e are llie terms of the third degree, the origin is called a 
poiid. Any line through the origin meets the curve in 
three points coinciding with the origin, except the throe* 
tangimts at the origin obtained by equating to zero the terms 
of lowest degi’ee. These tangents meet the curve at four 
points (at letist) coinciding with the origin. 

In general we have the result : 

If the terms of loirest decree in the Cartesian eqwation of 
a vurre are of decree fc, the ori</in is railed a multiple point 
of order Ic {a k-ple point). Any line through the origin meets 
the curve in k points coinciding ivith the origin, except the 
k tangents at the origin obtained by equating to zero ike terms 
of lowest degree, uihiah meet the curve in 4’+ 1 points {at least) 
coincidi ng with the origin. 

If the eejuation of the curve is given in homogeneous 
coordinates, a very slight modification is necessary. Let us 
suppose the curve is of degree n, and passes through the point 
(0, 0, 1). Exactly as in §§ 1 and 2 the consideration of the 
intersections of the curve with the line y = mx shows that : 

If the highest power of z which occurs in the homogeneous 
equation of a curve (f degree n is the point (0, 0, 1) is 
a multiple point of order k, and the tangents at (0, 0, 1) are 
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obtained by equating to zero the terots multiplying in 
the equation. If the terms multiplying . . . , 

have a factor in common, the corresponding tangent has 
j^2)~point contact irith the branch it touches. 

P]x. 1. Investigate the nature of the origin and trace roughly the curves 
ahj = uf*’, ay^ ^ ahj = x\ aif — .r^ if {n-x) = .r'’, 

(.r* + y2y2 _ ^2 = ay(Zx^-if), if ^ axf, 

a^if-k^x^ — 2a^.r^if, 

[Inflexion, cusp, undulation, triple point, cusp, biflecnode (tuin into 
polars to tiace), triple point (turn into polars to trace), triple point 
(solve for y to trace), quadruple point (solve for y to trace).] 

Ex. 2. Trace roughly the curve y* + {x^ - 1 )* (.r - 2) == 0. 

[Acnode at ( — 1, 0), cusp at (0, 0), cninode at (1, 0). Transfer the 
origin to each point in turn.] 

Ex. 3. Trace — .r^(.r + A-) when k = —1, 0, 1. 

Ex. 4. Trace if + x^{x^‘-2x-i 1) - 0 when /• = -3, 0, J, 1. 

Ex. 5. Trace ip + x {x — k) (:r ~2)* (j — 4)'^=^ 0 when A* — — 1, 0, 1, 2, 3, 4, 5. 

Ex. 6. An //-ic has the sides CA, CB of the triangle of reference as 
tangents of r-point contact, A and B being the points of contact. Show 
that its equation is of the form xyn — z* n , where is homo- 
geneous ol degree t in x, y, z. 

[The equation has c’ as a factor when we put x = 0 or y = 0. Ex. 7 
to 10 are special cases.] 

Ex. 7. The line joining two real inflexions of a cubic passes through a 
third real inflexion, 
jin Ex. 6 n = 3, r = 3.] 

Ex. 8. The line joining two inflexions A, B of a quartic meets the 
curve again in i>, E. The tangents at A, B meet the curve again in 
P, Q, and PQ meets the curve again at P, S, Show that a conic can ht* 
drawn osculating the quartic at />, E and passing through B, S. 

[n = 4, r = 3.] 

Ex. 9. The line joining two undulations of a 4-ic meets the curve 
again in J\ Q. Show that a conic can be drawn having four-point 
contact with the curve at Pand Q, 

I w = 4, r — 4.J 

Ex. 10. The line through three real collinear undulations of a quartic 
passes through a fourth real undulation. 

Ex. 11. Three tangents of /i-point contact of an /;-ic are taken as the 
sides of the triangle of reference. Show that the equation of the «-ic is 
of the form 

xyzu^_^ + {ax ± hyf + {by + czy* + (cz -j- axf = aV -f b'y* -f cV* ; 
the 4- sign in the ambiguity being taken if n is odd, and either sign if 
n is even. 

Ex. 12. An n-ic has three tangents having ??-point contact. If n is 
odd, the three points of contact are collinear. If n is even, either the 
points are collinear or the three lines joining each to the intersection 
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of the tangents at the other two are concurrent. If the tangents are 
concurrent, only the former alternative is possible. 

Discuss the cases w — 2, 3, 4. 

[Use Ex. ll.J 

Ex. 13. An //-ic has ?--i)oint contact with the side BC of the triangle 
of reference ABC at B and C. Show that its equation is of the form 

Ex. 14. A line is drawn through each of the points of contact of 
a hitanyent of a quartic (a line touching the ({uartic at two points; 
see Ch.* IV, § 7). Show that a cubic touches the quartic at the six 
points in which these two lines meet the curve again. 

[In Ex. 13 n = 4, r— 2.) 

Ex. 15. Enunciate a similar theorem for a sextic having three-point 
contact with a line at two points. 

Ex. 16. An ^j-ic has r-point contact with each of 0 and y = 0 at 
two distinct ])oints. Show that its equation is of the form 

[See Ch. XIX, §2.] 

Ex. 17. If the six points of contact of three bitangents of a 5-ic, 6-ic, 
or 7-ic lie on a conic, the other intersections of the bitangents with the 
curve are respectively collinear, lying on a conic, the base [)oints of 
a pencil of 3-ic8. 

[Use Oh. 1, § 6, Ex. 2 in Ex. 17, lx, 19. | 

Ex. 18. The tangents at three collinear inflexions of a quartic meet 
the curve again in collinear points. 

What are the corresponding theorems for a 5-ic and 6-ic ? 

Ex. 19. Three bitangents of a quartic form a triangle whose sides 
touch the quartic at 1\ and Po, and and Pj. Show that the 

conic passes either through or through the harmonic 

conjugate of with respect to B and C. 

What are the corresponding theorems for a 2/i-ic having n-point 
contact with each of three lines at two points ; for a 6-ic with three 
triple tangents, &c. V 

Ex. 20. The tangents to an n-ic from the A*-ple ])oint (0, 0, 1) are 
found by writing down the condition that the equation of the curve, 
considered as an equation in c:, should have equal roots. There are 

(n-1) — 1) such tangents in general. 


§ 4. Conditions for a Double Point. 

Let (X, F) be any point on the curve whose Cartesian equa- 
tion is f{x, y) = 0. Transfer the origin to this point, and the 
equation becomes ?/+ F) = 0, or 

0=f{X,Y) + x^^+y^‘^Y 


■' +2xij 




2 ) 2 / 

2)Z2)1' 


+y 372 




+ 
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where ^ means the result of putting X for x and T for y 

in , &c. If the new origin is a double point on the curve, 
ox 




and the taiigents at the new origin are 

Hence, with a slight change of notation, 

If (x, y) it< a double /xdut <nb the curve f(x, y) = 0, 

/=f =f=" ' 

ox oy 

The double point 'is a cnmode. tfcnode, or cus/t, accordimj ns 


‘ / \\ 

S/Z-i 


<V/ cV/' 


Similarly, if (x*, y) is a A-ple point, all the partial derivatives 
of / with respect to x and y up to the order /c— 1 inclusive^ 
must vanish. 


Again, let (A, F, Z) be any j)oint 0 on the curve of degree a 
whose homogeneous equation is f{x, y, z) = 0. Let /y, :) 
be any other point, and let Q }>e the point 

/A. T + /fX \y + nY^ + 

V A-f yx ’ X + yc ’ A + yc / 

dividing PO in the ratio yt : A. This point lies on the curve il‘ 

f {Xx-^ fiX ^ A// + yt) , \z yZ) = 0, 

i. e. 

/*”/ (X, \ ,Z) + fi^< ’A + y 

+ . V-' ^ 

+ iy A \x + - dYiZ 

dZdX ^ irTiO + • • • + ^“/ (®> y> = <*• 

If 0 is a double point, two roots of this equation in \//i arc 
zero for all values of x-.y.s-, or 

¥^_ 

hX ~ dY~ dZ~ ' 
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It will be noticed that 


^ 

" 7)Y 


¥ 

iZ 


= 0 


implies f(X, Y, Z) = 0, since by Euler’s theorem on homo- 


geneous functions 


Three roots of the equation in X/fi ai’e zero if P lies on a 
tangent at 0. TluTcfore the equation of the tangents at 0 is 


-1-2x3/ 




iXiY 


= 0 . 


Hence ; 


//'(x, y, z) /« <1 (laiUile point on the eune fix, y, z) = 0, 

‘V ^ ‘Y ^ Y ^ 0. 

7>iX d (J 

The double jx>inf is a ( nonode, avnode^ or cuep, according afi 
the I i iies 

2' . 2: , « 2 . , „ _5/ + . 2 ^ „ 


ore rea/, aarealy or coincident ; tj, ( being current coordi- 
nates. 

The reality, unreality, or coincidence of the lines is at 
once determined by considering their intersections with ^ = 0, 
7; = 0, or ^ = 0. 

We may deduce the result for Cartesian coordinates by 
putting s: = 1 ; or the result for homogeneous coordinates may 
Ije deduced from that for Cartesian coordinates by replacing x 
and y by x/z and y/z. 


Ex. 1. Find the multiple points of /= y®(4a-//y‘~4x’^ (j-’ + Sfi)* = 0. 
[Equating to zero we obtain (j? + 2f/)(£r + 3flf):7-^ =: 0, 

C.C Off do 

(// ~ 2a) (^a^-yfy^ = 0, y® (4« - ^)* = 2a:^ (j” + 3 a ). These are all satis- 
fied at the points (0,0), (0,4a), (~3a, 0), (-3a, 4a), (-2a, 2a). 
Transferring the origin to each of these points in turn, we see that the 
first two are triple points, the next two are cusps, and the last is 
a crunode.J 

Ex. 2. Find the double points of 

(i) — 2 ay^ — — 2 4 a^ = 0. 

(ii) a;^ — 4 a j?® — 2 axp 4 4 4 3 a*y “ — a* =0. 

(iii) Py - 4 12a* (3a’ 4 2y) 4 108«.* = 0. 
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(iv) + + == 0. 

( v) (a?® -f y** - + 27 = 0. 

(vi) (3axt/ 4 2.7.-3 4 f'‘)® = 4 (<# 2 ^ 4 - 

(vii) = 

(viii) (a;®-a®)®4-(/-6®j® = 

(ix) (8f/ — .r — (/)'* = 216«.ry. 

(x) xY-4a{x'-i f/'') + 18a^x//-27a^ = 0. 

(xi) 7/(.r4 3)® = 4 (4^;-3^/)(2.r~3y~H). 

L(i) Crunodesat (ft, 0), (-~a,0), (0, - </). 

(ii) Crunodes at (0, a), (a, 0), {2a, a). 

(iii) Crunodes at { — 2a, —3a), cusps at (or>,0), (0, oc ). For tliese 
liitter replace a by c-. Then the tang-oiits at (1, 0, 0) are the coefficient 
of .r equated to zero, i. o. #/-* = 0. Or we may project the curve as 
m Gh. 1, § 3. See Ch. X, Fig. 1. 

(iv) Cusp at (1, 1). 

(v) Cus])sat (+a, 0), (0, +a) and the circular points. Unreal no<les 
along a? = +y. The curve is the ‘ four-cusped hypocycloid \ 

(vi) Cusp at (r, -c®/a). 

(vii) Nodes at (+a, +?>). 

(viii) Nodes at (0, ±6). 

(ix) Node at (a, -a/8). 

(X) Cusps at (3a, 3a), (3 aw®, Sato), (3aw, 3aw'-). 

(xi) Cusp at ( ~3, —4).] 

Ex, 3, Find the double points of 

( i ) a/x® + 6/y® 4- cjz^ 4- 2//yc 4- 2glzx 4- 2 h l,nj = 0. 

(ii) 2yc(^®c: + y^®-2x» + 24a:y^)=0. 

(iii) 'S.yz (y®^ 4-;/:^ — 4.r^ -1 2xyz) — 0. 

|(i) Nodes at (1, 0, 0), (0, 1, 0), (0, 0, 1). 

(ii) Cusps at (1, 0, 0), &c. ; nodes at ( -1, 5, 5), &e. 

(iii) Triple point at (1, 1, 1) ; nodes at (1, 0, 0), (0, 1, 0), (0, 0, 1).| 

Ex. 4, When has f ^ //'c — 4 4- g»xz^ 4- — 0 a double point V 

gives y:^l2x‘-!i.,£‘ = t/ + 2g,x'.+Zg^:^ = (i. 

These are only satisfied if y = 0 , 2g^x-{ 3g^z = 0 , g^ = 27 yg®. Hence 
the required condition is g^' -= 27^3®. If this holds, there is a double 
point at ( — 0 ^ 8 ?’, 0, 1), which is a crunode or acnode as g.^ is <0 or >0.J 

Ex. 5. For what value of k have the following curves a double point ? 

(i) =: g(y-x) (y-Lr). 

(ii) ir^4 = A:(ir4-y4-cF. 

(iii) {x + y-\ z)^^3kxyz=:0. 

(iv) + -^ijkxyz — 0. 

( V ) 4- xy^ 4- y^ — kzy^ — 2 x^yz — x\fz + y®i'® = 0. 

[(i) A* = 0 ; an acnode at (1, 0, 0). ^ = 1 ; a crunode at (1, 1, 0). 

(ii) ^ = 5 ; an acnode at (1, 1, 1). 
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(iii) A’ = -g ; an acnodc* at <1, 1, 1). 

(iv) SP == - 1 . The cubic splits up into three lines. 

(V) Always a cusp at (0, 0, 1). A node in addition if A* = 1 or 2.] 

Ex. 6, For what values of ?>, r has a double 

point ? 

[a = 0, (1, 0, 0) ; h=^ 0, (0, 1, 0) ; c'‘ = 27 ab, (he, ca, 

Ex. 7. Of a pencil of ><-ics — 1)* have a node in general. 

If every curve of a pencil has a double point at O, the tangents at 0 
form an involution. 

Ex. 8. If S\ = 0, ^2 = 0, ...» 5, = 0 have a A^-jde point at 1* and 
Cj = 0, C2 = 0, . ., C, = 0 arc any other curvets, 

liiis a fc'ple point at P. 

^ — 0 is satisfied at /*.] 

dy 

Ex. 9. If ?/ = 0, c ~ 0 are lines and = 0, ^ = 0, /• == 0 are 
(/? --2)-ic8, ptt^ •\-2qur~^ = 0 is an ^?-ic with a. node at the intersection 

of = 0 and r = 0. 

[See Ex. 8.] 

Ex. 10. In syiniiietj ical form the conditions that (.c, //, ^) should be 
a node of /= 0 arc /, —/g = 0, and that it should be a cusp are 

f — J ~ ./22./3i'~ ^23.^21 ~ — 9; 

where the suffixes 1, 2, H denote pa-rtial differentiation with respect 
to X, y, c. 

[For the cusp, we get /32./i3 = «Sce. Then 

1) (712/1 ““./11/2I fl2 n'^ y^l2d-^/*i8) ““/ii + ///22 4 .c/23) — 9. 

Hence A / fw — A lf\i = A lJ\^ ~ — ^)/i i which gives 

/i=/2-/3-0. 

Wc leave to the reader the modifications required when some of the 
quantities AdAs^ ••• are zero. | 

§ 6. Points at Infinity. 

Suppose that in the equation 

' 4- 4- . . . 4-7>n = 0 

the coefficients are made to vary. Then, if 2^0 approaches the 
limit zero, one of the roots of the equation becomes indefinitely 
large. 

For the equation is 

Po+Pi^+P2e+-+J^ni’' = 0 , 

where 1, 

Now if 7>o— ► 0, one value of ^ given by the latter equation 
tends to zero. Hence one value of x given by the former 
equation becomes very large. 

Similarly, if ^A), Pi, ... , p,,all— >0, r4-l roots of the equa- 
tion in X become very large. 

We now apply this result to the theory of plane curves. 
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Suppose we have a curve of degree ti. Writing its Carte- 
sian equation in descending powers of x and // we obtain 
(;/ - V} 1 X) iy — m., x) x ) -f 

wlieiv y — y — 'HKXj ... are the factors of the terms of 
lughest degree.* 

The line y = mx meets the curve where 
(m— m,) ... 7//J x^^ {tf + bni-\ ... 

-h . . . =0. 

One root of this e(| nation becomes very large, if the line 
y = 'y)}x as it turns about the origin approaches one of the 
lines y = 'tn^x, ; for then 

(m — — ... (>n — > 0. 

We may sum up this result in the convenient, if rather 
inaccurate, form 

The fermti of highest degree in the Gurtesiidt equation of a 
curve equated to zent giue the Hues joining th^ origin, to the 
points at infinity on the curve. 

Let us now discuss a few cases in more detail. 

First suppose not equal to any one of mg, ... , 

The line y = x -h r meets the curve where 
! p-\-{m^—m,) ... — e\ +(7 + 7 ^’ 4- ... = 0, 

if we wiite 

p rz a 4 . • . “f" IcTnf* h q A Bin ^ 

r = 4 . . . 4 ( /t — 1) 

Hence any line parallel to y = 'ui^x meets the curve in one* 
and only one infinite point, f with the exception of the line I 
for which />4 (>aj (m, — ^/tg) ... ( 7 ^^— nij^)c = 0. 

It follows at once that any projection of the curve* touches 
the projection o^l at the point where it crosses the vanishing 
line, i. e. I is an asymptote ((/h. 1, §4). 

Next suppose zfz .... 

Now y = tn^x-k'C meets the curve wliere 

pj‘ "^4174 re 4 (m^ — m ^) . . . ( tn^ - mj j .r’' 4 . . . = 0. 

In general y = 77ij.7,'4c meets the curve once and only once 
at infinity whatever finite value c may have, while the line at 
infinity meets the curve twice on y = m^x. This evidently 


^ The reader will easily make the necessary modification in the argument 
if X is a factor of these terms. 

•f More accurately, ‘ meets the curve in exactly 1 (finite) j)ointH ’ ; but 
it is convenient to keep the convention ‘every straight line meets a curve of 
degree n in 7i points ’ ; and so throughout. 



II 5 POINTS AT INFINITY 31 

means that the line at infinity touches the curve ♦ where it 
meets y = 

If, however, y — m^x is ji factor of the terms of degree /6— 1 
as well as of the terms of degree n in the equation of the 
curve, /> =1 0. Then evcuy line parallel to y = m^x meets the 
curve in two points at infinity, while the two lines y = 
for which q + rc ... — = 0 meet the 

curve in three points at infinity. 

Hence the curve has a double ])oint at infinity at which 
these two lines are tangents; i. e. these two lines are a pair of 
parallel asymptob^s. 

Suppos(‘ now If the line 

y = meets the curve at only one infinite point for 

eveiy Unite value of e, the curve has an inflexion at infinity 
along ;// = m^x at which the line at infinity is the tangent. 

If y = hij x + c meets the curve at two and only two in- 
finite points for every finite value of r, the curve has a cusp 
along y = at which the line at infinity is the tangent. 

If y = 'iu^x + r meets the curve at two and only two infinites 
points for all finite values of c but one, the curve has a double 
point at infinity along y — m^ x at which the line at infinity 
is one tangent. 

If 7/ = + meets the curve at three and only three 
infinite points for all but three finite values of c, the curve has 
a triple point at infinity. 

Similarly we may discuss thi^ cases in which 

... : 

and so on. 

If a curve with a real equation passes through one circular 
])oint at infinity, it passes also through the other. For, if 
y -f ix is a factor of the terms of highest degree in the equa- 
tion, so is y — ix. Such a curve is called a circular curve. 

Similarly a curve with a real equation having a node at one 
circular point has a node at the other. Such a curve is called 
bicirciUar ; and so on. 

Kx. 1. anj — .r' has a cusp at inlinity, af/^ = has an inflexion, 

— .r‘) y and '^axy — have crunodes, ary = has a triple 

point, aif — has an undulation. 

Trace these curves. 

(Use jj 5. Another method is to obtain the equation of a projection 
of the curve by replacing x, y by axjy, d^/y as in Ch. I, § 3.] 

Mor(‘ accurately : tlie vanishing line touches any projection of the 
curve. 
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Kx. 2. The equation of an w-ic with // distinct asymptotes 
+ + ^*1 — + + c „ = 0 

is of the form 


{a^ir-{-h^y-\ c^){a^x-k-h.^y + C2) ... -f + c„) + 4- 0, 

where is homogeneous of degree k in x and y. 

[Any one of the given lines meets the curve in only n - 2 finite points.] 

Ex. 3. Show that a cubic meets its three asymptotes in three finite 
collinear points Generalize by ))rqjeetion. 

[The cubic is /' ^ -} = 0, where // = 0, r = 0, /c = 0 are the 

asymptotes and p == 0 is the required line. On projection we get ^ the 
tangents at three collinear ]»oints of a cubic meet the curve again in 
three collinear points \ See Oh. XII. § 4.] 


Ex. 4. A variable cubic has a cusp and three fixed asymptotes. Show 
that the cusj) lies on the conic touching <at their middle points the sides 
of the triangle formed by the as^unptotes. 


[The conic is 






Ex 5. A qnartic meets its four asymptotes in eight finite points 
lying on a conic. 

Generalize by projection. 

Ex. (). If an /<-ic has /• asym}>totes parallel to y - the terms of 
the {n - 1)*^. ..., (n — >•-!- 1)^^ degrees in its equation have respectively 
the factors {y-mxy, {y-i}ixY~K ..., {y--mx). 

The equations of a circ'ular and bicircnlar n-ic are of the forms 
(xH?/*) 1V2 +«„_, + »„_j+ ... = 0 , 
and + + + 8 + »„-j+ = 0. 

Ex. 7. An n-ic has n distinct asymptotes all passing through (>. Show 
that O is th(i centroid of the intersections of the n-ic with any lino 
through O. 

[Taking O as origin, the curve is + ... + ^ Also 

y = mx meets this curve in }f points whose abscissae and ordinates have 
zero sum.) 

Ex. 8. Two curves with distinct finite asym])totes meet in points 
whose centroid is the same as the centroid of the intersections of the 
asymptotes. 

Ex. 9. A varying n-ic passing through n given j-ioints at infinity nieets 
a given ellipse in 2n points whose eccentric angles have a constant 
sum (to within a multiple of 27r). 

If the n points can be paired to form an involution with the points at 
infinity on the axes of the ellipse as double jioints, the sum is a multiple 
of 27r. 

The sum of the eccentric angles of the intersections of a circle and 
ellipse is a multiple of 27r. 


Ex. 10. If a real #?-ic meets the line at infinity at the circular points 
only, any line through a fixed point O meets the curve in n points 
whose distances from O have a constant product. 

Conversely, if the product is constant., the curve meets the lino at 
infinity only at the circular points. ^ 

I Use Ch. I, § 0, Ex. 1. v must be even. Note the cases n = 2 or 4.] 
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Kx. 11. The 8um of the angles which the n asymptotes of the ;mcs 
u — 0, r = 0 make with a given line is the same. Show that one 
curve of the pencil « + = 0 is circular. 

Ex. 12. The lines joining a point P to n fixed points make angles 
with a fixed direction whose sum is oc (plus a multiple of n). Show tliat 
the locus of P is an /?-ic whose asymptotes are i)arallel to the sides of 
a regular polygon, one of whose sides makes an angle (X/n with the 
fixed direction. 

[The case n — 2 is well known.] 


§ 6. Relations between Coefficients. 


The information that a curve with c(|uation f(x, y) = 0 has 
a no<le at a given point (Xy y) is equivalent to assigning three 
linear relations between the coefficients of /(.r, y)y namely 




dX 



(i)- 


If {Xy y) is stated to be a cusp, we have a fourth relation 
between the coefficients 


(ii). 

Similarly the information that a curve has a /c-ple point at 
a given point is equivalent to (/»; + 1) linear relations. 

The information that the curve has a node (not at a given 
point) is equivalent to one relation between the coefficients 
namely the result of eliminating x, y from (i). 

The information that the curve has a cusp is equivalent, 
to two relations found by eliminating x and y from (i) and 
(ii) ; and similarly that it should have a fc-ple point to 
^ /o (/c 4* 1 ) — 2 relations. 

We see that a curve whose equation is written down at 
random has no double point. Such a curve is called non- 
singular, It has no ‘ point-singularities i. e. multiple points, 
though it has in general ‘line-singularities’, i. e. multiple 
tar^ents.* 

The Cartesian equation of* a curve of degree n contains one 
constant term, two terms of the first degree, three of the 
second degree, ... , of the /i^th degree. Hence the equa- 
tion has ^(7i-fl) (r6 + 2) coefficients. 


* Tho definition is therefore not free from objection. ‘ Anautotomic’ (not 
cutting itself) which has been suggested would, however, not exclude acnodes 
or unreal multiple points. 


22 1« 


D 
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One of these coefficients may 1)0 taken as unity without loss 
of generality. We have then 

■2 ('a 4- 1) ( 7 # + 2) ~ 1 = -^ ( // + 3) 
arbitrary coefficients. Hence 

A curve of degree a is determined in general Inj ^>i.(7i + 3) 
conditions, 

Wc mean by this that only a finite number of i/-ics can be 
found to satisfy the given conditions, and that no i<-ic can be 
found in general satisfying given conditions, if their number 
exceeds ^7i(a + 3). 

If the conditions are that the curve is to pass through 
^n{n+S) assigned points, we have ^ >?(7i + 3) linear rela- 
tions between the coefficients of the curvet's equation, which 
determine the ratios of these coefficients uniquely. Hence 

One and onlg one carve of degree n can he found iiv general 
pass I ng through n ( n 4 3) gi re a />e / n is. 

We say ‘ in general ’ ; for it may happen that the | n (/</ 4 3) 
relations between the coefficients are inconsistent or not in- 
dependent, and then the theorem is not true. 

Consider, for instance, the case n = 2. We have ‘ One and 
only one conic can be drawn through five points ’ ; which is 
true in general. If three of the points are collinoar, the conic 
is degenerate, being a line-pair. This is legitimate, for we did 
not exclude in the theorem tiie possibility of the a-ic splitting 
up into simpler curves. 

But, if lour of the points arc collinear,an infinite number of 
conics pass through the points ; for the line tlirougli these four 
points and any line whatever through the fifth point form 
such a conic. 

As an easy deduction from the results of this section we 
have 

A finite number of curves of degree n can in general he 
drawn hav'ing S nodes and k cus 2)8 and satisfying 

(n4-3) — 5— 2 ac 

other rUaiions, 

If the nodes and evsps are at assigned j}oi nts, the number of 
other relations is ^n{n + S) — S8—4fK, 

For instance, if a curve has S nodes, there are S sets of 
values of x and y satisfying (i). Expressing the conditions for 
this, we have S relations between the coefficients of / (x^ y). 

But such results are not universally true, and must be 
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applied with due care ; as is shown by consideration of 
Ex. 12, 17 below, or of* Chap. IV, § 7, Ex. 5 to 7.* 

Kx. 1. Show that in general exactly one cubic can be drawn through 
9 given points ; but that through the 9 intersections of two given cubics 
a singly infinite number of cubics can be drawn. 

[If }( = 0. r — 0 are the two cubics. = 0 is any cubic through 

their inttirsection.] 

Ex. 2. In general one >/-ic can be diawn with a given node and 
passing through I 4 6) other given points ; while two w-ics can be 

drawn with a given cusji and passing through J + —8) other points. 

Ex. ^1. To he given a / -jde p(>iiit ami the tangents at that /5’-]ile point 
is equivalent to being givcji + linear relations between the 

coefficients of the curve's erpiaiion. 

Ex. 4. The eejuation of any ;/-ic through >• given points can bo put in 

the form *S'+r/, .V, -fr/oX-f ... = 0. where X, are given 

polynomials such that — 0. S\ = 0 — 0 are ??-ics through the 

r given points, the a's are arbitrary constants, and g == J » [n 4.8)-r. 

It is assumed that there is no identical rola-tion of the form 
X-i S\ 4- h.^ H . - *f = 0. 

Ex. b. The equation of any //-i(‘ with r given nodes is 
X 4 X, + ao Xg 4 ... 4 = 0. 

where X = 0 x^ — 0 are givmi w-ics with the r given nodes, and 

fi — u » (w 4 3) — 8 r. 

(Use § 4. Kx. 8. The result may be extended to cover the case of any 
given miiltipb' point. s.| 

Ex. 6. Obtain the equation of any n-ic with r given double points and 
given tangents at those double points. 

(As in Ex. 5 with ^ ^ n (n 4-‘>)--br.] 

Ex. 7. The equation of any cubic with a given node i.s 

(«i a* 4 f/ 4- c) + (^2 .r 4- 1)2 y -f -) Mr + (te.^ x 4 y 4 .^ ) r® ~ 0. 
where m = 0 and r = 0 arc given lines through the node. 

Ex. 8. The equation of any quartic with three given nodes is 
aju^ 4 h/ r® 4 c//r* + 2 f/vw 4- 2 gjmi •^-2hlnv = 0, 
where it = 0 , r = 0 . w — 0 are the sides of the triangle whose vertices 
are the nodes. 

Ex. 9. Find the general equation of quintics with nodes at (1. 1. 1), 
(~1, 1, 1). (1, -1, 1), (1, 1, -1). 

( ax - y^)' ( .r® - 4 by {y- - (y* — a?*) + c.? (c* — a?’* ) (c:* - y^) 

+ (h» + «*j«) il /' - + (<2- + - y')’' = 0.] 

Ex. 10. The equation of any quintic with six given nodes 1, 2. 3, 4, 5. 6 
is «(7j C-Xis + ftCa 04X344-^0 5 CfiLgo == 0 ; where C, =- 0 is the conic 
through 2, 3, 4, 5, 6 and — 0 is the line 12, &c. 

[Use Ex. 5. The reader may find the general equation of quintics 
with nodes at ( + 2, 0), (0, +1), a: = ±y = 00 .] 

* The reader may consult a paper by J. E. Campbell in Mesftmger Math.. 
xxi (1892). ^ 
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Kx. 11. The equation of any sextic with eight given nodes is 
aU^~{^2hUV-\^hV‘^ CQ, 

where f/ = 0. T^= 0 are two cubics through the eight nodes. (7 = 0 is 
a conic through five of the nodes, and V = 0 is tlie quartic through 
these five nodes having double ))oints at the other three nodes. 

Kx. 12. If a sextic has nine nodes of which eight are fixed, the ninth node 
lies on a certain 9-ic with a triple ))oint at each of the eight fixed nodes. 

[See Halphen, IhiU, (fe Iff Soc. Math, de France., x (1882), p. 162; 
Hodgkinson, I*roc. London Math. Sor.. II. xv (1916), p. 343. 

Note that nine nodes of a sextic cannot be chosen arbitrarily ; even 
though such a choice is equivalent to I 6(6 + 3) = 27 conditions.] 

Kx. 13. The general equation of a sextic with seven given nodes is 
au^ ^ hv^ + cfc'^ + 2 fvir -I 2(jfn'it + 27^//r + dJ = 0 
where « — 0. r = 0, ic — 0 are cubics through the given nodes, and 

^ their Jacobian (Ch. VTI. § 10). 

y, c) 

[J = 0 has a node at each of the seven points.] 

Kx. 14. If in lix. 13 d = 0, all cubics through the seven nodes and 
a point P on the sextic pass through another point P' of the sextic. 
Kach such cubic meets the sextic again in ])oints and Q' such that 
all cuhics through the node? and (1 pass through 

[If «j. ?•, , Wi are the values of n. v. w when the coordinates of P ar(‘ 
suhstitutetl for .r, y. z, the cubics through the seven nodes and P 
iivfi {fcui~- u\n) k {friy — u\v) — 0. Hence at their ninth intcu'section 
// : 1 ? : w = iq : r, : . Therefore, if P lies on the sextic. so does the ninth 

intersection. 8ee Rohn, Math. Annalen^ xxv. p. 59f^.] 

Ex. 15. If n — 0 is a conic and i - 0 a cubic, n'^ =- is a sextic 
with cusps at n = c =* 0. the cuspidal tangents touching v = 0. 

[The preceding examples may suggest interesting investigations to 
the reader. For instance, is the most general sextic with six 

cusps ? What is the most general septimic with t(*n given nodes V, &c.] 

Kx. 16. The statement ‘a curve has an inflexion at a given point’ is 
equivalent to two relations between the coefficients in geneml. 

Kx. 17. Show, however, that to be given three collincar inflexions of 
a cubic is equivalent to five (not six) conditions. For instance, show 
that a singly infinite family of cubics can be drawn with three given 
collinear inflexions and a given node. 

[Taking (0, 0. 1) as node and (1, 0, 0). (0. 1, 0), (1, wi. 0) as inflexions, 
the cubic is xy{y — mx)'{kz{mxy — m'^x^ — y^)~0, where k is an 
arbitrary constant.] 

Ex. 18. The statement ‘ a curve has a tangent touching at k points ’ 
is equivalent to A: — 2 relations between the coefficients. 

Ex. 19. If (x\ y) is a centre of the n-ic f{x.y) - 0, all the partial 
derivatives of / with respect to x. y of orders — 1, w — 3, « — 5, ... 
vanish when x = x\ y = y'. 

[The curve comes to self-coincidence when rotated through 180° about 
a centre. If the centre is the origin, the terms of degrees w — 1, n~3, 
n — 5, ... in X and y vanish.] 

Ex. 20. An n-ic. passes through r given points and has a centre ; 
r being i-(n + 2)* or J(// + l)(w + 3) as is even or odd. Find the 
degree of the locus of the centre. 



OHAPTEK III 

CURVE-TRACING 

§ 1. The Object of Curve-tracing. 

Thk problem ‘ Trace a curve with given Cartesian equation 
is capable of more than one interpretation. It may mean 
that a mechanical construction is required ; for instance, a 
circle can be traced by mt;ans of compasses. Or it may imply 
that the curve is to be drawn with the utmost possible degree 
of accuracy, finding for this purpose a large number of points 
<^n the curve. Or we may wish to obtain only a rough idea 
of the main features of the curve (e. g. the number of its 
branches, th(^ position of its asymptotes and singular points, 
&c.), and to draw a sketch of the curve which gives some 
approximation to the truth. 

By ‘curve-tracing* we shall here mean the third of these 
alternatives ; though it will be useful to indicate, where pos- 
sible, how a more accurate diagram may be obtained ; even if 
for most practical purposes a rough sketch of the curve will 
suffice, and we can spare ourselves the rather considerable 
expenditure of time which a more detailed tracing usually 
re(juir(*s, 

§2. The Method of Curve-tracing. 

The following hints are useful in curve-tracing; the rect- 
angular Cartesian equation of the curve being supposed given. 

(i) Find whore the curve meets the axes of reference. 

(ii) See if the curve has symmetry. If only even powers of 
X occur in its equation, the curve is its own reflexion in ic = 0. 
Similarly if only even powers of y occur. If the equation 
contains only terms of odd, or only terms of even degree, the 
curve is symmetrical about the origin, which is called a 
centre of the curve. 

(iii) Notice if any values of x make y um’eal (or vice versa). 
If so, these values of x do not correspond to any real part 
of the curve. 

(iv) Equate to zero the terms of lowest degree in the equa- 
tion to obtain the tangents at the origin, and equate to zero 
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the terms of highest degree to obtain the lines joining the 
origin to the points at infinity on the curve. (Ch. II, §§ 3, 5.) 
Use Newton’s diagram to get approximations to the shape of 
the curve near and very far from the origin (§ 3). If this 
fails to give any fresh information, proceed as in § 4. 

(v) Find the asymptotes of the curve, and, if necessary, find 
on which side of an asymptote the curve approaches it at the 
two ends. 

(vi) Find the finite intersections of the asymptotes with the 
curve : for, if the curve is of degree n, this requires the solu- 
tion of an equation of degi*ee n — 2 at most. 

(vii) Find if it is possible to get any number of points on 
the curve by solving equations of degree I or 2 at most. 

The al)ove hints are usually more than sufficient to obtain 
all the information necessary for tracing the curve, though 
occasionally special devices are needed. 

It may sometimes be useful to obtain the tangent at one oi* 
more points of the curve. It is also well to remember that a 
tracing of an u-ic cannot be correct, if it is met by a line in 
r real points, where // ~ r is negative or odd. 

§3. Newton’s Diagram. 

Suppose that any term in the equation of a curve is 
A being a numerical coefficient, and a, j8 zero or positive 
integers. Consider a geometrical representation of the terms 
of the equation such that is represented by the point 

(a, /3) referred to rectangular Cartesian axes placed as in 
Fig. I. The points thus obtained are said to form Newtoits 
diagram for the curve. 

Suppose now that, when x and // are both small or both 
large, and are of the same order of magnitude Then 
the order of the term Ax^^y^ is the same as that of 
whose index is equal to the intercept made on the axis of y in 
Newton’s diagram by a line through (a, j8) parallel to the line 
making intercepts p and g on the axes of x and y. 

Suppose that a line * joining two or more points of Newton’s 
diagram (not parallel to an axis of reference) is such that all 
other points of the diagram lie to the right and above the line. 
Then, if the points on this line are considered as representing 
terms of the same order of magnitude, all the other points of 
the diagram represent tenns of higher order of magnitude. If 

* If the curve does not pass through the origin, there is no such line. If 
the curve does so pass, there may be mie or more. 
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we suppress all these higher terms in the equation of the curve 
and then divide out by any power of ./■ or y, which is a factor 
of the remaining terms, we get an approximation to the curve 
near the origin. 

Similarly, if all points not on the line lie to the left and 
below the line, we get an approximation to the curve very far 
from the origin. 

Illustrations of the use of Newton’s diagram are given in 
§§4-8. 

Kx. 1. Newton’s diagnini iipplies even if the original axes of reference 
lire not rectangular. 

Kx. 2 . If a line through two or more points of Newton’s diagram is 
such that all other points lie to the left and above or to the right and 
below the line, the terms rej)resonted by points on the line give an 
approximation at infinity. 

For example, in the curve .r 7/ — 2 .r // — .? 0 Newton’s diagram 
gives the approximation // — - .#• m-ar the origin and + y = 0, — 1 

far from the origin. As another example take the curve in § 7 . 

FiX. Jl. Knunciat(‘ and prove a method similar to that of Newton’s 
diagniin for appioxiinating in three dimensions to the shape of an 
algebraic surface near and lar from the origin. 

Apply the iiietbod to tind the shape of a suifacc in the neighbourhood 
of a parabolic point. 

I It a]>proxiniates to the form of the surface c = near the 

oiigin.] 


§4, Examples of Curve-tracing. 

In each of the following examples we shall only give details 
of the working when such details illustrate mothods which 
have not been used in previous examples. 

Ex. I. Trace 

— x^y — '^wy^ + bxy + 2y- = 0 . 

The curve meets the axes of reference in no finite point 
except the origin. There is no symmetry. 

The origin is a crunode at which the tan- 
gents are j/ = 0 and 5.r + !27y = 0. The lines J 
joining the origin to the points at infinity 
are aj = 0, u; = 2 //, u *4- y/ = 0. 

Newton’s diagram (Fig. 1) gives as approxi- 
mations near the origin a;^-f57/ = 0, and 
K)ii' + 2y = 0, and fai fiom the origin 

x{x-2y) {X + y) = 0 . Pis- 1 • 

The only new information is that the branch through the 
origin touching // = 0 approximates to near the 

origin. 
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To get an approximation to the branch touching 
5 j?+22/ = 0, 

put 2/y + 5;r = F. The curve becomes 

0 = F"-5./‘2/-18x** + 9^2 

and Newton’s diagram now gives the approximation 
5F+18ir- = 0 or 5 (2// + 5./) + = 0. 

Another method is to write the equation of the curve in the 
form 2 // + 5.r = { — + 2^5^^) / y. 

On the right-hand side of this equation put in the first 
approximation —I*'* for yy and we get the closer approximation 
2y + bx = as before. If the e(juation of the curve had 

contained terms of degree higher than the third, we should 
have retained only the terms of lowest degree in x in the 
numerator of the right-hand side after putting — f for y. 


We know that there are asymptotes parallel to x = 0, 
X = 2^/, it* + 2/ = These may be found as in Ch. II, § 5 ; or 
we may employ the device just used to find the approximation 
at the origin. Thus write the equation of the curve* in the 

form — 5./*?y-27y- 

,r — 2 v = ^ • 

.v{x + y) 

On the •right-hand side put in the first approximation 
X = 2^/, and we have the second approximation .t — 2^/ = —2, 
which is the asymptote. If the equation of the curve had con- 
tained teims of lower degree than the second, we should have 
retained only the terms of highest degree in y in the nume- 
rator of the right-hand side after putting 2;/y lor x. 

Similarly the other asymptotes are 

a; = 1 and a; + y = 1 . 

Write now the equation of the curve in the form 
(a;-l)(a;-~22/ + 2)(a;-h2/— 1) = -3a;-42/ + 2 ; 
where the left-hand side equated to zero is the equation of 
the asymptotes. 

The curve evidently meets the asymptotes at their inter- 
sections with 3a;-f-4// = 2, 


giving three points on the curve. (See Ch. II, § 5, Ex. 3.) 

We have now enough data to trace the curve (Fig. 2). We 
will verify the diagram bj^ finding the side of each asymptote 
on which the curve approaches it at either end. 

Write the curve „ . 

-3a’-4yy + 2 
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An approximation to the curve as it approaches the asymp- 
tote - 21 / + 2 = 0 is = 2;/y-~2. Put this value of x into the 
right-hand side to get a closer approximation, and retain only 
the highest powers of y in the numerator and denominator. 


We get 


X — 2i/ + 2 




5 


32 /’ 


For a given large positive value of y ■'* is 21 / — 2 for the 

5 • • 

asymptote, and cuive; i. e. slightly 

smaller for the curve than the asymptote. Hence the curve 



lies close to the asymptote and to the left of it. Similarly, if 
y is lai’ge and negative, the curve lies to the right of the 
asymptote. 

The reader may discuss the other asymptotes similarly. 

The line x = ty meets the curve where 

( 5 ^ + 2 ) ^ 5 ^ + 2 

t(\+t){i-t) ' 

Putting in any value for t we may obtain any number of 
points on the curve, and trace the curve accurately. As stated 
in § 1, we do not usually require this. However, the accurate 
tracing of most of the curves given in the examples of §§ 4 to 9 
does not present much diificulty. 
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Ex. Trace the curves : 

(i) + + — 4y — 0. 

(ii) xy (rr® — 3a?y + 2//*) 4 .r^ -* — 2.^//'^ 2// — 5 .17/ 4 ./• + 2 y. 

(iii) 3a? (a?“ 4- y**) + 2 .r* -f 6 xy 4 6y- = 4a?. 

(i v) 9 (a? 4 4) y'^ + 24 xy 4 x (.r* 4 2 .r — 1 (J ) — 0. 

(v) a?®4-y” = ^y — a?) (y~2x). 

( vi} x(x^ — xy 4 4y*) 4 4y (2.r— y) = 0. 

( vii) 64y’* (a" — 4) \ K) ./'y 4 x- < 5./- - 12 ) — 0. 

( viii ) 2// (a* “ 1 ) - 2y (.r* 2.r) 4 a*''* (a* — 2) — 0. 

( ix) xKf - y^x 4 a?® — 4y'- — 0. 

(x) xy (a?® 4 y®) 4 a*"’ 4 // --a?® - y®. 

(xi) a:(a*®~y®) = 4.r® - Gay - 4y®. 

(xii ) X (x 4 2 y) (2a* — y) — 4 x'—xy 4 2y®. 

(xiii ) (a* 4 y ) (a*® 4 y®) f 2a* (a* - y ) — 0. 

(xiv) a*(2a?-y) (a*4 y) 4 •»y® 0. 

(xv) y^-a*’ = a®.ry. ^ 

[(i) The curve is a?(y 4 2) (.t?4 2y 4 2) = 4y, showing that tin* 
asymptotes are a* = 0, y4 2 = 0, a*42y42 = 0, anti meet the eur\e 
again where y = 0. 

The asymptote y4 2 — 0 meets the curve in no finite point. It is an 
inflexional tangent at infinity, an<l therefore the eiirve ajiproaches it on 
the same side at both ends. 

(ii) (a?4 l)(y4lMa?-2y-l)(a*-y4 1) = a7’4y‘“-l. 

The asymptotes meet the curve on the circle a*®4y® = 1. 

(iii) Writing the curve y(a:4 2) = --a*4 | -a* (a*®-l) (a*4 5)| L we 
see that the real asymptote is a* 4 2 = 0 and that the tangent is 
parallel to a* = 0 at the points (0, 0), (1, — J), (-- 1, 1), ( — 5, -4). 

For real points x must lie between 0 and 1 or between — and - 1. 

(iv) 3y(.r4 4) = — 4.r4 [ — a*(.r -f 2){x - 4) (a* 1 S)j 1. See Ch. XI \ , 
Fig. 1. 

(v) (ar 4 y - 2) (a?® - xy 4 y®) 4 xy 4 y® = 0. 

(vi) Real asymptote x — 1. Sec Ch. Xlll, Figs. 3, 4 for (vi) and (vii). 

(vii) Real asymptote o’ = 4. 

(viii) Real asymptote a- = 1. See Ch. XIII, Fig. 2. 

(ix) (a?44)(y 4 1) (J?“y-3) = a?-16y- 12. 

(x) (a* 4 1) (y 4- l)(a*®4y®) = a?y (a:4y) 4 2ar*. 

Since ic4y is a factor of the terms of the third degree as well as ol 
the terms of the second degree, a?4y = 0 is an inflexional tangent at the 
origin. (Ch. II, §2.) An a]»proximation at the origin is a*4y = — a*'’; 
the other approximation being x-y — .r®. 

(xi) (a:4y-3) (a*-y 4 3)(ar — 4)4 9a?4 24y — 36 = 0. 

(xii) (a?4 1) (ar4 2y — 2)(2a?— y — 2) 4 2 (a?4 y-2) = 0. 

(xiii) (ar® 4 y® ~ 2y 4 1) (ar 4 y 4 2) = a? - 3y 4 2. 

(xiv) (a? -3) (2a;-y4 4) (a-4 y4 I)4l4ar4 9y4 12 = 0. 

(xv) Asymptotes a* = y, a? = ~y. There is an inflexion on each 
branch at the origin. The curve has the origin as a centre of 
symmetiy.J 
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§ 

Ex. If. Trace 

(x^ ~ 'f) 2 — 2/^) (•^‘ + 3 V/) — 3 ^2 ^ 6 .t'2/ + 2/2 = 0. 

Since {x — yy^ is a factor of the terms of highest degree in 
this equation, the curve either has an infinitely distant tangent 
with its point of contact on x = //, oj* else has an infinitely 
distant double point on x = y. 

We find that x = y + r meets the curve where 

4 {c^iy-y^ + (r>r-3) y + ~3) = 0 ; 



Fig. .*5. 

(^r2 — f — (x'-' - if~) ( r + //) — 3 A - + Ox^ + }/ =- 0. 


giving onl}" two finite values of y, so that the latter alternative 
is correct. (See Ch. II, § 5.) The line x = y + c meets the 
curve in only one finite point if (e — 1)“ = 0, so that the 
tang(mts at the infinite double point both coincide with 
x — y = 1. Hence th(‘ double point is a cusp, and the curve 
has two asymptotes coinciding with x — y~ 1. 

Similarly the curve has an infinite double point on 
u; + 2/ = the tangents at which are ic + 2/ = 1 and a; + 2/ = — 2. 
The curve has these lines as parallel asymptotes. 

Writing the curve in the form 

(^x + y — \) fa; + 2/ + 2) = ^x — Sy—U 
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we see, as in § 4, that the curve meets its asymptotes where 
they meet 5i = 32 / 4 - 3 ; and that closer approximations to 
the form of the' curve far from the origin are 
.r + y-l= -3/3?/, .c + y + 2^l/2y, = l/2y. 

The third of these approximations shows that the curve 
approaches the asymptote a; = from both sides at one 

end only, namely the end at which y is positive. The othej* 
two approximations are interpreted as in § 4. 

The origin is a crunode at which the tangents are 
3ic2-6.r//-/ = (). 

See Fig. 3. 

The coordinates of any point on the curve may be put in 
the form 

_ (^^4-3^-2)(i{- 4-^-1) ^ ( t- + 2t~2) + 

2{t- + t-'Z) 

(See Ch. X, ^4, Kx. 3.) 

Ex. Trace the curves : 

(i) -t 'lx^y-\'Xi/-x^-xy-\-2 = 0. 

(ii } -t xy H it: 4 3y + = 0. 

(iii) -.r)-3a:2-2ary + r»y- = 0. 

(iv) xy{2xy~-hX’^\0y)’^'h0{X'-yf = 0. 

(v) — 2//(a;-/yj + y = 0. 

( vi) (a;^ - y* ) + (iT + 1 ) (2 x^ -^xy- if) 4 x - 0. 

(vii) x^ y) +x’^->r x-^y 0. 

(viii) x'^ {x— yf — X (x — y) y) = 3:r“ — S./V/4- 

(ix) y(x-~yf = x-^y. 

(x) xy{x-\-yf-\'(x + y){x^-?*xy-y^)—4:x^ + 2y^= 0. 

(xi) a:y + 12a" (8a' 4 2y) = 0. 

(xii) (a;* ~ 1 j (ar — 2 ) y* — a:" 4 4 y = 0. 

(xiii) (a7 4 *y)ary + (a:"4-6a:y-y-)a;y + 2(aT"4-y") « 0. 

(xiv) x!^i/ — 2xy (x-'2y)^3x^-{-Sxy+Sy^ = 0. 

(xv) lOCory 4-2y(100 + 90a:)-144a;*4 36jr + 4()9 = 0. 

(xvi) 10(a;’^~4) (y*-!) 4 - ^y 4 - 23x4-26?/ 4 94 = 0. 

(xvii) 9xy 4- 96./'?/4 144 (x4- y) 1-496 = 0. 

(x viii ) xy — 9x" — y* 4 25 s= 0. 

(xix) 225 (yx2 4 1 j' :^ ( 5 4 x) (1 4 x) ( 1 4 2x) ( 8 - 5x) (3 - 4.rj ( 5 ^ x). 

[(i) x(x 4 y) (x4y--l)4 2 = 0. The asymptote x=0 is an in- 
flexional tangent at infinity ; compare § 4, Ex. (i). 

(ii) Solving the equations as a quadratic in x or y we see that the 

tangents are parallel to x = 0 at ( — 3,0), (1, -’2), — 2) and 

parallel to y = 0 at (0, -1), (-6, J), (-6, -}). The asymptotes are 
.ry = 0. See Ch. FI, § 4, Ex. 2 (iii). 

(iii) (x -y 4 1 (x 4 y - 1 ) (x 4 // - 2) == x — lij-\ 2. 
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(iv) Tlic curve has no real asymptote.' The tangents are parallel to 
the axes of .r and y at (5, 10) and (8, respectively. Compare (ii). 

(v) + — y — l)® + 3.r — 3// — 2 == 0. There is an inflexion at 

the origin. 

(vi) f.r® + £r + 1 ) (./* ~ // + 1 ) (a? + \j } ^ y. 

(vii) (x— 1) {x+ 1) (2r — y + 1) + 8.r+ 1 = 0. 

(viii) (.r— l)(a^ + 2) (.r-y-1) {x-y- 3) = ll.^*-8y-0. 

(ix) y [(-»^ — — =^.r^y. The ('iirve is symmetrical about the 

origin and has an inflexion at the origin. 

(x) (.r-l)(t/4- 1) (.r + y-1) (a? + y-2) = 5./ -|-/y-2. 

(xi) The asymptotes are = 0. 

(xii) (af® - 1) (.r-2) (//- 1) — 2.r® + T-4y-2. The curve has a 
crunode at {y- , 0), and a triple point at (0, oo ). The intersections with 
the asymptotes and with 2x = y — 2 should be found. 

(xiii) The curve has acnodes at (0, oo ), (co , 0) and a triple point at 
(0, 0). It has a branch asymptotic to J^ + y + 6 = 0 and an oval lying 
between the asymptote and the axes of reference. Consider its inter- 
sections with y = t.r or t.iy + ,r-\ y ~ 0. 

(xiv) (.r + 1) (j?-f 3) (y ^ 1 ) (//~3) -f Kijr-y + 12u:-f Oy + 9 = 0. 

(xv) Asymptotes (25;/* — 30) = 0. Solve for .r and y. Sec 
Ch. XVni, Fig. (*>. 

(xvi) Asymptotes = ±2, y — ± 1. 

(xvii) Asymptotes a-*//* = 0. Solve for .; and y. 

(xviii) Asymptotes .r = + 1 , y = + 3. Hiflccnodes at (0, oo ) and (go , 0). 
Hi tangents x — y^ 9 a" = ;/, 3.r4 y = 4, Ac. 

(xix) Asymptotes .r* = 0. Solve for y. Sec Ch. XVI II, Fig. 2. 

K § 

Ex. III. Trace 

’/k + 2/)“ = •*;"('/ + 2). 

Newton's diagram (Fig. 4) gives us as 
the approximation at the origin 

which is the pair of parabolas 

y^ = ± y 2a;. 

Hence there are two branches of the 
curve touching each other and touching 
the axis of y at the origin. The origin is 
called a tacnode in such a case. It is 
sometimes called also a ‘ double cusp ’ ; but this nomen- 
clature is open to objection, as we shall sec later.* 

As in § 5 we find the parallel asymptotes 
7 / + 1 = 0 and y — 2 = 0. 



* A tacnodc is the point uf contact of two ordinary branches of a curve. 
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There are two infinite points on the curve along oj + j/ = 0, 
since {x 4- yY is a factor of the terms of the highest degree ; 
but x + y c meets the curve at only one infinite point for all 
finite values of c. Hence the curve has an infinitely distant 
tangent with its point of contact on .r-f*?/ = 0. (Ch. II, §5.) 
To get an approximation to the curve far from the origin along 
.r + 2 / = 0, write its equation in the form 
{x-^-yf = x^(y + 2)/if. 

Now put —y for X on the right-hand side and retain the 
highest power of x in the numerator. We get as a closer 
approximation (x-^-yfr=:y. This is a parabola with axis 



Fi«. r>. 

j" y + '2). 


parallel to x + y = 0, touching y = 0 at the origin, and lying 
above the axis of x. 

Writing the equation of the curve in the form 

( 2 / + 1) ( 2 /“ 2) (.r + yf + 0/2 + 2?/) (2a; 4- y) = 0, 
we sec that it meets its asymptotes where 2 a; 4 - 2 / = 0, and 
readily find the side on which tlie curve approaches either 
asymptote. 

Solving the equation as a quadiatic in x we see that for 
real points on the curve -'2. See Fig. 5. 

Ex. Trace the curves : 

(i) (^4-y)(j-~y)2 = 3.ry-f/2. 

(ii) or*// = or* 4- 
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(iii) = //4 2.rv+4.r. 

(iv) (r--2//). 

(V) (t/-f a:)(f/-2.r)2 == 9./-//. 

(vi) //)®^ y 0. 

(vii) .r (y — .r)^ = AT 

(viii) f/ry4 — ,r’. 
fix) // (.r ^ y)2 4 ax {x f yf 4 a\ry — 0. 

(x) x{y--xf(y-{ .r)‘M (y fj- + 2//) S.r^. 

(xi) Uy4 6)2 = 9(2y-( 8). 

fxii) {xy-\ 4)2- 2(2y-| 8)(y4 2). 

(xiii) x^y' - 4 (y ^ 1). 

(xiv) :v-y2 =. 4 (y 4 4) (y- 1). 

(xv) . 1 * 2 y2 =r If) {y-\ ). 

fxvi) 16(3y4 *r2j2 -• 7 (./■ 4 8) f.r 4 2)(.r-l) (./•-> 4). 

|(i) (a;^y^ l){x ~yf^ x{x-\ y). Parabolic approxiiniition (.r~y)2=:; j*. 
(ii) Asymptote y- 1. Parabolic ai)]>roximatioh x^ ^ y. Sym- 
metrical about X — 0. 

(lii) Asymiiioto y — 0. l*arabolic a])j)roximation ^ y. Tangents 
])arallel to axes of .r and y at f -1, -1) and (4, 4) respectively. 

(iv) Asymptote .i=2y4l. I’arabolic approximation 2y — ~a;2. 

(v) Asymptote .r f y 4 1 =»= 0. Parabolic ap])roxiination (y-2a;)2= 6.r. 
(vil ^'^(.r-y)2(.r.-y- J) -r- ~y. The approximations at infinity are 

i//A 1/y, .r-y-l ==-l/y. There is a tacnode at in- 

finity at which .r = 0 is the tangent, and a triple point at infinity at 
which X = y, x - y, x = y4'l are the tangents. The tangent at (1, 0) 
meets the curve again at (1, 2). 

(vii) Asymptote x ~ a. Parabolic approximation (y — xf — ay 
(viii) Asymptote — 0. Parabolic approximation x"^ = ay. 

( ix) if (x 4 y - rt ) (a; H- y 4 a) 4- a (.r -f y) (x^ 4- xy 4- ay) — 0. Parabolic ap 
proximiition y'Maa: — 0. Approximations at origin y“-f-ay = 0 and 
y®4a.r = 0. The asymptote .r4y = a is an inflexional tangent at 
infinity. 

(x) A' tacnode at the origin. Asymptotiis x = - 2y x = y twice. 
The curve has an infinite cusp. Parabolic approximation (a:4-y)2 — 2y. 

(xi) Tacnode at (oo , 0), cusp at. (0, oo ). Asymjitotes at a^y^ — 0. 
Solve for x and y. 

(xii) Tacnode at (oo,0), node at (0, oo). Asymptotes y2 (a:'’ — 4) = 0. 
Solve for x and y. 

(xiii) Tacnode at (oo , 0), cusp at (0, oo ). Asymptotes oc^y^ = 0. 

(xiv), (xv) Tacnode at (qo,0) at which the tangents are y = 0, but 
which is an isolated jioint on the curve. One curve has a node at 
(0, 00 ), and the other a cusp. 

(xvi) Tacnode at (0, op ) with line at infinity as tangents. Solve for y. 
See Ch. XVIII, § 14.] 
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§7. 

y- = 2x^ + xy^. 

Newton’s diagram (Fig. 6) gives 
as the approximation at the origin and 
2a;^ + y’^ = 0 as an approximation at in- 
finity. The asymptote is a? = 0. 

The curve has an inflexion at infinity 
with an infinitely distant tangent. (Ch. II, 
§5, Ex. 1.) 

The tangents parallel to the axes of 
reference are readily found. 

The line y = tx meets the curve where 

Putting in values of i w^e get any number of points on the 
curve (Fig. 7). In particular, taking ^ = — 1, we see that 
X = -y touches the curve at (l,-~ 1). 


y H ^ y 


Fig. 7. 

7/2 2.r* + xy^. 




Ex. IV. Trace 



Fig. e». 


We may verify our approximations at infinity by writing 
down the equation of a projection as in Ch. I, §3. Thus, if 
we replace x and y by x/y and 1/y, the equation of the 
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curve becomes + This is the equation of the 

projection in which the axis of y is unaltered, while the line 
at infinity is projected into the axis of x, and vice versa. The 
projection has x = 0 as an ordinary tangent at the origin, 
and therefore the original curve has a? = 0 as an ordinary 
asymptote. 

Again, replacing x and y by 1/x and y/x, the equation 
becomes x^y^ = 2x^-y\ This is the equation of the projection 
in which the axis of x is unaltered, while the line at infinity 
is projected into the axis of 2/, and vice versa. The projection 
has a; = 0 as an inflexional tangent at the origin, and therefore 
the original curve has the line at infinity as an inflexional 
talent at (oo , 0). 

The reader may apply this process to d!!Uy of the examples in 
this chapter. 

K\ 1. Trace the cuives 

( i ) 4 2/ + f/ ’ 0. 

(ii) « (.r® 4 y*) = 

(iii) = 0. 

(iv) ~ //. 

(v) tf-y = 

(vi) .r (.r4 i/) //-y. 

(\ii) .r’ (^4//) = y -f y. 

(viii) if {x~xj) = x'{x-\- ij), 

(ix) y4a•y4^^y4-.r<// + ./' = .r^y. 

(x ) xy + y^ 4 .r“ y = x^. 

(xi) (a; - 2 //) = 8 y ( // - .r ) - 4 (y - x% 

{ xii ) y { ./• — y 4 .r* y == x^ 4 // . 

( xiii) y (x — y 4 .r^ 4 if H 2x^ {x — y) 4 x {x 4 2y) — 0. 

(xiv) .r®y = {y-x'^) {y -2x'^){y-Zx^), 

(xv) = 2a;2?/(;c4l)4y. 

(xvi) y 4.r^ (a:’*-y) = 0. 

(xvii) y — 2 yx'' 4 = 0. 

I (i) Approximations at origin y = .r and 2if — x\ at infinity 
.r'^4y==0. 

(ii) Approximations at origin \\aif — x^ and 'Sax — if \ at infinity 
.r’4ay==0. 

(iii) Approximation at origin if — oi? \ at infinity .r^4// = 0. The 
asymptote y = 1 is tangent at an infinite point of undulation. 

(iv) Approximation at origin y — at infinity y- ^ 

(v) Approximation at origin x^y-if\ at infinity if = ,r\ The 
curve is symmetrical about 2y = 1. 

(vi) The curve is closed. The tangents are parallel to the axes of 
X and y when y = J (1 4 y/2) and when a? = - 1, J respectively. 

2216 E 
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(vii) Ajiproximation at origin = at infinity The 

asymptote is iP + i/+l *=0 meeting the curve at ( 0 , — 1 ) and 
The line //+! = 0 is an inflexional tangent at (0, -1) and meets the 
curve again at ( 1 , -- 1 ), where the tangent is = 1 which meets the curve 
again at ( 1 , 1 ). 

(viii) Approximations at origin //" = .r’ and .r + ;/ = 2.r^; at infinity 
if ^ and asymptote x + // = 2 . 

(ix) Approximations at infinity y ^ xr and //* — ,r\ An isolated 
(juadiniple point at the origin. 

(x) Approximations at origin x — — \f and y .r* ; at infinity 
x~f and y = - x^, 

(xi) Approximations at origin S (y — o') — and y-\x-2y'\ at 

infinity ./■®-l4y“ = 0. The asymjcftote X--2//-41 - 0 meets curve at 
( 0 , 1) and (J, 2 )- 

(xii) Approximations at origin y = .n and .r — y’ ; at infinity 
X- = y® and (a?-y)‘ = 2 .r. 

fxiii) Approximations at origin ./H 2 y = — ‘d and y''’ ~ 2.r ; at 

infinity ip - ~.r" and (x-yf = - 2 .r. The curve has a crunodo at the 
origin, touches y = 0 at ( — 1 , 0 ), and passes through ( 0 , — 1 ). 

txiv) Approximations at origin y — x^ and y = 2.r“ and // =■ Ha*- ; at 
infinity y = and y‘ - Any nuinb(‘r of ])oints may be found by 

considering the intersections of the curve wifh y - fx\ (Take especially 
the cases / = f and t = 1 .) 

(xv) Approximations at origin y ^ x^ and y=r-3.r’^; at infinity 
y = -2ir® and 2y = 3 (a -l). Consider the intersections with // = 

(xvi) Asymptotes ±2y = 2.r + 1. A])proximation at origin if 4 ./’= 0: 
at infinity if = 

(xvii) Approximations at origin // = 2.r^ and 2y = x*\ at infinity 

Ip + = 0. 1 

Kx. 2. Trace a'*' 4 //" — when n is an odd oi e\eii positive or 

negative integer. 

Kx. 3. Trace x^ + if = nPePx^^ when n is integral. 

Ex. 4. Trace 4 „ ( 2 ;n l)«a:”y" when i\ is integral. 

Ex. 5. Trace (a^-rr )® 4 - (y^-i»*)" ^ distinguishing the cases a>h>r. 
a'>h c, a'>c>h, a r>h. {a*-{ >/>, 

a = h = t\ 

§ 8 . 

Ex. V. Trace 

x^ — 2x'^U + 2y^y + '!f ^ 0 . 

Newton’s diagram (Fig. 8) gives as an approximation at 
infinity 2x^ = y. Hence the curve has a cusp at infinity 
with an infinitely distant cuspidal tangent. 

There is an asymptote x — 

Newton’s diagram gives (y-^x^f = 0 as the approximation 
at the origin, namely two coincident parabolas. This indicates 
that the origin is a somewhat complex singularity on the 
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curve. To ascertain more closely the nature of the curve at 
the origin, write its equation in the form 

2 / = + 

We see that for real points on the curve x must not lie 
between 0 and 2. Hence the approxima- 
tion at the origin is given only by those 
parts of the two coincident parabolas for 
which X is negative (Fig. 9). 

The origin is sometimes called in such 
cases a ‘ rhamphoid (ramphoid) cusp ’ * or 
‘ cusp of the second species *, the ordinary 
cusp being ‘a ceratoid cusp ’ f or ‘a cusp 
of the first species \ 

The nomenclature is objectionable, for it 
implies that cusps of the first and second species are com- 
parable, whereas the former is the cusp of the simplest 

t I 


t 



Fig. 8. 



possible type and the latter is really a singularity of con- 
siderable complexity. 

K 2 


* From ^dfjupos - beak. 


f From tcepartov — a little horn. 
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Ex. 1. Trace the curves? » 

(i) + 2.r//-y2) + .ry(2r~y)^ ^ 0. 

(ii) (y’-f-.'T®)* — 

(iii) i^y !/ + JT^)^ — 4x (x-~^) {x-\ 5). 

(iv) (y + .r^)“ — 4.r (.r^--2a:-+ 2). 

(v) 4 (J7y + 1 (9.r 4- ir>). 

(vi) 4 (.r//+ 1)" =r j: (25.r+ 16). 

( vii) ( 2y — a*‘ 4- 4x1/ {{/-^x"^) ~ 0. 

(viii) (2y 4 x^)'^ = .r. 

[(i) The asymptotes arc (.r4- 1) (.r — 1)' = 0, and there is a parubolic 
approximation at infinity (ir 4 //)" — 2.r. There is a ‘ rhamphoid cusp’ 
at the origin. The tangents at ( — L — J) and (-2, j|) are parallel to 

= 0 ; as is seen by solving for //. 

(ii) The approximations at infinity' are // = .r and ;/ = ./•’. The 

approximation at the origin is that part of (;/^ 4 a:*)* - 0 for which .r >0. 
The curve meets x^ — ft/ where x ~ t * ( / 4- 1)^ // — (t + l)*. 

(iii) Rhamphoid cusp at (0, oo ), 8ee Oh. XVJll. § 15. 

(iv) Rhamphoid ensp at (0, ac> ). The line a? 4-// = 2 touches at 
(2, 0) and (1, 1). 

(v) Rhamphoid cusp at (0. oc ). Asymptotes ./*(4//"~9) = 0. 

(vi) Rhamphoid cusp at (0, co ). Asymptotes .r’^(4y^-2r>) = 0. 

(vii) Rhamphoid cusp at origin. Node at (0. cr.. ) with tangents 
.r4 1 = 0 and the line at infinity. Also asymptote 44*4 l(>y4-5 - 0. 

(viii) There is a singularity at (0, oo ) whose projection is like a 
rham])hoid cusj) in shape.] 

Ex. 2. If K,, Vy, and /r,. are homogeneous of degree r in x and y, the 
curves 0 = w,* 4 - «3 4- 4- ... 4-//„, 

0 = Ui («i 4 Wj) 4- W 4 4 . . 4- , 

0 = ( w, 4- fj ^ )* 4- 4- If I 4 4 . . . 4- . 

have in general an ordinaiy (keratoid) cusp, a tacnode, a rhamphoid 
cusp respectively at the origin. 

[Choose axes of reference such that //, = ;/. t\ ~ .r. Then use 
Newton’s diagram.] 

Ex. 8. The tangent at an ordinary cusp, a iacnodc, a rhamphoid cusj» 
meets the curve in 8, 4, 4 points rc8j)ectively coinciding with the double 
point. 

Ex. 4. The radii of curvatuni of the two branches at an ordinary cusjj, 
a tacnode, a rhamphoid cusp are respectively both zero, non-zero, a,nd in 
general unequal, non-zero, and equal. 

[The radius of curvature at the origin of a curve touching ^ = 0 there 
is the limit of x}/2y as we ajjproach the origin.] 

Ex. 5. The ratio of the radii of curvature of the two branches of a 
curve at a tacnode is unaltered by projection. 

[See Ch. I, § 6, Ex. 6. Note the case in which these radii of curvature 
are equal and opposite, as in Fig. 5.] 
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Ex. 6. The curve 

has two ordinary branches touchinj? </, = 0 at the origin and having 
the same curvature there. 

[The origin is called an * oscnode Contrast the case of the rham- 
phoid cusp in Ex. 2 ; and see Ch. XVJl, § 8 (iv). 

Making the equations of the curves in Ex. 2 and 6 homogeneous by 
means of w, = we get the lines joining the origin to the intersections 
of the curve and If we choose the coefficients of Vj so as to 

make as many of these lines as possible coincide with iq = 0, i/j == 
becomes a conic of closest contact with the curve at the origin. A 
doubly infinite number of conics meet a curve live times at a rhamjihoid 
cusp, and no conic meets it sir times there. 1 

Ex. 7. To give a tacnode or rhamphoid cu8]> and the tangent at that 
l>oint is equivalent to assigning 6 or 7 relations respectively between 
the coefficients ol* the equation of a curve. 

If the tangent is not gi\cn, the number of relations is one less. 


If the coordiuates of a point on a curve are given in terms 
of a parauietcr i by means of the equations 

a‘=/(0, // = 0(O, 

we may obtain the equation of the curve by eliminating 
/ between these two e(j nations and then trace it by the 
methods of §§ 4-8. 

As an alternative we may obtain any number of points on 
the curve by taking various values for t and so trace the 
curve. But this is apt to be laborious, and the method of the 
following example will often sulBSce. 

Ex. VI. Trace 

= (1+0(1 y = (i+oMi-2oy^. 

The curve only meets the axes at the origin, and then 
/ = — 1 or |. Wc have y = tx^, and therefore the approxima- 
tions at the origin are 2 / = and 2?/ = x^. 

Again, x and y are infinite when ^ = 0 or oo . 

Since y/x == (1 + 0 (1 we see that there is an asymp- 
tote parallel to y/x 1 corresponding to = 0. 

Because a?— y = (1 + 0 (1 — 4^‘0» we obtain 2 / = 1 as the 
asymptote, on putting ^ = 0. The curve meets the asymptote 
where (1 + 0 (1 —4^0 = 1j whence ^ = 0 or ^( + ^2—1), i, e. 
oj = 00 or 2+ V^2. 

Moreover, putting / = oo in 

^V^ = (i+0(i-20/e^^, 
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we see that a® ■+ = 0 is the other approximation at infinity, 

(see Fig. 10). ^ 

The tangents parallel to a; = 0 ai-e given 1 » 3 ' ^ ^ 

unreal. Similarly, the only real tangents parallel to 2/ = 0 
are the tangents at the origin. 

As other examples the reader may take the curves in >^^4 
and or those given in Ex. 2 below. 



Fik. 111. 

2 //- + 'C‘ // (a -h 1 ' ' 

Ex. 1. The real orcliniiry cusps of a curvi* are given by values of tlie 
parameter t niaking i* and // both zero, dots denoting difterontiation 
with respect to t. The inflexions are given by ./// = .r/A 

[The radius of curvature is (.r* + //®)vi -r '-.‘r//). It vanishes at an 

ordinary cusp (see § 8, Ex. 4), and is infinite at an inflexion.) 

Ex. 2. Trace the cuives 

(i) == y - ^itt/a -f t^). 

(ii) jr = 5a^V(I // =• 

(iii) ,/* = {tU V = (/N-l). 

(iv) a* == {(^~2/2j, 

(V) = t+t-\ y = 1 + ^*. 

(vi) = 

(vii) + y = 

(viii) .r = ^ (2- t)y y = 

(ix) X ^ // = + + 

[(i) Approximations at the origin fj^ — V>ax and a7'’ = 3a//; at 
infinity ;r -f y 4 == 0. Symmetrical about ./* = y, as is seen by changing 

t into 1/t. 
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(ii) Approximations at origin ^ = bajP‘ and == ha^f ; at infinity 
,v-ir y — a. Symmetrical about jc — y. 

(iii) Approximation at infinity Tangents parallel to axes of 

u and y where ^ = 0 (inflexion) and t ^ —2-k 

(iv) Approximation at origin 2y-=— 9./’; at infinit}^ 
Symmetrical about // = 0. Node at / = + -\/3, cusps at /== + !. 

(v) Approximations at infinity y = 1 and x' = y. Symmetrical 
about X — 0. 

(vi) Approximation at origin tf = ./•’* ; at infinity .r-f y = 1 and x- = y, 

(vii) At origin a rhamphoid cusp. At infinity approximates to 
~ y* and X = y'K 

(viii) Approximations at origin a:'‘ = 2// and at infinity 

if ^ ~.r'. 

(ix) Acnode at origin. Asymptotes .r = 1, y = 1, .r-fy+l = 0. 
Symmetrical about .r — y.\ 

Kx. 3. Traci; the curxes 

(i) X = a cos'‘ /, // — a sin '/. 

♦ 

( iij X ~ a cos*’ /, y a sin^’ /. 

(iii) .r = a .''111 *»/, //--(? cos/. 

(iv ) X — a cos*/ . cos 2/, y — asiir'/ . sin 2/, 

( V ) X ^ a cosh^ /, // — b sinh" /. 

(si) X acos?!/ . co.sec2/, y = asin3/ , cosec2/. 

§10- 

Some curves are most readily traced by turning the Carte- 
sian into the polar equation. 

For instance, the curve 

{x^ + — bxS)'^ = {x^ 4- if) 

becomes in polar coordinates 

r = a’\-h cos d. 

This is readily drawn by noting how r alters as d increased 
from 0 to 27 r.* The case of 5(i = 6b is shown in Ch. IV, Fig. 1. 
The asymptotes are given by noting that the polar sub- 
d 0 

tangent becomes the perpendicular from the pole on an 

iVI 

asymptote, if d has a value oc which makes r infinite. The 
perpendicular is positive or negative according as the asymp- 
tote lies on the right or left of a person standing at the pole 
and looking along the direction d = cx. 

* It may also be drawn by inoi*©a.sing each radius vector of the circ’ 
r = b cos 9 by the constant a. 
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Ex. 1. Trace the curves 

(i) 

(ii) {x^ + y'^){x--hf ^ 

(iii) (.r‘‘^-f2/T = ai/(3.r2-/). 

(iv) + 

(v) + 

( vi) (x- + ;/ = .r^ (x^ + y^), 

( vii) y"^ {x^ + y'^- — 4a^x^ (x^ + «/‘ ) . 

(viii) (4 x^-hy^) = «“ 

Ex. 2. Trace the curve 

{x^ 4 4y2)r> = «'2 _ 24 .r^ 

[The locus of the mid-points of the ordinates of 
{x^-^ y^)^ *= a- (.r^ -- G ;//" + //'*) 



CHAPTEE IV 


TANGENTIAL EQUATION AND POLAR 
RECIPROCATION 

§ 1. Tangential Equation. 

If the line 

Xx + -f j/c; = 0 

touches a given curve whose equation in homogeneous coor- 
dinates is f{x^yyZ) = 0, a certain relation, say 0(A, /^, v) = 0, 
must hold between A, /i, //. This relation is called the tan- 
gential equation of the curve. 

It is homogeneous in A, /x, Py for it is not altered if we 
multiply A, /4, p by the same constant. 

We may call /(a*, y^z) = 0 the point-equatioifi of the curve, 
if we wish to emphasize the difference between it and the 
tangential equation. 

If the equation of the curve is given in Cartesian coordin- 
ates, the tangential equation is the condition that the curve 
should touch Aa! + /ty + l = 0. 

It is not homogeneous in A, fi in general. 

Suppose that the triangle of reference of homogeneous 
coordinates is altered. We shall obtain the new equation of 
a curve f(ii\ y, z) = 0 by putting in this equation 

X = l^x' ^m^y' + UjZy y = ^n\y' noz\ 

z ^ ^ n.^z' (i) 

^ 1 , ..., 7^3 being constants ; and then dropping the dashes. 

We get the new tangential equation of the curve by putting 
in the original tangential equation 0(A, /t, p) = 0, 

A = + + fi = M^X^ M,, fi' M^p\ 

p = ]>/'^y^N.,ii' + N.y .“.... (ii) 

and then dropping the dashes; where equations (i) give on 
solving for x, y, z 

a;' = Zjcr + V' = ^2® + 
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For on changing the homogeneous coordinates by the sub- 
stitution given by equations (i), the lino fiij — 0 
becomes 

+ Zjj/i + L»') + (?u,X + y' 

+ (h,A + i(.^/4 + /(;,»') = <>• 

This is identical with x' + n'y' + v' z' = 0, if 

X' = l^X + l^fi-itl^v, + + 

j/'= /tjA+a^/z + ffa*' (iii)- 

But equations (iii) give equations (ii) on solving for X, y, v \ 
which proves the result. 


§2. Class of a Curve. 

A line is considered as ‘ touching ’ a point in the sense ol 
^ 1 if it passes through it. The line Xx+fiy + yz = 0 passes 
through the point y\ z') if 

Xx' + n'jf' + I'z' = 0. 

This is therefore the tangential equation of the point. It 
is to be noted that the tangential equation of a point is of the 
first degree. A straight line has no tangential equation. 

If the tangential equation <p{X, /i, v) = 0 of a curve is homo- 
geneous of degree m in X, fi, r, the tangimts from (.<■', y', z') to 
the curve are given by solving for X'. y- v from 

Xx' fit/ + vz' = 0, <i>(X, ft. v) = 0. 

Eliminating v from these two equations, we have an equation 
of degi-ee m in X : ft. Hence m tangents can be drawn from 
any point to tlie curve. This number is called the claax of the 
curve. As a particular case, tn tangents can be drawn to the 
curve in any given direction. 


The common tangents of two curves of class m and M, 

<f>(X, ft, I/) = 0 and «5(A,, ft, p) = 0, 
are found by solving these two equations for X: ft w. They 
are fuM in number. The proof is exactly similar to that used 
inCh. I, §7. 

The point of contact of any tangent having the point- 
equation x'ja + /,j + v'z = 0 

with the curve whose tangential equation is ^(A, ft, p) — 0 
has the tangential equation 


^ if if if ^ 
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where , means the result of putting A', fi, v for fi, v 
o\ 

in , &c. The proof is similar to that of Ch. I, § 9. 

V A ^ 

As in Ch. I, §8, we may call v = 0 a (tangential) 
of curves of the 77<.-th class, it and v being homogeneous of 
degree m in Xy fi, i/. 

The curves obtained by taking different values of k have 
common tangents, namely the common tangents of = 0 
and V = 0. 


(i) 


§3. Tangential Equation of any Curve. 

To obtain the tangential equation of 

?fy -) = 

we find the lines 

/(*. z/. • • • 

joining its intersections with the line 

Xx 4- fJL'U + = 0 

to the vertex (0, 0, 1) of the triangle .of reference. Two of the 
lines represented by (i) are coincident it Xx-^ jiy-^-vz 
touches the curve. Hence, if we find the condition that (i) 
considered as an equation in x/y has equal roots, by elimina- 
ting x/y between (i) and the result of ditferentiating (i) with 
respect to x/y^ we get the required tangential equation. 

Similarly, to obtain the point-equation when the ^ngential 
ecjuation 0(X, J') = 0 is given, we find the condition that 

two of the intersections of the curve with a side of the tri- 
angle of reference 

0(A, /4, -{Xx + iiy)/z)j=^ 0 

should coincide, i. e. that this last equation should have equal 
roots considered as an equation in \/fi. 

An alternative method of finding the tangential equation of 
f(x, //, ;j) = 0 is as follows. 

Suppose {x\ y', z') is the point of contact of the tangent 
Xx 4- fzy + 1/0 = 0. This line must pass through [x\ y\ z') and 
be identical with the tangent 


y 




= 0 


to/ = 0 at 

We therefore obtain the required tangential equation by 
eliminating {x', if, s') between 

Xu' + fi/ + ^s'=0 and 
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Again, if the coordinates of any point of the curve are 
known functions of a parameter t, the equation of the tangent 
at the point is = 0, where a, h, c are known 

functions of L (See Ch. I, § 9.) 

Eliminating t between «/X = b/fi = c/v, we have the tan- 
gential equation required.* 

Ex. 1, The tangential equation of 

(1.1^ -f hjf^ + + 2 gz,t + 2hjcif = 0 

is A\^ + -f + 2Ftiv 4 2 t^i/X 4 2 // ^ = 0, 

where yl = /ic-/®, F—gh-af, See. 

Ex. 2 A conic is of degree 2 and class 2. 

Ex. 8. If in Ex. 1 the point-equation is deduced from the tangential 
in the same way as the tangential from the point-equation, we have the 
original equation multiplied by (ahe 4- 2fgh - af^ - hg^ — 

Ex. 4. If in Ex. 1 the original equation is a lino-pair, the tangential 
equation is the intersection of the lines twice over. 

If th(‘ original equation is a pair of coincident lines, the tangential 
equation vanishes identically. 

Ex. 5. Find the tangential ccjuations of 

(i) I'F ^ 

(ii) = .r(.r^4-/r). 

(hi) 8 (.1-4 //) == 

(iv) 

(v) ^ xy {x + az). 

( vi) (.r" 4 

(vii) j-ri 4 2/'"' = 

(viii) 

[(i) 27Ay“»/4-4X3 = 0. 

(ii) 27 4- 4 (aX 4- vf = 0. 

(hi) 9 /m + 4(X~/u)^ ~ 0. 

(iv) 27a*/Lt’^4 4 («X 4- 1)* = 0, 

( v ) 21a^\^g^-l'Sa’^\gv + 4:a {\+g)v^~-v^ = 0 . 

(vi) 27n^ (X®4-ft*)* = (4- a’*X2 4 -a*^*)^ 

(vii) + — a^XV^- 

(viii) (~X)^+>V + 

Ex. 6. The product of the perpendiculars from m fixed points on 
a line is proportional to the cosine of m times the angle which these 
perpendiculars make with a fixed direction. Show that the envelope of 
the line is a curve of class m, and that the tangents from any one of the 
fixed points are parallel to the sides of the same regular polygon. 


* The third method is usually best when it can be applied. The second 
method is best in Ex. 1. 
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Ex. 7. The envelope of the asymptotes of the pencil of /i-ics N+ = 0 
is of class 27^ — 1. 

Any one of these asymptotes meets S = 0 and S' = 0 in two sets ot 
n points with the same centroid. 

The envelope touches the line at infinity at each of the 2(»- 1) points 
where a curve of the pencil touches it. 

[It follows from Ch. VIII, § 1, that the degree of the envelope is 
4(7 j — 1) in general.] 

§4. Tangential Equation of the Circular Points. 

The tangential equation of the circular points is obtained 
by writing down the condition that any line should be per- 
pendicular to itself. For instance, in rectangular Cartesian 
coordinates the tangential efj nation of the circular points is 

+ = 

for this is the condition that Xx + yu/y 4* 1 ~ 0 should be self- 
perpendicular. 

Kx. 1. The circular points are 

V-‘-2XgCOBa) + p* ^0 
for Cartesian axes inclined at an angle <». 

Ex. 2. The circular points are 

-f •+ 1 '^ — cos A ’-2p\ cos J5 — 2 X/x cos C = 0 
for trilinear coordinates. 

Ex. o. Write down the tangential equation in trilinear coordinates of 
a conic with foci (a,, ft, yd, (Ofj, ft, yd and minor axis 2l\ 

Deduce the equation of a circle with given centre and radius, e.g. the 
circle inscribed in the triangle of reference. 

[(Xa^ 4 pft 4 pyi) (XOfj + pft 4 ry,) 

= Ar*(X* + + p^ — 2fip cos A~^2p\ cos P — 2X/i cos C).] 

Ex. 4. Obtain the equation of the director-circle of a conic whoB(^ 
equation is given in any coordinates. 

[The locus of a point such that the tangents from it to the conics 
AX^ + 4 Cp’^ + 2Fiiv + 2 Gp\ 4 2//Xp = 0, 

A '\^ 4 4 CV + 2/V 4 2 O'p'K 4 2 H'fip = 0 

fonii an harmonic pencil is 

{BC^B'r-2FF).r:^+ ... 4 ... 

42 (r;/i '4 G'lI-AF-AF)yz + ... 4 ... = 0. 
Take the second conic as the circular points, and this ‘ harmonic locus ’ 
becomes the director-circle of the first conic.] 

Ex. 5. A curve of class m touches the line at infinity at the circular 
jmints and m—^ other points. Show that the sum of the angles which 
the tangents from any point" make with a fixed lino is constant to within 
a multiple of tt. 

[The cui*ve is / (X, p) -f (X** -f- p®) <;() (X, fi) == 0 ; / and being homo- 
geneous of degrees m and w~3 respectively in X and p. The inclination 
of the tangents from (.r, //) to y = 0 is given by (X*4p^) (X:r4py)<#).] 
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Ex. 6. More generally, the sum of the angles which the common 
tangents-to this curve and any curve of given class make with a fixed 
line is constant to within a multiple of tt. 

Discuss the case m 3. 

[(i) As in Ex. 5. (ii) The three-cusped hypocycloid.] 

§ 6. Polar Reciprocation. 

Suppose wc have a certain ‘ base-conic . The envelope ol 
the polar of any point on a given curve 2 is called tlie '}wlar 
Tcc'i'pTOCQl' of 2 with respect to the base-conic. 

Consider two consecutive points P and Q on 2. Their 
polars meet at the pole R of PQ with respect to tlie hMc- 
conic. But these two polars are consecutive tangents to 2' in 
the limit, and R is the point of contact of either. Also PQ 
is in the limit the tangent at P to 2. Hence 2 is the envelope 
of the polars of points on 2' ; or the relation between the 
curves is a reciprocal one, a point on 2 and the tangent at this 
point being the pole and polai- with respect to the base-conic 
of a con'esponding t<ingent to 2^ and its point ol contact. 

If I is any line, its intersections with 2 are the poles of the 
tangents to 2' from the pole of I with respect to the base-conic. 
Hence : 

degree of o (‘urve 'lx egwd io the clues <f its poliir reci’ih 

vocal. 

h 6. Equation of Polar Reciprocal. 

Tlve 'polnr reciprocal of iltje cnrrc havi ng taig/cnlial eguatioio 
^(A, fi, v) = 0 with resftcri to the hase-coim' + + = 0 is 

y,c) = 0. 

For the polar of (x', y', z) with respect to the hasc-conic is 
xx' -f yy' + zz' = 0; 

and this touches g, v) = 0, if <f>{x\ //, :') = 0. But 
{x', y', s') lies on the polar reciprocal in this case. 

Hence the polar reciprocal of a curve can be obtained when 
its tangential equation is known, which is always the case 
when its point-equation is given. 

The reader will notice the close connexion which exists 
between the algebraic notion of ‘ tangential equation ’ and the 
geometrical conception of ‘ polar reciprocal ’. 

Ex. 1. If the condition that a curve (in Carlegian coordinates) should 
touch Xa:4y + i' -=0 is ^ (X, v) = 0, the ]X)lar reciprocal with respect 
to a:’4 2y = 0 is (a-, »/) = 0. 

[The polar of [x’, y) with respect f o .r’* 4 2y = 0 is xr ' 4 y 4 y' = 0.] 

Ex. 2. The iiolar reciprocal of a ‘Lame Curve’ (a:/«)’'4(y/h)" = 1 
with respect to (a:/^)*4 (?//it)“ = 1 is a Lame Curve. 
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Ex. 3. The base-conic, any conic, and its polar reciprocal have in 
freneral a common self-conjugate triangle. 

Ex. 4. The polar reciprocal of (A, /u, i^) = 0 with respect to 
4- hif -f 2fffz -f 2gz.r + 2 liory = 0 

1.S (fi {nor hfj -f gz, hx -I- by ^-fz, gx +fy + cc') = 0. 

§7. Singularities of Curve and its Reciprocal. 

We shall now consider what corresponds in the polar recip- 
rocal to the ‘ singularities ’ of a curve, i. e. its nodes, cusps, &c. 

A node is a point of a curve at which there are two tangents. 

Hence to a node corresponds in the reciprocal curve a 
tangent with two points of contact. Such a tangent is called 
a hiiaiige'id. 

If the base-conic has a real equation, to a crunode corre- 
sponds a real bitangent with two real points of contact, and 
to an acnode corresponds a real bitangent with unreal points 
of contact.* 

In the same* way, to a triple, quadruple, . • . point with 
distinct tangents corresponds a tangent with three, four, . . . 
distinct points of contact, which may be called a triple, quad- 
ruple, . . . tangent. 

To a cusp C of a curve and its cuspidal tangent i correspond 
an inflexional tangent c of the reciprocal curve and its in- 
flexion 7. 

For the cusp has the properties that every line through 
C meets the curve twice at C, except /, which meets it thrice 
at 6'; while of the tangents from any point P on i one 
coincides with /, unless P is at (\ when three of the tangents 
coincide with /.f 

Hence from any point on e two tangents can be drawn to 
the reciprocal curve coinciding with c unless the point is at 7, 
when three of the tangents coincide with c ; while any line 
through 7 meets the reciprocal curve once at 7, except c, which 
meets it thrioe at 7. Therefore 7 is an inflexion and c the 
inflexional tangent. 

Hence : 

To a node of a curve and its langents corree'pond a bitangent 
of tJie reeijn^ocal curve and its points of contact^ to a cusp and 
its cusjridal tangent correspoiid an inflexional tangent and 

* Sometimes called an ^ ideal’ bitangent. For pictures of bi tan gents see 
Ch. IV, Fig. 1 ; Ch. X, Fig. 1 ; Ch. XVIII, Figs. 2, 6, 7, 9, 10. 

f These properties of the cusp are evident from the fact that, by Newton’s 
diagram, any cim’^e approximates near a cusp to a somi-cubical parabola 
«?/2 IS a;**, for which the properties are at once established. They are almost 
intuitive from a figure. Similarly for the inflexion. 

A more rigorous proof is given in Ch. VT, §§ 3, 5. 
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its inflexion. More generally, to a k~ple i^oint and its k taiv- 
gents correspoTid a k-ple tangent and its Ic points of cor\tact. 

The i*elations between the singularities of a curve and its 
reciprocal are illustrated by Fig. L This diagram shows the 
lima 9 on 7^ = 6 + 5 cos 6 and its reciprocal with respect to the 
circle cos 6) = 55. 

The singularities of the lima^on are an acnode, two unreal 
cusps (at the circular points), a bitangent with real points of 
contact, and two real inflexions. These reciprocate respec- 
tively into an ideal bitangent, two unreal inflexional tangents, 
a crunode, and two real cuspidal tangents. The degree and 
class of the lima^on and its reciprocal are both four. The two 
bitangents are shown hy the dotted lines. 



Kx. 1. To a triple point with three coincident tangents corre8])onds 
in general the tangent at a point of undulation ; and so for quadruple, 
quintuple, ... points. 

Kx. ‘2. If 0 is a multiple point of a curve; with distinct tangents, two 
of the tangents from 0 to the curve coincide with each tangent at O. 

Kx. y. If </> (X, v) = 0 is the tangential equation of a curve, the 
hitangentsarc given by ^ 0. 

OX Ofi Oif 

Find the inflexions. 

[Compare Ch. IT, § 4.] 
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Kx. 4. The aingularitics of at (0, 1, 0) and (0, 0, 1) are 

reciprocals of each other. 

[Use § 3, Kx. 5 (viii).] 

Kx. 5. A quinlic cannot have a triple point and three cusps. 

[Its reciprocal would be a quintic with a triple tangent. 

Note that to be given that a curve has a triple point and three cus])s 
is equivalent to onl}" 4 -I 6 conditions, whereas a quintic can satisfy 
20 conditions in general.] 

Kx. 5. A sextic; cannot have a triple point, a node, and six cusps. 

Kx. 7. A 7>ic cannot have a quadruple point, four nodes, and five cusps. 


§ 8 . 

If a curve has degree n, class m, S nodes, k cusps, r bitan- 
gents, and L inflexions, we have shown, in ^ 7, that the polar 
i-eciprocal has degree m, class n, t nodes, t cusps, S bitangents, 
and K inflexions. 

If the point-equation of a curve is written down at random, 
it has no node or cusp (CL. II, §6), but we shall see that it has 
bitangents and inflexions. The point-equation of its reciprocal 
must not be considered as ‘ written down at random for this 
reciprocal curve is specialized by the fact that it has been 
derived by reciprocation from a curve with random point- 
equation. In fact the reciprocal has both nodes and cusps in 
general. 

If the. tangential equation of a curve is written down at 
random, the curve will have no bitangent or inflexion, but will 
liave nodes and cusps. In fact the writing down of the 
tangential equation of a curve is equivalent to writing down 
the point-equation of its polar reciprocal with respect to the 
base-conic = 0. 

Suppose a curve is subjected to r conditions ; then its polar 
reciprocal with respect to any given conic is also subjected to 
r conditions. For instance, if the given curve is made to pass 
through r assigned points, the reciprocal has r assigned tan- 
gents, &C. 

Suppose we are told that the curve is of degi*ee >6, has 8 
nodes, has k cusps, and satisfies r other conditions ; and also 
tliat only a finite number of curves can be found with these 
properties. Then (Ch. 11, § 6) 

^n()) -1-8) = 5 + 2/f -hr. 

The polar reciprocal is of degree m, has r nodes, l cusps, 
and satisfies r other conditions, and only a finite number of 

221 (. F 
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polar reciprocals exist ; the base-conic being supposed given 
throughout. Hence 

J m {7)1 + 3) = T -h 2 ^ + r. 

We deduce 

(>^ + 3) — 5--2/C = + — T — 2/. 

Kx. 1. A sinjrly infniito family of curves has the equation 
/(.r, y, o) =- 0, 

which is an algebraic (‘quation of (legn‘e ;> in the parameter a. Show 
that the tangential ecpiation of the family (/)(A, /x. e, o) — 0 is also an 
algebraic equation in a, say of degree /. 

Show that the general p curves of the family pass through any given 
point, and I touch any given line. 

[(p, /) is called the rharacteristic of the family. | 

Kx. 2. The charact(*risiic of the polar reciprocal ot the family is (/, p'. 

Kx. B. Find the characteristics of the following families : 

(i) Conics through r points and touching .9 lines, where r+ .s* = 4. 

(ii) Conics touching two given lines at given points. 

(iii) Conics through two given points touching a giv(*n line at a 
given point. 

(iv) Conics through a given iioint, touching a given lin(‘, and touching 
a given line at a given point. 

(v) Circles touching a given circle with their centres on a given line. 

(vi) Conics with a given focus, point, and length of major axis. 

(vii) Conics with given vertices. 

tviii) Conics with axes along given lines and jiassing through a 
given point. 

(ix) Conics with given centre and eccentricity, ]iassing through a 
given point. 

(x) The circles of curvature of a given parabola. 

[(i) (1,2), (2,4), (4,4), (4,2), (2,1) as r - 4, B, 2. 1, 0. (ii) (1,1). 

(iii) (1,2). (iv) (2,2). (v) (2,4). (vi) (10, 6). (vii) (1, 1). 

(viii) (1,2). (ix) (2,4). (x) (4,6).] 

Kx. 4. Find the characteristics of 

(i) A pencil of w-ics. 

(ii) Curves of degree n and class ni with a common centre of 
similitude. 

(iii) The family obtained by rotating a curve through any angle 
about a fixed point. 

(iv) The family obtained by translating a curve through any distance 
in a given direction. 

(v) Curves parallel to a given curve. 

[(i) (1, 2n — 2). (ii) (n, w). (iii) (2?/, 2>w), 

(v) (w + w, m). See Ch. XI, § 2, Ex. 4, and § 10.] 


(iv) in, in). 
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Kx. 5.*^ Find the characteristics of 

(i) Cubics with a given cusp, cuspidal tangent, inflexion, and in- 
flexional tangent. 

(ii) Cubics with a given cusp, point, inflexion, and inflexional tangent. 

(iii) Cubics with a given cusp, inflexion, tangent, and point of contact. 
f(l, 1), (2, 3), (2, 3). The families are 

zy^ — z (y s= 2 4 - (y ^ + 2a^x^y,] 

Kx. 6. Find the characteristics of 

(i) Cubics with a given node, nodal tangents, and inflexions. 

(ii) Nodal cubics with three given collinear inflexions and given 
tangents at two of th(im. 

[(1,4) and (3,4). The families aie 

ax ( c “ 4 ) = // ( 3 - if ) , a"z^ — xy{x-\ij-\^az).\ 


Kx. 7. Find the characteristic^' ot 

(i) Cubics with nine given inflexions. 

(ii) Cubics with three given < ollineai inflexions and corresponding 
inflexional tangents. 

[(1,4) and (1,2). See (fli. XIV, 5 j§ o and 8.J 

Kx. 8. Find the char.icteiistics of 

(i) Lemuiscates of Hernouilli with a given node and axis. 

(ii) (Juarti(‘s with a. giv(*n node, two given cusps, and given tangents 
at these cusps. 

(iii) Quartics with thieo given biflecnodes and given tangents at one 
of the biflecnodes. 

(iv) Quartics with three given nodes and four other given iioints. 

1(1,3), (1, 3), (1, 3), (1, 6). See §3, Ex. 5 (vi), and Ch. XVll, §§ 3, 6.] 

Kx. 9. Find the characteristic of the conics having 5-point contact 
with a given cusjudal cubic. 

[(6,6). See Ch. XIII, § 3, Kx. 7.] 


Kx. 10. The complete primitive of the differential equation 

(hf 


dy 

which is algebraic and of tlegree p in while t/>(.r, m) = 0 is 

an equation of degree v in .r, is a family with chaiuctcristic (/u, v). 


Kx. 11. Find the Pliicker’s numbers of the locus of the point of 
contact of tangents from a. given point 0 to a family of curves with 
characteristic (j9, /). 

[a' = p 4 «/' = 2/H 3/, k' — 0 in geneml, where M is the class of the 

envelope of the family. 0 is a 2 ^-ple point of the locus. Consider the 
intersections with the locus of any line through O, and the tangents 
from 0 to the locus. Verify by considering conics through four points 
or touching four lines.] 


* Ex. 5 to 13 sliould be omitted on ii first reading. 

F 2 
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Ex. 12. Find the degree and class of the locus of the intersection of 
tangents from fixed points A and J5 to a family of curves of degree n 
and class m with characteristic (p, Z), 

[n' = l{2m-l), ni = ni where M is the class of 

the envelope. A and B are Z(m-l)-ple points of the locus and the 
tangents from A and B to the envelope are wple tangents of the locus.] 

Ex. 13. Find the degree and class of the locus of the foci of a family 
of curves of degree n and class m with characteristic {p, 1), The foci of 
the envelope are w-ple foci of the locus. 

[In Ex. 12 take A and B at the circular points.] 



CHAPTER V 


FOCI 

§1. Deflnition of Foci. 

If o) anti are the circular points, and the lines >S'cd, Sco 
touch a given curve (not at co and to'), S is called a focits of the 
curve. 

If the curve is of class iii, m tangents can in general bo 
drawn to the curve from (o and m from o)'. If such a tangent 
is oj-hi/y = then j- - uj = a— il) is also a tangent, the 

curve being supposed real. 

These tangents meet in tlio veal focus (/^, 6), so that there 
are m real foci. There are no more than m real foci, for no 
tangent from co can contain more than one real focus, since the 
line joining two real points is real, and cannot pass through co 
or (o\ 

Hence : 

J run^e of m hati in ijenend in md and ‘in “—on un- 
real foci. 

If/(X, / 4 , I'j = 0 is the tangential equation of the curve, any 
curve with the same foci is 

f{X, fi, I') + (p{\, /I, yj.ylr (\, = 0 . . . (i), 

where fi, y) = 0 is the tangential equation of the circular 
points, and \^(A, fi, y) = 0 is any curve of class 'lit — 2. 

For to say that a curve is confocal with / = 0 is equivalent 
to saying that it touches the 2m common tangents of /= 0 
and (j> = 0. Hence the general tangential equation of a curve 
confocal with / = 0 has 

im(m + 3) — Jim = |m(m— 1) 

ai-bitrary coefficients. But (i) evidently touches the common 
tangents of /= 0 and <J> = 0 and has (m— 1) arbitrary 
coefficients, since this is the number of coefficients in ij/. 

As a special case, the general tangential equation of the 
curve whoso m real foci have tangential equations /, = 0, 

h = 0. - . fm = 0 is 

fj‘i • • •/« + 0 (A, /i, J') . (A, /i, y) = 0, 
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where 0 = 0 is the circular points and \[r = 0 any curve of 
class m-~2. 

Not many properties of the foci of the general curve are 
known (but see the examples below). The foci of special 
curves may have interesting geometrical properties. 

That the ‘ foci ’ as defined in this section are the ‘ foci ’ of 
the conic, when m = 2, according to the usual definition of 
foci of a conic may be shown as follows. 

If P{x,y) is any point of a conic, y^) a focus, e the 

eccentricity, and = a; cos 0 L-{-y sin ol the directrix, the equa- 
tion of the conic is 

v/i)- = e-{p—x cos a— 7/ sin (xf ; 
since SP ~ e . PM, where PM is the perpendicular from P to 
the directrix. 

It is seen at once that the circular lines through S, namely 

touch the conic, and that the <lirectrix is the chord of contact. 

By analogy we may call the chord of contact of the two 
circular lines through n focus S of any curve the directrix 
corresponding to aV. 

Ex. 1. If the middle point V of the lino joining two foci of a real 
curve is real, Pis the middle point of the lim‘ joining two real foci. 

Ex. 2. The coaxial family of circles through two foci of a curve ha\e 
two other foci as limiting i)oiiits. 

Ex. 3. Tangents are drawn from any i)oint O to two confocal curves. 
The tangents to one curve make with any iixed line angles whose aiini 
is a, and the tangents to the other curvi* make angles whoso sum is (i. 
Show that a — /y is a multiple of n. 

[Taking rectangular Cartesian axes through 0 and the fixed line 
parallel to the axis of x, suj)pose the terms of highest degree in the 
tangential of^uations of the curves to b(* 

••• •••• 
Since the difference of these has + as a factor. 

tanCX = (-;?i-fi):;-i>-.-f ...) 

and tan/:t = (- 7 ,-l-go-(/r.+ ^ 2 - •••) 

are equal.] 

Ex. 4. The tangents from 0 to a curve make with a fixed line angles 
whose sum is (X, and tin*, lines joining O to the foci make angles whose 
sum is /3. Show that a ~ is a multiple of n. 

[A particular case of Ex. 3. The theorem is well known in the case 
of the conic.] 

Ex. 5. The sum of the angles (to within a multiple of tt) which the 
common tangents to two curves c and c' make with any fixed line is not 
altered, if c and c' arc replaced by curves res 2 >ectively confocal with them. 

[Sec American Journal Math., x, j). 58, and xii, ]>. 161. j 
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Kx. 6. If the two curves of the family Pa^-¥Qa + R = 0 which pass 
through any point are always orthogonal, where jP, R are polynomials 
in Xy y and a is a parameter, then the curves of the family are confocal. 

I The envelope of the family must evidently consist of circular lines. 
The case in which the family consists of conics is familiar.] 

Kx. 7. If four foci ar(* concyelic, the curve has three other sets of 
four concyclic foci. The four circles cut orthogonally. 

[If b, c, d are tangents from cd and a', c\ d' tangents from w' such 
that the intei*Hections of aa\ bh\ cc\ dd' are concyclic, the pencils {ahcd)y 
(ab'r'd ) have the same cross-ratio. Therefore so do the pencils {abed), 
ib'a'd'c ), »S;c.] 


§ 2. Singular Foci. 

If a curve of class 'tti touches the line at infinity coco', the 
number of tangents, other than mo)', which can be drawn to 
the curve from <o and a/, and by their intersections determine 
the foci, is less than in the general case ; so that the number 
of foci is less than ni-.* 

For instance, if the curve has ordinary contact at one point 
with 0 ) 0 )', it will have — 1)- foci, of which m— 1 are real. 
A well-known example is the parabola. 

If the curve passes through co and o)', the tangents at o) and 
co'f meet in points which arc not usually included among the 
ordinary • foci They will be called singular foci. If the 
curve has /t-ple points at co and o)', it will have in general 
singular foci of which k are real, and {la^—'Zky^ ordinary foci 
of which m—'Zk are real (see Ch. IV, §7, Ex. 2). 

For example, the centre of a circle is a singular focus, and 
the circle has no ordinary foci. 

Kx. 1. The projection of a curve nearly touches the projection of wo)'. 
Show that the projection of (w — 1) foci are close to the projection of o), 
and so for o)' ; and that the projection of another focus is near the point 
of approach of the projection of ww' and the curve. 

Kx. 2. Tlie projection of a curve nearly passes through the projections 
of a> and ft)'. Show that the projections of four of the foci are close 
together and in the limit coalesce at the projection of a singular focus. 

Kx. 3. Find a curve with no focus, singular or ordinary. 

[A curve of class ni touching at ft), &)' and m — 3 other points ; or 
touching ft) ft)' at co, co' and ~4 other points, and having cusps at to and co'.] 

Ex. 4. The envelope of a line of given length with its ends one on 
each of two given curves has no (ordinary) foci. 

[A segment through co must have zero length.] 

* A point is not called a * focus ’ unless it is finite. 

t Excluding coo;', if tliis is a tangent. The intersection of a tangent at <w 
with a tangent from co', or vice versa, is not counted as either a singular or 
an ordinary focus. 
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Ex. 5. [f 2 = 0, 2' = 0 are the tangential equations of two curves of 
the m-th class, the locus of the foci of the pencil 2+^-2' = 0 is a 
(2w7--l)-ic having an — l)-ple point at o) and <o\ and passing through 
its own singular foci. 

[hy § 1 if (.r, , y, ) and (j?',., y',.) are the foci of 
2=0 and 2'= 0 tr == 1, 2, 

2 ~ n ( -f + 1) + + \/r, and so for 2'. 

1 

Writing down the conditions that the lines joining (.r, y) to oj and 
should touch 2 + ^2' = 0, and eliminating Z-, we have for the locus 

11 fa;, +///,.— a; — /y) (.//,, —if/, --.^4 iy) 

= IJ (a?, — ///, — a; 4 ///) (a?', 4- fy', —x — iy). 
For another proof see Ch. XXI, § 2, Ex. 4, and Ch. IV, $ 8, Ex. 18 ] 

Ex. (». The lines joining any point of the locus of Ex. 5 to the foci of 
2=0 and 2' = 0 make angles with any fixed line whose sum is the 
same foi both c urves to within a multiple of rr. 

(If Oi is the angle which the line joining {x, y) and {x,,y,) makes 
with y — 0, = (a:, 4- /y, — a;--/7/)/(a*r — ^y)*] 

Ex. 7. The tangents from the real foci of 2' = 0 to any curve of f ho 
tangential pencal 2 4 k'S.' = 0 touch a curve confocal with 2 = 0. 

Ex. 8. The sum of the angles made with a fixed line l>y the tangents 
to a curve of class ni from any jioint of an m-ic thiough all its foci 
is constant. 

The asymptotes of the latter curve are jiarallid to the sides of a 
regular polygon. 

(See Fx. 6, and 1, Kx. 4.] 

Ex. 9. If J {x) = 0 is an alg(*l>raic equation of degree 7i with roots 

+ /dj , 0^2 4 1^21 •••> roots of (u") = 0 are 0i\ 4 i(:i \ , a '2 + 

prove that the centroid of the points (Oi,, ((> 2 * ••• eoincides 

with the centroid of the points (CX'j, //,), (Oc'g, /y'o), .... 

Show that there exists a curve of chtss — 1 with real foci at the 
former points which touches at its middle^ point the line joining any 
two of the latter points. 

[The curve is (Aaj 4 4- 1 4- 4 ft/X -t 1 1 N ... = 0.] 

Ex. 10. Fixed segments AiB^, ^ 2 ^** 2 * --‘i subtend angle.s at 

whose sum a is constant. Show that the locus of P is a m-circular 2n/-ic. 

If (T is an odd multiple of Jtt, the real singular foci of the locus are 
the middle points of the segments. 

Discuss the case in which a is an even multiple of \ it. 

[The difference of the sums of the angles which PA^j ..., PAvi Jind 
PB^, ..., PB,n make with a fixed line is a. Now use Ex. 5, 6. 

If (T = Ajtt, wc have the locus of Ex. 5.] 

Ex. 11. If Ai, ..., /?,, ..., are fixed points, the locus of P 

such that j>ji^ . pj^ = i . PB ^ . PB,^ PB^^, 

has Aif ..., Aji as ordinary foci. 

The locus of P such that 

PA, ,PA^ PA,, == k . PB, .PB 2 PB,., 

has A,, A^^ as singular foci. 

[In connexion with the above examples see Darboux, Sur nne classe 
rnnarquable ilv courhes pt dr surfaces ahfSmqxies. § 80. J 
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§3. Method of obtaining the Foci. 

The singular foci are the intei-sections of the asymptotes 
which are circular lines. These asymptotes may be found in 
the usual manner. If one such asymptote is /y = a + ih, 
another is = a—ib, the curve being supposed real, anil 

(a, h) is a real singular focus. 

To obtain the ordinary foci, find the value of c such that 
./• -f iy = (* touches the curve, by putting — l/i* for A and —i/e 
for fi in the tangential equation, or othervsrisc. If c — (t -{■ ih 
is such a value, n and h lacing real, (i/, b) is a real focus. 

Ex. 1. Find the real singular and ordinar}’ foci of 

(i) y*) = 

(ii) [x + y] + -f 2.r (r — y) = 

(iii) x{x^ + i/‘) = ay^. 

(iv) - 0. 

(v ) ( j"* 4 - 2 c“ (.r- - y' } + = 0. 

[(i) (a, 0); (~8a, 0). _ _ 

(ii) (0,1); (-342^^/24 1, -l+2^/^^2-^|. 

(iii) ( — la, 0) ; {4a, 0). 

^iv) (±l 0); (±1, 0), (±^/7,0). 

(v) (±c, 0); ( ± (6'^ — abVo 0) or (0, ±{a^ — e^)h/r) as r>a or c<n.\ 

Ex. 2, Find the real foci of 

(i) + + 0. 

(ii) 4XV*~3XM 1-0. 

(iii) 2XV + 2X/i~2^M2X4-/x + l -0. 

[(i) (3V'2, (-^v^2, -4/2). 

(ii) ( + 2,0), (0, +1). 

(iii) (1, ±1), (0, l).l 

Ex. 8. (liven the tangential equation (/>(X, /x)==0 of a curve in 
rectangular Cartesian coordinates, find an equation giving the distances 
of the real foci from the origin. 

[Tf (r, 6) are the polar coordinates of a veal focus, 

0 ( — - //• ' c”^'') = 0 and </> { — — 0. 

Now eliminate 

Ex. 4. The product of the distances between a given real focus of that 
curve of a tangential pencil which touches the line at infinity and the 
real foci of any other curve of the pencil is constant. 

Ex. 5. The distances from the pole of the intersections of a curve 
with its directrices are given by putting infinite in its pedal ei^uation. 

Apply to the case of a conic. 

Ex. 6. U X = fit), y = 0(^) is the parametral equation of a curve, 
the circular lines through the foci are the tangents at the points given 

l)y .f (0 = +/0'(O. 
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Ex. 7. Find by means of Ex. 6 the foci of 

(i) X = at'^ + 6‘, y — At^ + 2Bf-^C. 

(ii) X = at^, y = p and q being positive integers. 

(iii) X — at^/{ 1 + 1'^), y - at''/( 1 + 1‘'). 

Ex. 8. Find the singular foci, if any, of the curve in Ex. 6. 

[Ch. Ilf, § 9 shows the method of obtaining tin* tangents at the 
circular points. Apply it to Ex. 7 (iii).J 

§ 4. Inverse and Reciprocal of Foci. 

If iS' is the point inverse to with respect to a point 0, 
S' a/ and S'co are the inverses of S<o and S(x>' respectively 
(Ch. I, § 10). 

If S is a focus of a given curve, Sea and Sco' touch the curve. 
Hence S'eo' and S'co touch the inverse curve. Therefore : 

The inrerses of the foci of a car re are the foci <f the inverse 
curve. 

The inverses of the lines joining o>' to the intersections of 
the curve with Oco are the tangents at o) to the inverse curve 
(see Ch. I, § 10, Ex. 3, or Ch. IX, § 1). Hence, if 0 is a focus 
of the curve, two tangents at co to the inverse curve coincide. 
Hence : 

The inverse (f a curve frith respect to o ffcns lots cusjfs nt 
CD (ind (d\ 

As an example, the inverse with respect (o 0 of a (^onic with 
real foci S and 0 is a liuia(;,on 

7* = ce -f h cos 6, 

which is a quartic having cusps at o>, cd' and a node at O, The 
real focus of the limafon is the inversi^ of S, 

If we reciprocate with respect to 0 (i. e. with respect to a 
circle whose centre is 0), the lines Ocd and Oco become the 
points o) and od'. Hence : 

The reciprocal if a cu'n:e nnlh respect to a fonvs is a curve 
through o) and cd, and the reciprocal (f the corvepmiuling 
directrix is a singular focus. 

For instance, the reciprocal of a conic with respect to a focus 
is a circle, and the reciprocal of the corresponding directrix is 
the centre of the circle. 

If we reciprocate with respect to any point 0, the recipro- 
cals of the foci are the lines joining the intersections of the 
reciprocal curve with Ocd and Ocd'. 


Ex. 1. The singular and ordinary foci If and S of the lima 9 on 
r ~ «-f 6 cos 6 with node 0 are (f fe, 0) and — a^)/2b, 0). 
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Ex. 2. r(l— P) — a (cos A;), where A; is a 2)arameter, is a family of 
lima^ons with a common node and focus. 

Ex. 3. Trace the lima^on of Ex. 1 in the cases 
h>a>0, ft^h, a>h>0. 

[0 is a crunode, cusp, acnode; the curve being the inverse with 
respect to a focus of an hyperbola, parabola, ellipse. 

There are real inflexions if a/h lies between 1 and 2 ; see Ch. IV, 
Fig. 1, and (1i. XVIT, Fig. 1. 

If f/ c= />, the curve is called a canhoicL] 

Ex. 4. If P is any point on the limayon, OSP is twice the angle 
between 07* and the tangent at 7*. 

[Invert with respect to O. Then we get: ‘The tangent to a conic 
makes equal angles with the focal distances of the point of contact.’ 

Obtain similarly other properties of the limagon or cardioid.] 

Ex. 5. In Ex. 1 4777*" — 4hSP-h2(r — h'\ P being any point of the 
curve. 

[The equation with S as pule is 

4 b‘^ — 4 hr (fr cos 0 -f } (a- = 0.] 

Ex. f). A lima^on is its own inverse with resp(*ct to the (*ircle through 
the node with its centre at the ordinary focus. 

[The (Hjuation of Ex. 5 is not altered on replacing r by 

Ex. 7. The angle (f> between the tangent and radius vector of a 
liinayon is a maximum when (p — 0. 

I tan (p - —Uihb cos 0 ) /h sin J 

Ex. 8. Find the locus of the inflexions and of the points of contact of 
the bitangent of the family r = (/ + ?> cos d when (i) b, (ii) a is kept 
constant and a or b respectively vary. 

[(i) f^ + br cos 0 + 2b'^ sin* 0 = 0, r-f b cos ^ = 0. 

(ii) 2;'* + ar (3 COS" d~2) 4 2f#* sin* ^ = 0, 2r — a, 

For the inflexions 3a7> cos ^ + a* 4 2/>* = 0, for the points of contact of 
the lutangent 2i;cos^-^ n — 0 | 

Ex. 9. The invei-se of any curve with respect to a singular focus 0 has 
also a singular focus at 0. 

Ex. 10. If in §4 .Sand 0 are reflexions of each other in the directrix 
corresponding to N, the inversi* curve has inflexional tangents at a> and to' 
which meet at S'. 
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1. Expansion of y in terms of .r near the Origin. 

LET/(i/;, y) = 0 be the equation of an algebraic curve pass- 
ing through the origin. 

In the neighbourhood of the origin it is possible to express 
the value of y on any branch of the curve through the origin 
(not touching = 0 at the origin) in tl^e form 

y 

y = (i), 

where (o“= 1, d, h, ( , ••• constants, and a, y, 5, ... are 
positive integers in ascending order of magnitude.* Tlu* 
entire portion of tlie curve near tlie origin obtained by putting 
for CD every a-th root of unity in turn is called a suyerlinear 
hranch of order (X whose tangent is // =■ ax. 

If we take a single a-th root of unity for co we get a ‘ partial 
superlinear branch 

If a = 1, the branch is called linear. If we take the oi*igin 
at any ordinary point of the curve, just one linear branch 
passes through the origin. Through an ordinary multiple 
point of order k witli distinct tangents, A* linear branches pass. 
It is only at multiple points where two or more tangents co- 
incide that we can have superlinear branches.f 

We assume the above results as proved in books on tb(‘ 
‘Theory of Functions', and only give hero the practical 
method of obtaining the expansions such as (i). 

First suppose the curve has a linear branch through the 
origin. Take, for example, the curve 

2 / — 2 ^'“— + = 0 ; 
the method being general. 

Substituting for /y the expansion ... in the 

* For points on a curve near (0, ni) add w to tJie riglitdiand .side of (i). 
f We can also liave multiple points witli coincident tangents formed by 
the contact of distinct Ihmtr branches ; see, for instance, Cli. Ill, Fig. 5. 
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equation of the curve, which we assume legitimate when ./• is 
sufficiently small, we have 

(tur + /v;- + + . . .) — 2.#* + - .F- — 3./’ (if.r + -h + . . .) 

— {cw + by- + + . . . )- 4- 4 .r ^ = 0. 

Equating to zero the coefficients of if, in turn, 

we obtain (f = 2, /> = 8, r = 52, , and have as the required 
expansion 

7/ = 2./' + 8;r‘-^4-52.r*+ ....* 

As another example, consider the curve 

= A ./•?/ 4- B/j- 4- C.y 4- Dxhj + E'.rf 4- Fy-^ 4- Gx^ + . . . , 
which has an inflexion at the origin with y = 0 as inflexional 
tangent. 

Put y = ax- -^-hx' -\-(‘X^ 4- ... in this equation, and equate to 
zero the coefficients of x K x^, . We get a = 0, i = C, 

r, = AG+G 

Hence 

y = (\y^-(AC+G)x^^ ... . 

Similarly for a cui*ve having r-point contact with y = 0 at 
the origin we obtain an expansion of the form 

y m ax' 4- 4- c.^*'*'** “ + . . . . 

Suppose now that the curve has any Bingularity at the 
origin and that y = ax is a tangent at the origin. Putting 
ax%y for y in the e(iuation of the curve, we obtain a curve 
touching tile axis of ./• at the origin ; ;/• and y being considered 
as the current coordinates of any point on the curve. By the 
method given below we can expand yin terms of x and thence 
get 'ff in terms of x. We may theiefore confine ourselves to 
the case in which the curve touches the axis of .r at the origin. 

Suppose that Newton s diagram (Ch. Til, § 3) gives us as an 
approximation to the curve touching ?/ = 0 at the origin terms 
represented by points which lie on a straight line making an 
angle tan’^ p/ij with = 0, p and q being positive integers 
prime to one another. 

In the equation f{x, y) = 0 of the curve put 
y = FA"/^ ./* = Xu, 

We thus get a new curve f{Xu, YXP) = 0, if wc consider A, Y 
as current coordinates. Suppose that (0, m) is an intersection 

* Another method is to differentiate the equation of the curve repeatedly. 

„ dy dry ^ , 

Putting X and y zero, we obtain the values of •• origin. 

Then the expansion may be written down by Maclaurin’s theoroin. 
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of the new curve with X = 0, and that through this point 
there is a linear branch of the curve. Then transferring the 
origin to (0, m) we get an expansion Y = vi’{-hX ... . 

Whence 

P 1 2 

y = x'l (ill 4 - hx^i 4 - cx'i + ...). 

1 111 

Replacing x'f by co./V, where co is a primi- 

tive | 7 -th root of unity, we get a complete superlinear branch 
of the original curve. 

But if no linear branch of the new curve goes through its 
intersection (0, 7 //) with X = 0, we put in the original curve 

y = r4- >aA> ./• = X^J, 

SO that our new curve is Y = 0. 

We now apply Newton s diagram to this curve as before, in 
oi*der to expand Y in terms of X and thence y in terms of x. 
Substitutions similar to the above must bo repeated as often 
as necessary. 

For example, suppose the curve has an ordinary cusp at the 
origin, the tangent at tlie cusp being y = 0. The curve is 

'/y*' = dX'* 4" hj!" y 4 - cxjj‘' 4 - f^/y ’ “h 4* . * . • 

By an ' ordinary ’ cusp we mean that there is no relation 
between the coefficients a, 6, c, (/, f’, ; in particular, none of 
them are zero. 

Newton’s diagram gives the approximation //- = ax' at the 
origin, and tlierefore put 

./• = A^ y = YX\ 

The curve becomes 

F^ = a4-eA^ + ^AF4-cA^'F-'4- .... 

This has linear branches through (0, j-az). 

Putting 

F= ±ai + J5Z4-OA--f ... 

into the equation of the curve and equating to zero the co- 
efficients of AT, A’^’‘, ... , we have 

F = ±al-^\hX±^a''^(e + oa + ^h'^)X'^ 

and thence 

y = 

Exactly similarly for the curve 

y* = 4- hx^^y 4 - 4 - . . . , 
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which has an ‘ ordinary ’ superlinear branch of order h at the 
origin touching y = 0,* we get an expansion 
k+\ k + 2 k + n 

y=^Aa>,r +(V*.a; 

(o being any /u-th root of unity. 

If we have found the expansion 

? 7 

7/ = 6.r” + rv‘”H- wliere 0^<j3<y<..., 

for a curve touching 7/ = 0 at the origin, we may expand x in 
terms of y near the origin by putting 

a a 1 2 

./■ = iriy^QL+Aif + By^-^ 

in the given expression for y in terms of .r, expanding by the 
binomial theorem, and equating coefficients of powers ofy on 
both sides of the resulting identity. Each possible value 
a 

of i ^ gives an expression for ,/*. 

This process is known as ‘reversion of series’. 

In expanding y in terms of x we assumed that the curve did 
not touch X = 0 at the origin. If it does, we may use the pre- 
ceding method to expand x in terms of /y, and then obtain the 
expansion of y in terms of x by reversion of series. 

The arithmetic of the methods described in this and the 
following section is often tedious. Devices for saving some of 
the labour will bo described under the head of ‘ quadratic 
transformation ’ (Ch. IX, §§ 3 to 12). 

Kx. 1. Find the expansion of the branch of the curve 
near the ori^^in 

I Putting y= YX’^. x — X, we get (F— lp= Putting 

Y = I +aX + hX^-\ cX'^ + and equating to zero coefficients of 
X^, X^, .... we have « = + 1, ^ = 1, <* = + .... Hence the required 

expansion is y = (1 + ./• + . + ...).] 

FiX. 2. Fxpand th(‘ branches of the following curves near the origin : 

(I) 

(ii) 

(iii ) y — y — 2 if. 

(iv) + 2.r'‘ 0. 

( v) \f — 3 x^\f + x^ y — x^ = 0. 

(vi) (y-a^Y = x’y. 

( vii ) (y + 37^)2 = 4f/® + y^). 

* ‘ Ordinary because there is no special relation between the coefficients 
«, by c, ; none of them, for instance, being zero. 
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(H) y = j;" + -f V ^ ... ; where w® = 1 . 

(ii) }/ = .rM co.rV ^ cu^a: V + ^ 

(iii) y = .r“4.T^+ .... 

(iv) y- .r"(~2-4.r + 0 ./‘M ...) ami f ^ i ...). 

( v) y ~ (1 4 H ... ) and two similar expansions. 

( vi) y = .r ( 1 f .r -I J .r^ ± J .r -{ . . .). 

(vii) y ./•“(- 1 + 2 .r~ 4 .r“ + 9:?/‘ -I ...).] 

Kx. 3. Find the expansion of the branch of the curve 
(y-.r‘)“ = .nf-t/ 

near the origin, 

[The method of Kx. 1 gives a non-linear l>ranch at ( 0 . 1 ) after jmtting 
y — YX'\ .r ~ X. Put then instead y = }'-l X‘\ ./• — A' and the cui-ve 
becomes V' = A" f }'-i A"‘)'‘ - ( T-i A'")‘ a}»proximating to = A"' at the 
origin. Writing therefore Y — X — we get 
r = + + 

Put in this r/ = 1 -i .. and c,ompare coefficients. 

We get a = 0, - -i, c =. §, d ='-l, c = - 2 . Hence 

y = .>■■+., ' + 1 xi + 0*^ + Ij-'i - 2.r' + ... .J 

Kx. 4, Find the expansion of the branch of (y-.r’)“ — yx’ 

near the origin. 

Kx. 5. Find .r in terms of y if 

(i) y =-- 4.r"4 8 j 7 ‘*- 2 ,/’‘‘ -f .... 

(ii) y = ajii 4 3./-“ — ,rM .... 

(iii) 8 y = — 3 ./*^- 3 .r '4 .... 

(iv) y = xl + + .... 

J(i) ( 1 -I -dyi 4iiy4 ...), expand, and compare co- 
efficients. We get ^ 1 i 1 11 , 

^ iC = 4lyi-fy±J^ya4 .... 

(ii) Put .r = yi (1 -f ^y.i 4 /Jy'i + ...). We get 

.7; = y.T~2y4Hj'^y/l+ ..., 

and the expansions obtained on replacing y^^ by coy^ and o)^y». 

(iii) ./•= 2y^Wl4 2y:»4l6yH-^ ...). 

(iv) j;= y-! (1 -4y-f 26/^4 ...).] 

Kx. 6 . A curve has a rhamphoid cusp at the origin with y = 0 as 
tangent. Show that near the origin 

y = ± 6x- 2 -f CJ^ 4 dxi 4 , . . . 

[Cf.Ch. lir, § 8 , Kx. 2.1 
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INTERSECTIONS OF TWO CURVES 

§ 2. Intersections of Two Curves. 

Wo showed in Ch. I, § 7, that two curves of degrees N 

fir., y) = 

= {y-'^2) ••• ^ . 

moot in nN points. 

Tn this denote polynomials of the 7’-th degjoe in ./• ; 

while 71^, 7/.,, ... , and 7 ;.^, ... , are functions of ot* 
which we have obtained the expansion (§1), when x is suffi- 
ciently small. 

We assume that x = 0 meets the curves in finite points 
only and does not touch cither curve, also that no intersection 
of the curves other than the origin lies on x = 0. 

The result of eliminating y between the equations of the 
two curves may be expressed by equating to zero a certain 
determinant (Ch. I, ^ 7), or in the form 

(f> (x) = {u^ - }\) (u^ - 7’.J . . . ( a 1 - V^v) X (u 2 - e, ) (U 2 - 2 ~ 

X ... X (74, - ?',) (u^ - Tg) • . • ('M'n ~ 

In this equation ^(r) is a polynomial of degree uN" in x* 
Suppose we wish to find the number of zero roots, i. e. the 
number of inh rsections of the given curves whicli coincide 
with the origin. 

The number is 6, where x^ is the lowest power of x in 0(.r), 
i. c. the product of the lowest powers of x in each of the ex- 
pressions 

(«,•- rj) ; = 1, ... , II , ; j = 1, 2, ... , W. 

It is evident that the lowest power of x in u^ — Vj is x^ 
unless y — and y = Vj are (partial) branches through the 
origin. Hence : 

The iniwJ>er of i ntersGi'ti'Ons of i wo yiven carves which coin- 
cide with the (trig In is fhe index of the product of the lowest 
j) 0 'wers of X in all 2 ^f>s 8 iUe exj)res8ions of the form Vi — Vj; 
y = and y = Vj being €xp)ansionx of y in, terms of x for 
brcviwhes of the two curves inissing through the origin. 

Let us consider the following examples, which will be useful 
later on.f 

(i) One curve has a node or cusp at the origin, and the 
other passes through the origin but does not touch it there. 

* It is the detormiiiaiit just mentioned multiplied by a constant, 
t Cases (i), (ii), (v) liave been already dealt with in Oh. I, § 7. 

0 


221 () 
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In this C5ase 

= aX’\-hoc^+ ... ; ?’;i = Ax^Bx^ + — 

Hence 0^—?-)= ...] {{a'-A)x^ ...],an(l 

the curves meet twice at the origin, as might liave been 
anticipated. 

(ii) One curve has a cusp at the origin, and the other passes 
through the cusp and touclies the first curve there. 

Here 

= ax^ + hx^-\- ..., Ug = — + — ... ; i\ = Ax^ Bx'^ 

and the curves meet thrice at the origin. 

(iii) The curves have a node at tlie origin, the tangents at 
the node to the two curves being the same. 

Here 

= <(x + + . . . . '^'2 = + • • • ; 

= ax 4- Bx^ 4- . . . , "t B xr 4 " . . . • 

Hence 


n{Ui-v,A^ \(a-o')x+ ...\ \(a-a)x-\- 

{{!> — /?) 4 " . . . } \ {l> — B ) x^ ; 
and the curves meet six times at the origin. 


(iv) One curve has a cusji at the origin, while the otlier 
has a triple point, two tangents at which coincide witli the 
cuspidal tangent. 

Here 

7^, = c/a;2 4-..., U 2 = -~r<.aj5+... ; /-j = 6.r + ( , 

Uo = Axi 4 - ... 5 ^3 = — Ax^ 4- . . . , or — Bx^ 4* • . . , ?>';{ ~ ^ 4- . . . . 


In either case the curves meet eight times at the origin. 

(v) The curves have k and K linear branches through the 
origin, no two of the k-\-K tangents coinciding. 

Here H {vi — v) has kK factors each of tlie type 


aX’\-hx^ + cx' + ... ; 

and the curves meet kK times at the origin * 

(vi) The curves have k linear branches througli tlie origin 
with the same tangents for each curve. 

Here k{k — \) of the factors in Y\{u.i~Vj) are of the type 
ax + hx^ ... 


and k are of the type 

Bx^ 4- Cxy' 4- . . . . 


The curves meet A:(/»;4“l) times at the origin. 


* This result might have been expected ; for each of the k hranchos of one 
curve at the origin meets each of the K Ijranchos of the oilier curve once at 
the origin. 
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Kx. 1. The tangent at the origin to the superlinear branch (i) of § 1 
meets it in /i points coinciding with the origin. * 

Kx. 2. Two curves have linear branches through the origin. Show 
that, if the expansions of // in terms of for the two curves are identical 
as far as the terms in .r , the curves have (;•+ l)-]ioint contact at the 
origin. 

Kx. 3. The expansion of y in terms of ./• for the conic 
^ 4 27/./* (// — f?u‘) ^ h {y- mx)'* 

is y r= wi.r 4 //./•" 2 ahx'^ 4 rt (4 7/^ 4- o7/ ) .r * 4- 2 a7/ ( 4 4- 8 r/7^ ) ./* ‘ 4 .... 

Kx. 4. Use Kx. 2 and 3 to obtain the conic of c.losest contact at the 
origin with ./* — // 4 ry-f ./■'* ^ 0. 

[For the curve // = ./ ^.r-^ 2.r"4 2.r‘ { 2.r''4 .... Comparing the co- 
efficients of .r, .r \ ./•* in this and the expansion of Kx. 8 we have 
m — 1, « = 1, 7^ = 1, b == — 2. 

Other methods are fi) to diftorentiate the e/prations of curve and conic 
four times and to identify the values of • 

(^y ^7'^// (Py dhj 

fir' #/./'*’ f/.r* 

for curve and conic at the origin; (ii) to tind the lines joining the 
intersections of ( urve and conic to the origin and to (‘hoose wi, a, 7/, h so 
that five of them arc // — ./• ) 

Kx. 5. Find the coni(*H of closest contact at the origin with 
(( ’./• by'" 4- //'‘ — 0 and x'^ 4 «= 3 axy. 

^ by^) — (u^/* 4 u‘-7r //)./• and //“ — 3o.r, = Buy.] 

Kx. 0. Find the parabolas of closest contact at the origin with 
0 = ./• -I y -+ .nj -I ./■ ' and // — x 4 .r‘‘' - 2.r\ 

i ^ // ~ //^ y - X ^ (2x-y )“.] 

Kx. 7. Two curves have linear branches touching the same tangent 
at 77, one having ^i-jioint and the other ^ point contact with the tangent, 
where p '^q, Show that they meet q times at 0. 

[See Kx. 2 and § 1. See also Ch. IX, § 12, Kx. 11.] 

Kx. 8. A curve has a A*-ple point 0 with superlincar branches of order 
'*11 ...1 '7 having distinct tangents (7* = 2r). Another curve has at (7 

a (/t-l)-ple point such that the tangent to the branch of order of the 
first curve is a tangent to a branch of order of the second. IIow 

many of their intersections coincide at 77 ? 

[2r Kr-l) (r4l)/r4(A*-l)~(r~l)] = 7-‘‘'-7.J 

§3. Tangential Equation near a Point. 

Suppose that it is required to obtain an approximation to 
the tangential equation of a branch of a curve near a point. 
We may of course find the tangential equation of the curve 
as in Ch. IV, § 3, and then employ a method similar to that 
used in § 1 for point-coordinates. But a less laborious process 
will usually be the following. 
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Suppose the branch touches y = 0 at the point {h, 0). We 
want the condition that A.r r = 0 should touch the 
branch. We shall take // = 1, and obtain the condition by 
expressing v in terms of X, just as in §1 we expressed y in 
terms of .r. 

Transfer the origin to the point (//, 0). The line becomes 
Xj -\-liy + v-\-h\ = 0, and we have the point-equation of the 
branch by § 1 in the form 

B 7 » 

y— (i) 

Tlie tangent at the point (^, rj) of the curve is 


or, substituting 





for y and writing £ = it is 


(/> .V ^ ‘ -f c y 0)7 A 7 - » + 3a)^ '' -f . . . ) .r - OLy 

= h (/3 — a)o)^LY^ + ^‘ (y — ^) ... . 

Comparing with X./’-h/^-y + r-hAA = 0, we have on putting 
/i = 1 and A = A^'" 

or = ~ (/>/3o)^ -f r yoo^A'^^ -f- ) 

Oi (r -f AA^'“) = — oc) ( 0 ^ c (y — (x) 0)7 -j- ... 3 

Substituting in the first of these equations 

A’^ = A A + iLA‘^ + CA^ + (iii) 

and equating to zero the coefficients of powers of A, we get 
A, Ji, C, . . . in turn. 

Then substitute the value of given )>y (iii) in the second 
of equations (ii) and we have p expressed in terms of A, which 

i.s 

If we now replace A by ,r and r by y, we get tlui point- 
equation of the polar i cciprocal of the branch (i) with respect 
to the base-conic + = 0 (Ch. IV, § 6, Ex. 1). 

For example, in the neighbourhood of a cusp at the origin 
at which y = 0 is the tangent, we have 

y = ± axi -f hx^ ± rx^ -f + — 

The above process gives now 

A= +§aA-2&A2 + |cA'^-... ) 

= ± + + r 

where ^ = A*. 
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Patting: A’'= J,A + RX* + C'A'‘+ ... in the first of these 
equations, and ecjuating to zero the coefficients of A, A**, A'', ... 
we get 

3t< 37«'^ -■■■ 

whence 

4 ... 16 /. 4 

27 81 


The polar reciprocal of this branch with respect to 
-f 22 / = 0 is 



I6b , 
81 a^*'' 


+ ... . 


This equation repj esents a linear branch with an inflexion 
at the origin, verifying the result of Ch. IV, § 7, that to a cusp 
of a curve corresponds an inflexional tangent of the polar 
reciprocal. 


Kx. 1. Expand v in terms of X for the curves of § 1, Ex. 2, (i) to (iii). 
Ex, 2. Show that, if 

// = (tn - + ag.r'’ 4 -f . . . and p ss -f* 63 ... 
repr(‘sent the same linear branch touching y = 0 at the origin, 
involves a,, tu, a,., but not «r+2, 


§4. Common Tangents of Two Curves, 

As in § 2, we prove that : 

The number of those common tangents to two curves^ ivhieh 
coincide with the axis of ./*, is the iiuiex of the [product of the 
lowest pawers of \ in expressions of the form u.i — Vj^ v = 
and V = Vj being exjuindons of r in toms of X for branches of 
the two car res touching the axis of x. 

We may also find the number of common tangents by recip- 
rocation. 

Ex. 1. Two curves have superlinear branches of orders p and q(p^q) 
with a common tangent 1. How many of their common tangents 
coincide with / ? 

[One or q according as the point-singularities do not or do coincide. 
Reciprocate and use § 2, Ex. 7.J 

Ex. 2. Show that, if two linear branches have 7*-point contact at P, 
r of their common tangents coincide with the tangent at P. 

[See §2, Ex. 2, and § Ex. 2.] 
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§6. ‘Polar Reciprocal of Superlinear Branch. 

If the polar reciprocal of a superlhiCAir hrancJt of order oc at 
0 V'hotse tangent meets it in /3 points coinciding irilh 0 is a 
swimiinear branch of order (x^ at O' whose tangent meets d in 

points coinciding with 0\ then 

a 4- a' = /3 = jS'. 

Take the superlinear brancli (i) of §3. It is sc^sen at once by 
§ 2 that its tangent meets it in (3 points coinciding with the 
origin. 

The polar reciprocal is obtained by putting .r, y for A, v in 
the tangential equation of the branch 3), 

From equations (ii) and (iii) of § 3 we have v ^h\ expressed 
in ascending powers of A, the lowest power being ; where 
A = A^"®. Hence a' = /S — a and /S' = /S, unless the index of 
every power of A in the expansion of is divisible by 

a factor of jS — a, in which cases (/8 — a)//3 = and 

— cx>a', /3>/3'. 

But considering the original curve to be obtained by a 
second reciprocation from the reciprocal, we should obtain 
= a//^ and /3'~cx'>a, 

This is inconsistent with the preceding, and therefore 
(X+o(' = /3 = i8'. 

We deduce at once that : 

The polar reciprocal of a suj)erli ne(( r hrantdi of order oc is in 
ge nevid a linear tyranjch having (aq- contact with its 
tangeid. 

For taking the tangent to the superlinear branch at the 
origin as axis of a’, the Cartesian equation of the curve takes 
the form 

where is homogeneous in x and y of degree r. Putting 
y = 0 we get an equation of degree /j + 1 for x in general. 
But the origin is a multiple point of order so that the 
tangent to the superlinear branch meets the other branches in 
Ic — oc points at the origin. Therefore /S of the theorem at the 
beginning of this section is a + 1. Hence oc' = 1 , jS' = a + 1 ; 
as was to be proved. 

The theorem may also be established directly by the process 
of §3. 

For example, the polar reciprocal of an inflexion is a cuspi- 
dal tangent, of a point of undulation is the tangent to a 
superlinear branch of the third oivler, cVc. (cf, Cli. IV, §7). 
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The number of tangents from 0 to a superlinear branch at 
0 which coincide with the tangent at 0 is equal to the number 
of intersections of the reciprocal branch with its tangent which 
coincide with the singularity O'. 

Also the number of tangents from a point on the tangent at 
0 which coincide with this tangent is equal to the number of 
intersections of a line through O' with the reciprocal branch 
which coincide with O'. 

Hence the relation a + ot' = gives us 

If w nupcTlitMiT hruiu'h of ovdev oc (it 0 'meets its Uiiiyent in 

i)()ints coiiickliitg with 0, /3 lamjents from 0 to the bnmch 
coincide 'with the tinigevt (it 0, n'rul jS-a tiingents to the 
hra'iich from (iny [mint on the tmujent at 0 coincide 'luilh the 
tiinijent at 0. 

Ex. 1. Suppose a curve has a superlinear branch of order 2 at the 
origin with 1 / ^ 0 as tangent and expansion 

// -- a.r + h.ri 4 ± tit i + .... 

Then a = 2, ^ = 4, so that - 2, \i' = 4. The origin is a rhamphoid 
cusp (§1, Ex. 6). Wc see that the reciprocal singularity is of the same 
type as the original. 

Ex. 2. If a is tlif ‘ order ’ and fi-OC the ‘ class ' of a superlinear branch, 
the ord(‘r and class ol‘ a branch are respectively the class and order of 
the retdjirocal branch. 

(For the nomenclature see Halphen, Bull, de Ui Soc. Mailt, do France, 
vi {1S77), p. 10. J 

Ex. •!. Write down the order and class of the branches in § 1, Ex. 2 to 5. 
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§1. Polar Curves. 


Let 0 be any fixed point. Through 0 draw any lino OP 
meeting a given curve of the ib-ih degree in 
The locus of P such that 


OQ, .qo, 
iVi 1%, 


OQn 

JVu 


= 0 


is called the first polar cur re of O with respect to the given 
curve.* 


Similarly the locus of P such that 


^OQi.OQj/PQi.PQj = 0 = 1 , 

is called the second polar curve of 0 with respect to the given 
curve ; the locus of P such that 


.OQj . 0(2j,/PQi . PQj . PQj^ = 0 

{i,j, k=\,'Z,..., n ; ./■ /.• /, / zfz j) 

is called the third 'j)olar curve of 0 with respect to the given 
curve ; and so on. 

We shall see in § 2 that the first, second, third, 

(a— 2)-th, ('a~l)-th polar curves are of degrees a — 1, n — 'Z, 
n — 3j 2, 1 respectively. They are therefore also calle<l 
the polar (>6~ l)-ic, (a-~2)-ic, (a — 3)-ic, conic, lino of 0 
with respect to the given curve. 

If L is the polar line of 0, 0 is called a ‘ pole ’ of I with 
respect to the curve. 

If vie project the curve from a vertex V, the kdh polar carve 

^ f'cilue of Ic) /projects into the kdh polar curve of 

the projeciioa of 0 ivith respect to the projectioa of the f/ivea 
curve. 


* Or ‘first polar of 0 for the given curve’, if there is no ambiguity ; and 
so for ‘second polar', &c. 
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For in the figure, denoting projections of points by dashes, 
OQ _ VO . sin OVQ . cosec V(jP _ VO . sin OVQ 
PQ ~ VP . sin PVQ . cosec V'(JT^ ~ VP.sinPVQ ’ 
and similarly 

O'Q' _ FO'.^in OVQ 
P'Q' ~ VP'.i^inPVQ' 

Henct! 

OQ_(J^Q' VO. VP’ 

PQ ~ l‘'Q' ^ VO'. VP‘ 

Therefore, if 

OQ, .OQ, OQ,/l% . JV 2 • • . • • JVj: = 

we have 

^O'Q/. O'Q' (yQ,!/ni'. PUI P'Q^: = 0 . 

V 


Q' 

l^ig. I. 

The locus of points whose polar conics degenerate into 
a pair of straight lines is called the Hessian of the given 
curve. 

The theorem just proved shows that 

The projection of the Hessian of a carve is the Hessian of the 
/rrojecHon of the carve. 

§2. Equation of Polar Curves. 

In § 1 let 0 be {X, F, Z) and P be (u-, ;y, z), while the 
equation of the curve is /(.f, j/, = 0. The point Q dividing 

OP so that OQ/QP \/ii is 

/ Xx-h/ iX + Xz + ixZ \ 

V A + /Z " A + /i ’ A + yt / 
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If this lies on the curve, 

Xy + fiY, Xz + fiZ) = 0 , 

i. e. 

I + ^zl)f 


or 

""/(A-, 4)/ 

■*■ n ! (■'’ ''' ■*■ ' ^z) ^ 

by Taylor s theorem. 

In this (X -^- -f r -- H- Z^~y f means 
\ c,r dvy dz/ 


where 


' ii y'i ; 

(a; + ;// + .;/■ = :£(y^,.wy/5'-. 

a <) \'' 


Also (■'*' J 2 ;- + ?/ jjy + ^ / meuns the same thing with 

a?, y, 2 ^, X, F, if put for X, F, F, aj, y, respectively. 

If Q lies on the A--th polar curve, the sum of the products of 
the roots taken Ic at a time of the eejuation in \/fi is zero. 
Hence the equation of the /j-th polar curve is 

( 4 . 

the two equations being of course identical. 

We have at once 

The k4h polar curve of an n4r is a a {n—kyic. 

To find the polar curves, if the equation of the curve is given 
in Cartesian coordinates as /(a*, y) = 0, we find the polar curves 
of f(x/z^ y/z) = 0 by the above method, and then put c = 1. 
(See Ch. I, §3.) 


v/'- 


<) <) 

II 

p 

o 
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Ex. 1. The i-’-th polar curves of the vertices of thci triangle of reference 
are 


"^= 0 . 




Ex. 2. Any polar curve of the ‘ triangular-symmetric ’ curve 
{jc/aY + {y/hy^ + (s'/f)" ^ 0 
is triangular-symmetric. 

Ex. 3. If a curve has a ‘ centre ’ 0 * the polar curves of 0 and the polar 
curves of any point at infinity have O as a centre. 


Ex. 4. The r-th jiolar curve of 0 is the .s-th polar curve of O with respect 
to the (r~if)-th polar curve. 

Ex. 5. If P lies on the A -th polar curve of Q for an n-ic, Q lies on the 
(u — A’)-th polar curve of P, 

[The polar curves are 

P and Q being (x-, , yj, z^) and (^ 2 , // 2 » fa)* 

An alternative method in Ex. b, 6, 7 is to take P and Q as vertices of 
the triangle of reference ] 

Ex. 6. Pl Q is a node of the (n— A;)-th polar of P for an n-ic, P is a 
node of the (^•~ l)-th polar of Q. 

Ex. 7. The A*-th polar of P with respect to the 7*-th polar of Q for / = 0 
is also the r-tli polar of ^ with respect to the A'-th polar of P. 



Ex. 8. If the polar conic of 0 with resiiect to a given cubic has ABC 
as a self-con jugate triangle, the polars of A with respect to the polar 
conics of B and C, &c., must be concurrent at (), 

If B and C are given, there is in geneml one position of A and O. 

[Take ABC as triangle of reference.] 

Ex. 9. If P lies on a given line, the enveloi>c of the polar line of P 
with respect to a given n*ic is of class n — 1. 

(Take the lino as 0 and find the number of tangents from (0, 0, 1). 

More generally, if Plies on a given A"ic, the class is — 1).J 

Ex. 10. If the asymptotes of a curve are parallel to the sides of a 
regular polygon, so are the asymptotes of the ijolar curves of any 
infinitely distant point. 

Ex. 11. On the i^olar line of O there are three points whose first 
polar curves have an inflexion at (), 

[Take the curve as ... — 0, for which c = 0 

is the polar line of (0, 0, 1). See Ex. 5.] 

Ex. 12. (i) If the polar conic of 0 with respect to a given n-ic has 
a self-conjugate triangle which is inscribed in a given conic, the locus of 
0 is an {n ~ 2)-ic. 

(ii) If a triangle can be inscribed in the polar conic of 0 which is 


* The curve is brought into self-coincidence by rotation through 180^ 
about 0. 



EQUATION OF POLAR CURVES 


9;> 


VII 2 


self-conjugate with respect to a given conic, the locus of Ois n 2 (w — 2)-ic 
(ef. § 9, Ex. 9). 

[See Salmon’s Conic Sect ions, §§ 373, 375. The reader may consider 
the cases in which the conics touch, or a triangle can be inscribed to one 
and circumscribed to the other, &c.] 

Ex. 13. Through a ])oint any line is drawn meeting a given n-ic in 
^ 21 ..., Qh- Show that an ‘axial’ direction of the line making 

OQi , CfQz a maxiinuni or a minimum is i>erpendicular to the 

iiolsir line of the point at infinity in this direction. 

Show that theie are ii such axial directions in general, and that they 
arc independent of the position of O, and are the same for all w-ics with 
the same infinite points. 

Discuss the case in which tlie curve passes through the cinmlar points 
any number of times. 

I Use polar coordinates. Note the case n = 2, and the case of an 7 /-ic 
only meeting the line at infinity at the circular iioints. Se(‘ JUill. de In 
Soc, Math, de France, ix, p. 49. | 

Ex. 14. The /t-’dli polar curve of P with res])ect to an 7^ic having an 
(n — l)- 2 )le point at 0 is an (n-/i')-ic having an («-/r~l)-j)le point at 0, 

If two of the tangents at O to the polar curve coincide (or arc jn*!*- 
pendicular), the locus of P is straight lines through 0. 


^ 3. Polar Curves of a Point on the Curve. 


Suppose the triangle of reference cliosen so that 0 is (0, 0, 1). 
Then the /c-ih polar curve for/= 0 is = 0 by § 2. 


If tlie giveu curve is 

0 = + + + ‘2+ ... . (i), 

the /^-th polai* curve of 0 is 


0 - 


ill a 


(H-l)! 


k) k - 1 ) ! ^ 


-h -1 


{ 1- l^2 jl + 


If 0 lies on the given curve, a r=z 0 ; and the tangent at 
is + = 0. Hence the polar curves of 0 all touch the 

given curve at 0. And, more generally, we show in the 
same manner that 


Atiy polar curve of an r^ple poiid 0 of a given curve ha^ 
an r-ple pot nt at 0 with the same iangenU as the given curve. 

If () is an inflexion of the given curve, a = 0 and x -f h^ y is 
a factor of 2 c^xy + 

Hence 0 is an inflexion of all the polar curves; and similarly 
in general : 

The polar curves of a point 0 at which the tangent has 
T-point contact have r^point contact at 0 'with the sauie tangent. 
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Kx. 1. The («~r)-th polar curve of an r-ple poiiii of an consists of 
the r tangents at the point. 

The — l)-th, (n-r-i 2)-th, ... polar curves are non-existent. 

Ex. 2. The ratio of the curvature at O of an n-ic to the curvature of 
the A’-th polar curve of O at O is {m--1)/(w — A:— 1). 

[If the curve is 0 = i/-j the k~ih polar of the origin is 

0 = (a — 1 ) y -f (w — A' — 1) ] 

Kx. 3. The polar conic of (^, t], f) with respect to 

(a ^h) {$1/ ~ t].r) uy =-~- 0 

has the triangle of reference as a self-con jugate triangle. 

[It is + + + cr’*).] 

Ex. 4. The locus of a point whose jjolar conic with respect to a given 
n-ic is a rectangular hyperbola is a (n~2Hc. 

[If the equation of the curve in rectangular Cartesian coordinates is 

/ (*, ?/) = 0, the locus is ^ =. 0.] 

Ex. 5. The number of points on an n-ic whose polar conic is a 
rectangular hyperbola is n(ji - 2 ). 


Kx. 6. The locus of a point whose* polar conic with n'sjiect to a given 
n-ic is a parabola is a 2 (n --2)-ic. 


[The locus is 




Kx. 7. The number of points on an n ic whose polar conic with respect 
to the curve is a parabola is in general 2n (n— 2) — 2/f, where k is the 
number of cusps. 

[The locus of Kx. 6 passes through each cusp of the n-ic, as is seen by 
taking the origin at the cusp and writing down the equation of the 
locus. The polar conic of fi cusi> is the cuspidal tangent twice over by 
Kx. 1, whiclj wf* do not count as a parabola. ) 

Kx. 8. The locus of a point whoso polar conic with respect to a given 
n-ic has given eccentricity (7^: 0, l,or2l) is a 2 (n-2}-ic; and the 
number of points on an n-ic whose j)olar conic with respect to the curve 
has a given eccentricity is 2n (n-~2). 


Kx. 9. There arc — points in the plane of an n-ic whose polai 
conic is a circle. 






= 0 arc equations giving the points.] 

Kx. 10. If all the j^olar conics for 

f(x, = ... +/q-f-?q, 0 

are rectangular hyperbolas, where /f*. is homogeneous of degree A* in 
X and f/, then i/t = 0 arc lines parallel to the sides of a regular polygon. 

The n asymptotes meet in a point and are parallel to the sides of 
a regular polygon ; and so are the tangents at any multiple point. 

Therefore = r'- (n cosh 3 + h sin h 3 ). 

If one asymptote passes tljrougb the origin, and have a 
common factor. If two asymptotes meet at the origin, ?/„_j = 0.] 
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Ex. 11. All the polar conics for y ~ axX -{• ... arc 

parabolas; and conversely every curve all of whose conics are parabohis 
IS of this type. 

The curve is of degree and class n. Tt has a superlinear branch of 
order n — 1 at (0, oo ), the line at infinity being the tangent. 

The centroid of the intersections of this curve with any other lies on 
a fixed lino, if w >2. 

[Choose axes of reference for the curve of Kx. 10 such that x is a 
factor of Then substitute in 

<V/ c>y _ / cV / y 
\ dx^yj ' 

The centroid lies on x ~ 0. if = 0.] 

Kx. 12. If every polar curve of degree r goes through two fixed points 
A and Ji, the curve is a {2r—2—k)-ic with a (r— 1 — /i;)-ple point at 
A and B. 


[Taking A and jR as (1,0, 0) and (0, 1, 0), 

and 


^■•r=o 

ox' 


^y 


/ = 0 being the equation of the*, curve. 

Taking r = 2 or 8, we have the two following examjiles.] 


Kx. 18. If every polar conic is a cirede, the curve is a circle. 


Kx. 14. If every polar cubic is circular, the curve is a circular cubic 
or bicircular quartic, 

Kx. 15. If a line meets a (2n4 l)-ic in /\,P 2 i •••> 
derive a sciies of curves a-,, o-j, .... o-g,,, such that <r^ is the first polar ot 
Pi for the given curve, o-j is the first polar of Pj for o-j, o-g is the first 
polar of f 3 for o-,, ..., then the line goes through 
[Take the line as c: = 0.] 


Ex. 16. The A*-th ]>olar curves of a point () with resi)ect to a pencil of 
/i-ics form a pencil of (w— A;)-ics. 

Kx. 17, The tangent at () to that curve of a given pencil which passes 
through O goes through the intersection of the polar lines of 0 with 
respect to any two curves of the pencil. 

[Take h — 7i-l in Kx. 16.] 


Ex. 18. The locus of the poles of a given line with respect to all curves 
of a pencil of w-ics is a 2 (n — l)-ic passing through the points of con- 
tact of those curves of the pencil which touch the line. 

If 7* is any point of the line, the first polar curves of P form a pencil 
of {n — l)-ics. As P travels along the line the base-points of this pencil of 
l)-ics trace out the same locus. 


[If tt-i-kv 


0 is the pencil and s = 0 the given line, the locus is 

^7/ ^ 

^x Tiy bx hy’^ 


Kx. 19. 3(n--l)^ of a given pencil of n-ics have a node in general. 

The polar line of such a node is the same for each w-ic of the pencil ; 
and the node lies on the 2 (it — l)-ic of Ex. 18. 
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[The nodes5 arc the intersections of 

^ . c^it c'r 

^.r ^// c'y (V 

oilier than the intersections of 

%— = 0 and . — 0. 

At ox 

The case n = 2 is fiuniliar. For the case n = 3 see Mohrmann, Math, 
Aauitlea, ]xxiv(1913), p. 319.| 

<5'4. Harmonic Polar of an Inflexion on a Cubic. 

In § 3 suppose the curve is a cubic, and consider the first 
polar curve, i. e. the polar conic, of any point 0. 

If ^ through O such that 

OQ , . FQ, ‘fQ, + OQ ,, . FQ, . FQ, + OQ , . FQ, . FQ^ = 0, 

F lies on the polar conic of 0 (§ 1). If 0 lies on the curve, we 
may suppose that one of Qn, say Q^, coincides with 0, 

and then OQ, . 1>Q.^ + OQ., . PQ^ = 0 

or ((>1\ is an harmonic range. Hence : 

If throuffh a nfj 'poi ai 0 of o cvhiv, n ny liiie is draw a entiiny 
the eiiTve in hvo other the harotonic conjugate of 0 with 

respect to these two points lies (ni the polar conic of 0, 

If 0 is an inflexion of the cubic, the tangent at 0 meets the 
curve at three consecutive points, which may be considei^d as 
forming an harmonic range with any point on the tangent. 

' Hence the polar conic degenerates into the tangent at 0 and 
a straight line called the harmonic polar of the inflexion 0.* 
Therefore : 

If through an infer ion 0 of a cuhic any line is drawn 
cutting the curve in Uuo other pints,, the harmonic conjugate 
(f 0 with respect to these t'lco points lies on a line through the 
points of contact of the three tangents from 0, 

Suppose any line meets the cubic in Dj, D,j, i)y. Let the 
lines ODp OD^, OD.^ meet tbe^ cubic again in E^ and 

meet the harmonic polar of 0 in F,,, F^. Since the ranges 
[OF^^ F^Ef), harmonic, and 

D,, jOy and , F,^, F^ are collinear, so are E^i E^, If 
die points Dj, 7)^, 1)^ are consecutive on the cubic, so are 
E^,E^,E.^] and both trios of points coincide at inflexions, 
lencc we have the important theorem : 

The line joining two inflexions of a cuhir passes through a 
Itird inflexion. 

* Soe § 7 for tlic result that ilio i>oIur conic of an inflexion for any curve 
^generates. 
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Ex. 1. Show that the harmonic polar of (0, —1, 1) for 
^ -f ^nixyz = 0 

is the same for all values of m. 

[The polar conic of (0, —1, 1) is (2mx — y — z) {y — z) — 0. 

2mx-y — z = 0 is the tanj^cmt at the point, and //-c — 0 the harmonic 
polar.] 

Ex. 2. Find the harmonic polar of 
(i) (0, 0, 1) for z^(y — x) = (y-\ x) {ax' -Vhif). 

(ii) (0, —1) for + 

(iii) ( — 1,1,0) for (x ^ y + zY + iSl'xyz — 

[(i) = 0, (ii) x-\ y (iii) x = ?/.] 

Ex. B. Any two chords OPQ, are drawn through thtj inflexion (> 

of a cubic. Show that i7^' and QQ' meet on the harmonic polar of 0. 

Show also that the tangents at Pand Q meet on the harmonic* polar of O. 

[Use the harmonic propert}^ of the diagonals of a quadrilateral. Then 
make the two chords adjacent.] 

Ex. 4. Two chords through a. point O of a cubic meet the curve again 
in Pand Q, P' and (/ ; while they meet the polar conic of O in Pand li\ 
Prove PP\ Q(/, PR' concurrent. 

Show also that the tangents at P, Q, P are concurrent. 

[As in Ex. 3.] 

Ex. 5. A conic touches a cubic at (> and cuts it at P, Q, P, S, Show 
tlnit OPf ()Q^ OP, OS meet the cubic again at four jicints on a conic 
also touching the cubic at O. 

Exv 6. Any lim* through an (n— 2)-ple point 0 of an n-ic cuts the 
curve again in and Find the locus of i*, if (OP, ()j Q^) is 

harmonic. 

[The first polar of 0 less the inflexional tangents at O, if any.] 

§ 6. First Polar Curve. 

We consider now the intersections with a given curve; of 
the first polar curve of () with respect to this curve. Take 
(7(0, 0, 1) as such a point of intersection, 0 as (1, 0, 0), and 
any point as i?((), 1, 0). Take the curve as (i) in §3. The 
first polar curve of (1, 0, 0) is 

0 = + 2 (cqX + + 3 + 2d^xy + " + . . . . 

Since this meets the given curve at (0, 0, 1), we must have 
one of various alternatives. 

Firstly, we may have a = = 0. 

Then the tangent at (0, 0, 1 ) to the given curve is y = 
and passes through 0. Hence G is the point of contact of a 
tangent from 0. The curve and the first polar curve have 
G as an ordinary point and the tangents to the curves at G are 
distinct. Hence a single intersection of the curve and its first 
polar is at G, 
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Secondly, we may have a = Ijq =■ = 0. 

The given curve has a node at C, and the first polar curve 
has C as an ordinary point, the tangent at C to the first polar 
curve not coinciding with either tangent to the given curve at 
C, Hence two of the intersections of the curve and its first 
polar coincide at 

Thirdly, the given curve may have a cusp at C. Taking 
.r = 0 as the tangent to tlie cusp, we have 

(I = = (*2 = 0, 

We see that the first polar touches the given curve at the 
cusp, and three of the intersections of the curves coincide at U.* 

We sum up our results thus: 

The first polar curve of 0 meets the given cat^e once at the 
jH>iiit of contact of each tangent from 0 to the given cvurve^ 
twice at each node, and thrice at each cusp of the given curve. 

It follows at once that, if at is the class of the given n-ic, 
(Ch. IV, § 2), S the number of n(;des, and k the number of cusps, 

1) — 25 — 3/f (i). 

For m is the number of tangents from 0, i. e. the number of 
intersections of the first polar of 0 with the given curve at 
points which arc not multiple points of the given curve. 

If the curve has r bitangents and i inflexions, the reciprocal 
curve is of degree ^n, is of class n, and has r nodes and i 
cusps (Ch. IV, ^ 7). 

Hence ></ = — 1) — 2r — (ii). 

If 0 lies on a curve, the first polar touches the curve at 0, 
i. c. meets it twice at 0 (§ 3). Hence two of the tangents from 
a point 0 on a curve must be considered as coinciding with 
the tangent at 0. 

Kx. 1. Find the tangents from (1, 1, to + 'iixK 

[The first polar eurve of (1,1,1) is 2c? (oj + y) = 0. This 

Qieets the curve wheie (y*~2.ry + .r*) {y’^ + 2xy — x^) =*= 0. The points of 
contact of the tangents are therefore (1, — l±2i, l + 2~i).] 

Kx. 2. Find the tangents: 

(i) From (1, 1, 1) to - 2r‘. 

(ii) From (0, 1, —1) to 'x^-\ if — hxyz. 

(iii) From (11, 16, 9) to + ?tx%jz, 

(iv) From (fj a, 3 a) to a// = 

(v) From (a, a) to x^ + y^ — 

(vi) From (0, 0, 1) to a.r (r - ^*) 4 % ~ y") = 0. 


ii216 


* See Ch. I, § 7 or Ch. VI, § 2. 
H 
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[The points of contact are given liy 
(i) + 2 or* y + 2 xi/ + — 0. 

(ii) x/if = 2 or — 1 ± a/2. 

(iii) (a? — ?/) (2.r-~y) {Sar-^ .ry + 11 //“) = 0. 

(iv) X — at'\ ]! = nf ' ; whore < = 1, 2, 

(v) {A. 7'^ — 2. rtf -i Ay’^) =0. 

(vi) r^.r — ]a ±{(r \h ±{b^ — c')l\ y.\ 

Kx. 3. Extend the ri'sult of (3i. I, § 9, Ex. fi to the case in which 
tangents are drawn to an ^^-ic from a (n— B)-pl(* jioint. 

[The tangents from (0, 0, 1) to 

3c#/„ 1 -f — 0 

touch at points on the first polar 
and meet the curve again on 


§ 6. Equation of Hessian. 


In § 1 we defined the Hessian of* a curve as tlie locus of 
points whose polar conic with respect to the given curve 
degenerates into a line-pair. The polar conic of (X, Z) 
with respect to /(./', y. c) = 0 is 






5-^4 2 ?/. 


7>Y^Z 


+ .‘2c.<' 


?;rc^,v 

+ 2. '7/ 


J'1 

t'A ? 1 


,= 0. 


This is a line-pair if {X, F. Z) lies on 



iPf 



iudy 




yf ! 

<^y 


Jy i's 1 



h' 1 



! 


which is the equation of the Hessian of / =- 0. If ./ is of 
degree ■Jt in a', y, c, each element of the determinant is of 
degree 'a — 2. Hence ’ , 

The lletfsiaii of an n-iv is a 3 (/<.— 

To find the Hessian of a curve whose equation is given in 
Cartesian coordinates we make the equation homogeneous by 
writing .t/z and y/z for .r and y. Then after finding the 
Hessian we put c = I . 
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jyiultiiDly the columns of the det-enninant H l)y .r, c, and 
add the tiinst tw^o columns to the third ; then multiply the 
1 ‘ows by ,f\ y, 2 ; and add the first two rows to the third. We 
slmll obtain the identity * 


( €>.r dy 


i.r- 






Tliis gives an altoi’nativc method of calculating tlio eejuation 
ot the Hessian wljich is convenient when the equation of the 
curve is given in Cartesian coordinates, or when an approxi- 
mation to the Hessian is rofiiiired in the neighbourhood of 
(0,0,1). 


Ex. Find the Hessiiin of <1, eurv(‘ /(/, = 0 given in polar eo* 

ordinates. 

[Putting c s= 1 in § 6 (I ) the exiirc^Mon in the first brackets [ j is 

1 1 Kr _/<VY 





iind the expression in the second brackets { j is 


1 .<v*x 1 / <y 1 fV I 

' .■'r ' r- \ <V<^e^ ' r 


7. Intersections of a Curve with its Hessian. 

Hy relation (i) of ^ 6 the intersections of an a-h f = 0 with 
its Hessian II = 0 are the same as the intersections of / = () 
with 

K = Vi ¥ i!/ _ _ r Y ^’ = 0 • 

^ ^,v <\y eixi^y ’ 

except that /= 0 and K = 0 meet, not only at the inter- 
sections of f 0 and H := 0, but also twice at each intersection 
of /= 0 and c = 0. 

To determine the intersections of /= 0 and JJ = 0 which 
coincide with any point 0 on ,/’=0, we shall take 0 as 
(0, 0, 1) ; and for this jmrpose we may evidently replace the 
Hessian II = 0 by K = 0, 


For by Euler’s theorem 011 homogeneous functions 
(V ^ r - 


(V ^ ^ 

CT Cff Cl Z 




r 
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Suppose, then, the triangle of reference chosen so that any 
point 0 on jf = 0 is (0, 0, 1) and the tangent at 0 is y = 0. 
We have 

/ = + 2 fij .nj 4- e^y") 

+ 4- 3 H- ^?;52/'0 + — 

The polar conic of 0 ia 

+ l)%c f 2 (‘i./*2/ = 0. 

If this is a line-pair, either = 0 and the coefficient of 
in /is a factor of the coefficient of i. e. the curve f 
has an inflexion at 0, or else ?> = 0 and 0 is a multiple point 
of the curve. Hence 

TJte Hessian 'Hieeis a vAit't'e only ot the infle^iions aTid Dudti’ 
l>le i^oi nts of the m rve. 

In the case h 0, = 0 

keeping only the highest power of 

Hence the curve and K = 0 (and therefore the curve and 
the Hessian) meet only once at 0. 

Suppose now / = 0 has a node at 0, so that h = 0. 

In this case 

Hence K = 0 (and H = 0) has a node*, at 0 with the same 
tangents as the given curve. The curve and Hessian there- 
fore meet six times at the node ((^h. VI, §2, Ex. (iii)). 

Suppose now that 0 is a cusp of the given curve at which 
tf = 0 is the tangent. Then 

/ = 2y2^7.-2 + 4 . 4- d.^f) 4- . .. , 

and 

K = - 24 {d^yV 4 - (<j y) ‘ 4- . . . . 

Hence iiT = 0 (and 1^ — 0) has a triple point at 0 at which 
two tangents coincide with the cuspidal tangent of the given 
curve. 

The curve and the Hessian inte'i’sect eight times at the 
cusp (Ch. VI, §2, Ex. (iv)). 

Summing up the above results we have : 

The intersections of a curve with Its Uessvui Lie one at each 
inflexion, six at each node, and eight at each cusp of the givot 
curve. 

If 8 is the number of nodes, k of cusps, and l of inflexions of 
the 7t-ic, 

i = 376 (>6 — 2) — 65— 8/c. 
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For the curve and Hessian meet altogether in — 

points. 

The number of intersections of the Hessian with the curve 
at the nodes and cusps may also be obtained in the following 
manner (duo to Cayley). The number is evidently indepen- 
dent of a, so that there are constants A and B such that 
L = 3i/.(a-2) — — JS/c, K = 3m(m — 2) — -dr — ; 
the latter equation being derived from the reciprocal curve as 
in § 5. 

But by § 5 

m = ih{n— 1) — 25— 3/c, a = — 1) — 2r — 3^ 

Eliminating on, r, l from these four equations, we have 
(4-6)[a2-^27i-25-3Ac)('/fc“-25-3/c) + 45 + 6Ac} 

+ (3^-2i?-2); + + 

Since this must hold for all values of n, 

= 3-4-2/^- 2 == 0, or ^ = 6, = 8 

Kx. 1. Find the* Hessian of .r* + ^ + c;* 4 6 = 0, and find its 
Lnfiexioiis. 

[The Hessian is ///* (a?'’ 4-//^4 c'') = meeting the original 

curve where .njz = 0. Hence the inflexions are the intersections of the 
curve with the sides of the triangle of reference.] 

Kx. 2. Find the Hessians of the following curves : 

(i) 

(ii) (J7 4- // 4- + G I xf/z = 0. 

(iii) + + = h(x + ^-{ z)''. 

(iv) ./•'' = ±y^)- 

(v) x{x^-3/} + a{x^ + f)=^0, 

( vi) 6 c: (x^ 4- =■ (.r + f/) (x^ -4x1/ + //”). 

(vii) i/’' = a’//(.r + y 4 z). 

(viii) z^x^ ]/{y-x){y-y^x), 

(ix) ifz = 4j^ — y^xz^—y^z^. 

(x) (1^0 ^+ 3 flfj x^y +3 «2 + G xyz = 0. 

(xi) y^z + x^y 4 z^x + 3pxyz = 0. 

(xii) ax ( 3/2 J + hy{s^- x^) + ez (x^ - y^) = 0. 

(xiii) 'j^y + y^z + z^x — 0. 

(xiv) {yz + x^)^ ^ Xif, 

[(i) 

{n) (x + y + z)(2yz + 2zx + 2xij-oi^-y‘^-z^)+2kxyz^O, The in- 

flexions lie on {x + y + z) {x + ay + c) (x + (>y^y + az) = 0. 

(iii) xyz = h(x + y + z) (yz + zx + xy). 

(iv) 3xy^^z(t/±x^). 

(v) 3 a? - 3 y*) + a(x^ + //*) = 0. 
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(vi) 2z{,r^-\ if) {x-\ y) (.r»~4 u*// + //“) 0. 

(vii) 3(rr^-f//M = .r?/ (r — .r — y). 

( viii ) f ( 1 + F) .T - 3 // ! 4 .r f - k'^ ( 1 -f P ) xij 4 (1 ~ ;:‘2 ^ k^ ) ; = 0. 

(i X ) 12 uv/" - c ( 1 2 i/o -4 36 y, xy 4 /// 

(x) Uqx' - xhj - <i 2 xif 4 ?/ -- 2 xyz. 

( xi) 4 ^ ‘ 4 r' - y />2 ( .r-® -j ^fji j 1 1 s yy'‘ f 1 ) = ( ). 

(xii) — (hj/i cz)x^ 4 ... 4 ... 

= [x'^-{if-\~z-\ \n{l)^'-c^)x 4 ... 4 ...|. 
(xiii) x^'z + jf'x-^ :'■// — 7)x'^ifzK Similarly for ./•"// 4 r^'a* - 0 . 

(xiv) (y: ^ x^y -4 1 0 xif {yz 4 x") 4 3 / = 6.1 

Kx. 3. The number of inflexions of an 7i-ic is even oi odd according as 
the n is even or odd. 

A curve of odd degret* has at least one real inflexion. 


Kx. 4. If a curve has >*-iioint contact with its tangent at (>, the Hessian 
has (^•-2)-point contact with the same tangent at O ; and the curve und 
Hessian meet >•— 2 times at O. 

[The Hessian of yuA r ~ 0, where the terms of lowest degree in v an' 
of the /’-th degree, is of tin* form //f'-f K= 0, where iln‘ terms of lowest 
degree in f^are of the (r-2)-th d<‘gree. | 

Kx. .5. The Hes.sian of the * iriangular-symmetrie ’ cur\e 
{.r/fr)»4(y/^)»4(c/r)" = 0 
is the sides of the triangle of reference /i — 2 times 

Kach side passes through // points of the curv(* at which the tangent 
has //-point contact and passes through the opposite veitex 

[By Kx. 4 each such point counts as (//— 2) inflexions. | 

Kx. G. The locus of the inflexions of — // (2 xM y) + ax* for 
varying values of a is 2y^ + x^z = 0. 

[The Hessian is x' (2 ax* + 4 xy'^ x“ yz + H y* ) — 0. Now eliminate a.] 

Kx. 7. The locus of the inflexions of a pencil of n-ics is a G(//-l)-ic. 
Kxplain the case // — 2. 


Kx. 8. The locus of the points whose polar conic with respect to a 
given n-ic touches a given line is a 2 (n — 2)-ic. 

This (n — 2j-ic divides the plane into parts in one of which the ?/-ic 
lias no real inflexion or ciuiiode, while in the other the n-ic has no acnodi*. 


I If / - 0 is the yeic and 0 the given line, the 2 (/< - l)-ic is 




c>V' 



= 0. 


If O, the degcinerate polar conic of a ])oint on the Hessian is unreal. 

In the case >/ =3, the 2(;? — 2)-i(* is called the ‘polo-conic' of the 
given line. I 


Kx. 9. The 2(u-2)-ic of Kx. 8 is the envelope of the (n-2)“th polar 
curve of any point on the given line. 

Kx. 10. If the given line of Kx. 8 is the tangent at an inflexion O, the 
locus has a node at 0 with the given line as one tangent at 0. 
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Kx. 11. The tangents to a curve at the multiple point (0, 0, 1) aie 
K == 0. Show that the tangents to the Hessiau at the same point are in 
fTcnpiMl » = 0 ami ' 

t>tr \^xhy/ 

Kx. It^. A Z-plt‘ point O of a curve is in general a (3/: — 4)-ple point 
of the Hessian, and tin* tang^nits to the curve at 0 are tangents to tlu; 
Hessian at O. 


Kx. 13. The lines joining (0, 0, 1) to the inflexions of n - 0, 

where n is tiomogeneous of degree p + <7+ 1 in ar and //, are 


2^'" 


- , o 


= 2j>qx!/ 




Jf p =r 0, they jjeeonie 



If p — q, they become 


p(/M l)/r Xj! 


dif 


[Kliniinate c between the equations of curve and Hessian ; or use 
Kx. 14 (v).j 


Kx. 14. Suppose that A, p, »' are homogeneous functions of x and y of 
degtees p, 7, r not less than 2. With tlie notation 

— AjjPjo + ^ 22^11 ~ ^ 

A^ji ^12 { 

P12 ^22 '2 » 

p, A, 0 , 

(V^C, S /' +/^«,.A -I ''«V* + * ” “ K + Kk, m. 1). 

where the suffixes 1 and 2 d(»iiole ])arti.il dittereiitiation with respect 
lo X and //, 

(i) Prove that /. /. 

' ^\\fi “ "A/x, I' >A, 

and that 

2 (j>- 1) (g- 1) (r- 1 ) ,, = 4g- 2) 

-f;) (;>-l)(?)-g)Xrt^„ + 2(g-l) Uj-p) 

= {p-l) \h (p-q)ip-r) + (H -/)} r+l)', ku^„ 

-t (g-l) \n(q-r)(q-p) + {H-q)(~p + q-i-+\)l 

+ (r-l) ’n()--p){i—q) + (n-r){-p-q + r+l)l 

(ii) yhow that the Hessian of 

^n- h II 4- 1 0 4 cr**—/' — - w + ^ - ‘1 ^ ^ -4 ^ 4- , , , — 0, 

wliere * ^ 2, and r, u\ /, .v, ... are honiogeiioous of degree 
/»*, /r -f 1 , A’ + 2, A* 4 3, -f 4, ... 

in X and //, is 

0 — 0/ — - 1 /• 4 - 34' — 3^. 4.2»1 u— 3A — ^ (c -f- c’ ) 

u — ST 15 f ^ '■ Hui> ~ ^ \''un) ~ ^muv) 

4. 4 2r* +r ,) 4-;4^>*— 4.^. -j_2c . + f‘ )4 


2/\ H 


'^11 /^12 H ' 

^12 /^22 *'2 I 't 

A| P2 ^ 
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(iii) Hence sliow that the Hessian when expressed in terms of 

c, u, V, IV, is 

-2 

0 ^ ^jr.ZTYp ^ ^ U 

+ f-(^--l)-(»»-^‘-l) («a„ 4 2t>o,„)-2i(fc-l) 

+ An«(-^•^7) + {A■ + 2)(/.-3)]«.■«„„J^ .... 

(iv) In particular the Hessian of i:it 4 v = 0, where u iuid v are o1‘ 
degrees (?< — 1) and w in and //, is 

(n - 2) »/ ff,,,, c = «('«„„ - 2 (« - 2) II . 

(v) The inflexions of -i v — 0 lie on 

(^#-1) + = 0 and on = (>/ -2} . 

[(i) In the definition of V.. substitute for Aji/i, &c., from the 
identities 

2 (p- 1) (g- 1) X,,i, =<).(</- 1) ^A„ +;) -2//o;^^, 

2(p-l) (^-l)^!l^^2 = ^7(S-l)ft>^^ + ^>(JJ-l)X/iJa-2a:“^f;^„, 

which are derived from 2 ^Aj 2 , cS.c. 

(v) Kliminate v between the equations of the curve and Hessian.] 

Kx. 15. The ratio of the curvatures of the branch of an >?'ic through 
a A-ple point 0 and of the branch of the Hessian touching this branch 
at is (« - A-) ( t - 1 ) : (id- - 3w - A" 4 A- 4 2 ). 

[If the curve is 

0 = (U7'“ * + ..•)-+ -f ..., 

by Kx. 14 (iii) the branch of the Hessian touching ?/ = 0 at the origin is 
0 = y (« — ^0 (A; — 1 ) + ( wA * -on — /c^ + k -j 2) hr^ + . . . , 
using Newton’s diagram.] 

Kx. 16. The cuiwatures of two branches of an n*ic and its Hessian 
which touch at a crunode of the w-ic are in general in opposite directions. 
[If ^ = 2 in Kx. 15, the ratio of the curvatures is (2 ~m) : n.\ 

Kx. 17. In what cases is it tine that each branch of the Hessian 
touching a given n-ic at a A’-ple point is inflexional ? 

[>i^*-'3n — A:® + A' + 2 = 0 gives n = 10, A- = 4 ; v = 10, A' = 7 ; or 
7i = 9, A* = 5.] 

§ 8. The Steinerian. 

Suppose that the fii*st polar curve of a point P(^, r], with 
respect to a curve f{x, y, z) ^ 0 of degree n has a double 
point at Q (X, F, Z). The locus of P is called the Stviaerian 
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THE STEINEEIAN 


1()G 


of the given curve. Writing down the conditions that the 
first polar curve^of P, namely, 

should have a double point at Q, we have hy Ch. II, § 4, 

^y ,>yvL_,> > •■'y ^ ^''y^. ^y _n 


tZJ. . „ " J 


> ^y 


Xf 

c>ZdF 


• ^^2 


+ i^r4o= 0 


(0- 


Eliminating .Y, F, ^ from the equations (i) and replacing 
ii Vi C 2/> - ’vvro have the equation of the Steinerian. It 
may be shown that, since each of the tlireo equations (i) is of 
degree — in A", F, if, the Steinerian is in general of degree 
3(7^^- 2)^* 

Eliminating i, rj, ^ from equations (i) we have 






hXdY 

^A iZ 

j)y 



dY^X 


i^YlZ 


^y 

^y 

cS^dA' 

dZdV 



Hence : 

The locus of Ihe di/Me ‘j^olnts of the first '/Kflar cictves of a 
given curve is its Hessian. 

The conditions that F should be a node of tlio polar conic 
of (2 






i)Z- 


+y 


7>Y-^ 


+ O 


are the equations (i). 
Hence : 


iV' 


^y 


+ 2s^.e 


^>y 

dZi^X 


+ 2-/7/ 


h^f 

JYJF 


If the first fJoUir curve of F has a node (d Q, the polar conic 
of Q 'is a line-paiT meeting at F. 

Suppose now that corresponding points F^ and Q' on the 


* Salmon's Higher Algehta^ § 76. Anot her proof is given in § 9, Ex. 9. For 
an extenfiion of the theorems in §§8, 9, see Ilenrici, Proc. London Math. 8oc,, ii 

(1868), pp. na, ia8. 
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Steinerian and Hessian consecutive to P and Q have coor- 
dinates 

+ ^ + {X-\-dX, Y+dY^ Z + dZ) 

respectively. Tlicii, since the first polar curves ol P and P 
go through Q and f/ resp(‘ctively, 





or. using (i), 

> ’'V , ‘V . / _ 0 I 

O' 


cry 


.=-- 0 ; 


These equations show that tlie pohu' line ol' (J 


^.f 

<>.Y 


<V 


¥ 


^ •' A)' ^ 


is identical with the line through tlie points P and P\ which 
is the tangent iit P to the Steinerian in the limit. Hence : ^ 
If the Jirst jxflar curve of P luui u node at the [tolar hne 
of Q iti the taiHjetd at P to the Locu^ of P, 

A tangent from (.v\ tf, rJ) to the Steinerian is the polar line 
of a point (X, Y. Z) on tlie Hessian, such tli^t (ii) holds and 
also 








Therefore the tangents from (./*', z^) to the Steinerian are 

the polar lines of the intersections of the Hessian with the 
first polar curve of (.r', y\ c'), other than the double points of 
the original curve. This Hessian and first polar curve are of 
degrees 3 (>/. — 2), a— 1, and may be shown to meet twice at 
each node and four times at each cus[) of the original curve 
(Ch. VI, § 2). Hence : 

The class of the Steiner ia a is 

3(>^-l) (/fc-2)-25~4/c, 

n/iere S, k are the tmniher of nodes and cusps of the given 
enrve.^ 


* For the effect of multiple points of ji curve on the degree and class of the 
Steinerian, see Koehler, Bull, de lu Sac. Math, de France, i (1873), pp. 124-9. 
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^ 9. The Cayleyan. 

If the first polar curve of P has a double point at Q, the 
envelope of PQ is called the Odijleifun (or ‘ Pippian ’) of the 
given curve. 

Su])pose that the lino + + = 0 is the polar line of 

(-Y, Y, Z) with respect to/(.e-, y, z) = 0. I’heii 

Therefore the given line is the polar line of each of the 
(/i— 1)- inteiflcctions of 


X ¥ ¥ 1 ‘>.1 

A = e . and u ‘ =z 

^ dz 


0), 


which are the first poJar curves of (r, (),-A) and (0, v, — y). 

Tn general a given line haa (/( — !)“ polen with res/)eef to a 
gfveit 'ti-ic. 

Suppose now that two poles of X,r -f yy 0 coincide at 

the point (A', Z), The two curves (i) touch at this point. 

The tangents at the point to the curves (i) are 

■' A^VA' ~ '' lZ%Y ' '' ^Af) 


+ c 






— V 


AFAY 



AifAF '¥ y ¥ 


V 


AYAj? 







Identifying them and eliminating A, /x, v between the rela- 
tions thus obtained we get equation (ii) of §8. Hence 
(X, Y, Z) lies on the Hessian. Moreover, the corresponding 
point (^, Y], 0 of tlie Steinerian lies on eithei* of the (identical) 
tangents by equations (i) of §8. yumining up, we have : 

Jf two poles of a line coinvide, the coi nvident polea lie on the 
Hessian and the line towehes the l^teinerian at the corret^iWiul- 
ing point. The (\riileyan is the envelope of the tangent ai the 
point of vontact of Vwo first polar curves (f the given curve. 

kx. 1. If the first polar curve of /*(!, 0, 0) with respect to / = 0 lias 
a node at Q (0, 0, 1), 

4 3 it\xaf + B d<iX\T 4 .... 

Kx. 2. Use Ex. 1 to show that Q lies on the Hessian and that the 
polar conic of ^ is a line-pair inectinfj at F. 
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Kx. 3. The second polar of P touches the Hessian at Q, 

[The common tangent is d^x-{ = 0.| 

Kx. 4. The tangent at Q to the Hessian is the harmonic conjugate of 
PQ for the tangents to tht* first polar of P at Q. 

|Th(* tangents are + 2 dy^xy J d^tf = 0.] 

Kx. 5. The tangent at P to the Steinerian is the harmonic conjugate 
of PQ for the degenerate polar conic of 

[The tangent at P is the polar line of Q. which is naz + hy = 0. TIk* 
polar conic of Q is 

- 1) i 2 ( n - 1 ) hzy + 2 tn/ = 0.] 

Kx. 0. The first jiolar of any jioint on the tangent at P to the 
Stein erian touches PQ at Q. 

Kx. 7. If touches the Hessian at Q, it touches the Cayleyan at Q. 

[If P and Q, P' and (/ are consecutive pairs of points on Steinerian 
and Hessian, PQ and P' Q' meet at Q\] 

Kx. 8. The Steinerian and Cayleyan touch the infiexional tangents of 
the given curve. 

['J'hese tangents are the polar lines oi the inflexions.) ^ 

Kx. 9. The locus of § 2, Kx. 12 (ii) meets the Hessian at the points 
corresponding to the intersections of thi* Steinerian with the given 
conic. 

Kx. 10. The Hessian and Steinerian of the ‘triangular-symmetric’ 
^‘urve + (y/iy 4 == 0 

degenerate into the sides of the triangle of reference, and the Cayleyan 
into the vertices of this triangle. 

Kx. 11. The polar cubic of O with respect to a quartic degenerates 
into a line and a conic. Show that O is a node of the Steinerian and 
that the line is a 4-ple tangent of the Cayleyan. 

[Take O as (0, 0, 1) and the quartic as 

+ + = 0 .) 

§ 10. Jacobian of Three Curves. 

If [/ = 0, E = 0, W = 0 are the equations of three curves, 
the curve 



ar 




i.r 

%]j 

Sc* 


c> r 

d V 


J = 

dc 


dx 





dW 


dx 

dy 

iz 

or, as it is usually written, 




^(U.V,W) 

= 0 


a (tc, y, z) 

is called the Jacobian, of the thi’ce curves. 
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The polar lines of (x, y, z) ■with respect to the throe curves are 


<ix oz 


0, &Cm 


A", F, Z being current coordinates. 

Hence the Jacobian is the locus of a point whose polar lines 
with respect to the three given curves are concuiTent. 

It follows that the Jacobian of three curves projects into 
the Jacobian of their projections. 

If the curves are of degrees //j, , n-;., the Jacobian is evi- 

<lently of degree 

We at once verify that, if = 0 and V = 0 are straight 
linos, the Jacobian is the first polar curve of their intersection 
with respect to IF = 0. Hence a first polar curve is only 
a particular case of a Jacobian. 

In § 5 we discussed the intersections of a curve with any 
first polar. We may generalize this investigation by finding 
the intersections with a given w-ic W = 0 of the Jacobian of 
an U = 0, an ii.ric V = 0, and the ?i-ic IF = 0. 

Multiplying the columns of the determinant J }>y ;y, o 

and adding the first two columns to the third, we can express 
Jz in the form 


Jz 


TslI 7s V 
7s X 7s y 
dV T^V 

?,<• <>'if 

ir dr 

<)/y 


aX 

iu,V 

hT)' 


Suppose that (0, 0, 1) is an intersection of 11' = 0 and 
J — 0. Take the tangent to TV = 0 at (0, 0, 1) as ?/ = 0. 
Then 

M' = ' +(c.,.r^ + 5J<-|.r/y + na7/-)o”“^+ ... . 

Arranging the determinant just given for Jz in descending 
powers of z, and taking for U and V the most general ex- 
pressions of degrees n^ and also arranged in descending 
powers of z, we readily find that the Jacobian passes through 
(0, 0, 1) in the following cases. 

(i) That curve of the pencil (7+&F = 0 which passes 
through (0, 0, 1) touches IV = 0 there. 

The Jacobian does not in general touch TV = 0 at (0, 0, 1) 
in this case. Hence the Jacobian cuts H' = 0 once a,t 
each point of contact of IV = 0 with a curve of the pencil 
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U^hV =0. This may also be proved by identifying the 
tangents to 11^ = 0 and U-\-kV:=^{) at any point of inter- 
section. 

(ii) = 0. 

Now IV = 0 has a node at (0, 0, 1) and the Jacobian passes 
through (0, 0, 1). Hence the Jacobian meets \V = 0 twice at 
every node of W = 0. 

(iii) i,, = c,, = c, = 0. 

Now IV = 0 has a cusp at (0, 0, 1) with 7/ = 0 as cuspidal 
tangent. The Jacobian touches y = 0 at (0, 0, 1). Hence the 
Jacobian meets IV = 0 thrice at eveiy cusp of IV = 0. 

These results are true only if U and V are perfectly general. 
Some important special cases are discussed in the examples 
below. 

Kx. 1. If the first polar curves of /* with respect to throf* given cnrv(*s 
are concurrent at Q, Q is on the Jacobian. 

Kx. 2. Any three curv(‘s of the family r<r4 c\V ■— 0 have thesamo 
Jacobian as the three curves V =0, V— 0, Tr= 0. pi ovidecl the equation 
of the Jacobian does not vanish identically. 

Kx. 3. The Jacobian of (’ — 0, F= 0, 11'= 0 is the locus of the nodes 
of the family aJ -\ hV+rW 0, and also of wT'ir-j 7>Trr4 eJ'V — 0. 

FiX. 4. If thrtM* curv(‘s pass through O, th(‘ir Jacobian passes through 
0 If the curves are of tin* saim* degree, (> is a node of the Jacobian. 
If two of them are of tin* same degrt'c, the .Jacobian touches the third 
curve at <K 

[In Kx. 4 to 7 take () as (0, 0, 1).] 

Kx. 5. If () is a cusp of IT = 0. the Jacobian of r = 0. K = 0, ir= 0 
toucluis ir = 0 at 0. 

If O is a /r-ple point of W = 0, the .Jacobian has a (^- 1 )-ple jioint at O. 

Ex. 6. If O is a ^q-ph‘, /<vple, /yple ])oint of an nj*ic, ?/.,-ic 

respectively, the Jacoluan of the curves is an 0/, -f }u-^ - J)-ic- with () 

.IS a multijile iioint of order not less than 4^ 4 /.^ 1 2. 

If nj = i/g and /r, = A-g, O is a (24*i4-/.4 - 2)-pIe point of the Jacobian 
at which tangents coincide with those of the 

Jf =. — Wg and A’l = kn — k.^, O is in general a (3/>*^- l)-l)le point 

of the Jacobian. 

Kx. 7. If 0 is a cusp of a curve, tbc Jacobian of tin’s curve and any 
other two curves through O has a nodo at O one of whose branches 
touches the given curve at O. 

If the two other curves have the .same degree, the Jacobian has a cusp 
at () with the same tangent as the given curve. 

Ex. 8. The number of curves of a jiencil of A'*ics U i 4*1' = 0 wbicli 
touch a given curve IK = 0 of degree tt and class m is in general 
2 n (N 

[The points of contavt are the (2A^4 n— 3)?^ intersections of ir= 0 
and the Jacobian of = 0, V=0, 1K=0 less the nodes of IF = 0 
counted twice and the cusps counted thrice. Now use equation (i) of § 5.] 
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Ex. 9. A po.ncil of N-icti has as its base-points each ol the 8 nodes anti 
K cusps of an v-ie (n > X) and other points of the »t-ic. Show that the 
number of .^-ics touching the w-ic at a point other than a base-point is 

wliere /; = 

I By Ex. 4, 6, 7 the .laeobiau of the «-ie, and two N-ics of the pencil 
metits the «-ic at the points of contact required, six times at each node 
and cusp of the n-ic. and twice at the other r base-j)oints of the pencil. 
The number of points of contact is therefore 

{2N-^ + jf)~2 r, while r + 5+ fc = i A' S) " 

Kx. 10. Show tliat tlie result of Kx. 9 is true if the ?/-ic has multiple 
points, the A'-ics having a (/i'-l)-ple point at each /i-ple point of the 
><-ic ; where -i (>i - 1 ) (?/ ~2) - 2 H* {I' - 1). 

[Use Kx. 6.] 

Ux. 11. A pencil of A^-ic-s has as ])a8e-])oints points ol an n-\c. Any 
curve of the pencil meets the u-ic ai p points other tluin the base-points, 
and q curves of the pencil touch the ?/-ie at a ixiint which is not a 
base-point. Show that q -- 2p ~i 2(/^ 1) k', where k is the number 

of cusps of the u-ic which are not base points of the pencil. 

[By Ex. 4 to 7 the q points of contact are the intersections of the 
.lacobian of the //-ic and two AMcs with tin* ?i-ic, less each node base- 
point six times, each cusp bas(*-point six timeh, each other bas^point 
twic(‘, each other node twice, and each other cusp (k in number) thrice.] 

Ex 12. Show that the result of Ex. 11 still holds, if the /t-ic has 
ordinary multipb* points with distinct tangents at some of whicdi the 
A-icshav(‘ ordinary mult iple points of assigned order. 

Ex. l:>. The iiiinibiM- of curves of a singly infinite tiimily with 
characteristic (p, /) which touch a. given curve F 0 of degree n and 
class m is in general /</ mp, * 

[This (;xami>]e is a gimerali/a-tion ol Ex. 8. For the definition see 

Ch- IV, 8. X n X 4 - . 

If /(.r, //. a] - 0 is the family, and f, a) - 0 its tangential 

o<i nation, the points of contact of a curve ol the family with the line 
A.r -f rz = 0 are the intersections of this line with the curve obtained 
by eliminating a bclween f ~ 0 and — 0, say f, r, ;/, z) ^ Q; 

where >//• is homogeneous of degree p in A, //, f and degree I in .r, ?/, 
Then the points of contact of a curve of the family with F «= 0 are the 
intersections of F~ 0 with the Q l pn- p)^c 


^(<V’ 

To discuss the intersections of F= 0 and = 0 at a node, take the 


node as (0, 0, 1 ).] 

Kx. 14. Tf 24U- + 25 is a square number, the locus of the nodes of 
those 5 {^/(24>/"^ 25)-:i;-ics which go through the intersections 
of three ^i-ics taken in jiairs is the Jacobian of the u-ics. 

[Th(* family whose nodal locus we require is the second himily of Ex. S. 
The two simplest cases are n = 2 and u = 5. The reader may find 
other cases.] 
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PLUCKER’S NUMBERS 
§1. Pliicker’s Numbers. 

We shall use the following notation for any curve through- 
out the book unless otherwise stated : 

n = degree, m = class, 8 = number of nodes, k = number of 
cusps, r = number of bitangents, l = number of inflexions. 

The six quantities m, 5, /c, r, l are called the Fliickers 
mumhers of the curve. They are not independent, but are 
connected by various relations, of which the most useful are 
perhaps 

(i) rf'fi n(n—l)-~28~liK, 

(iij ')( = — — 3q 

(iii) L = 3 a (91 — 2) — 65 -8/c, 

(iv) /c = 87a(m — 2) — 6r — 8t. 

(v) — 5 — 2/c = (m-f 3 )-t — 2t, 

(vi) -Ka— l)(a — 2) — 5 — K = — — — T — 

(vii) L — K^ — a), 

(viii) 2(r — 5) = (m — 9i) (m-h a-9), 

(ix) n^~2S—3K = 77?- — 2r — 3i. 

Of these Pliickers eqvaitAjm only three are independent. If 
we take three, for instance, (i), (ii), (iii), or (i), (ii), (v), the 
other relations may be deduced. 

Thus, assuming (i), (ii), (v), we get (ix) by subtracting (ii) 
from (i). Then, subtracting (v) from (ix), we get (vi) ; and 
so on. 

The Pllickcrs numbers of the reciprocal curve arc by 
Ch. IV, § 7 

111, n, T, £, 5, K. 

Hence, if we prove (i), (ii) follows at once on consideration 
of^the reciprocal of the given curve. 

Similarly, (iv) follows from (iii). The equations (v) to (ix) 
do not give any fresh equations by consideration of the recip- 
rocal curve. 
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It remains now to establish three of Pliicker s equations. 

We proved (i) in Ch. VII, § 5, by considering the inter- 
sections of the hrst polar curve of any point 0 with the given 
curve. These intersections lie one at each point of contact of 
a tangent from 0, two at each node, and three at each cusp 
of the given curve. 

Then (ii) follows from the reciprocal curve. 

We proved (iii) in Ch. VII, § 7, by considering the inter- 
sections of the Hessian with the given curve. These inter- 
sections lie one at each inflexion, six at each node, and eight at 
each cusp of the given curve. 

We may deduce (v) from (i), (ii), (iii), which we have 
proved. But we have given an independent proof of (v) in 
Ch. IV, § 8 ; and we may deduce (iii) from (i), (ii), (v), if 
preferred. 

It is readily seen that a curve has the same Plueker’s 
numbers as any projection of the curve ; but that curves with 
the same Pliicker s numbers are not necessarily projections of 
each other. All curves with the same Plucker's numbers may 
he said to belong to the same 

§ 2. Deficiency. 

We shall denote 

by the symbol which is called the deficiency (or yenus) of 
the curve. 

We shall prove in (^h. X, §3, that D cannot be negative ; 
and that, if D is zero, the coordinates of any point on the 
curve can be expressed rationally in terms of a parameter ; 
while conversely, if the coordinates can be so expressed, 
D = 0. 

For instance, a cubic cannot have two double points unless 
it degenerates. For the line joining two double points meets 
the curve twice at each, whereas a straight line meets a cubic 
in only three points. 

Also if (a, h) is a double point of a cubic, the line 
y — h^ — 

meets the cubic again in a point whose coordinates are rational 
functions of L 

Again, a quartic cannot have four double points. For the 
conic through four double points and any other point of 
a curve meets it in nine points at least. 

Also the pencil of conics through three double points of a 
(juartic and any other given point of the curve meets the 

I 


221 B 
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quartic again in an eighth point, whose coordinates are 
I'ational functions of the parameter of the pencil. 

Equation (vi) of § 1 states that the deficiency of a curve and 
its reciprocal are the same. For a more general theorem of 
which this is a special case see Ch. XXI, § 3. 

For a more general definition of ‘ deficiency ' when the 
curve has multiple points other than ordinary nodes and 
cusps see Ch. IX, § 7. 

Kx. 1. Prove the rest of equations (i) to (ix) in § 1. 

Ex. 2. Prove that 

Ex. 3. Enumerate the types of cubic and quartic. 

[See Ch. XIII, § 1, and Ch. XVII, § l.J 

Ex. 4. (i) If n = wi, or if k = i, have n = ni, /c = i, and ^ = r. 
The curve is then of the same type as its reciprocal. If v is f?iven, the 
number of such types is the integral part of J (??® — 5w + 12). 

(ii) Find the type of curve for which /? = m = fi = #c = T = t. 

l(i) Use § 1 (vii), (viii). 

^ — 2) (« — 3) — 3 X>, K >? ■" 2 + 2 1). 

For example, the cubic with a cusp, the quartic with a node and two 
cusps, the quintic with three nodes and three cusi>s, the quintic with 
five cusps, &c. (ii) v = 7.] 

Ex. 5. If ^ = r, either n = niy < = i\ or else the curve is a non- 
singular cubic, a quartic with two nodes and a cusp, a quintic with 
two nodes and four cusps, or a sextic with nine cusps. 

I Use § 1 (vii), (viii). The exceptions are given by ^ = r, + %.\ 

Ex. 6. rf n>^n, then #c>i and S>, =, <r as ;H m>, =, < 9. 

Ex. 7. If i = w-t-w, »c = 4(Z>~l). 

Ex. 8. If 5 = 0, = r = J(fi + l)(«-~3)(n*-12). 

Ex. 9. m ^ [1 4 (4n + 1)1}. 

[For w(wi — 1) ^ «.] 

Ex. 10. (i) m = 2 (w — 1) + 2Z> — K, i =■ 3 (« — 2) 4 fi/>-2K, 

= i (tj -.!)(, i~2)~/>-K'. 

(ii) If w = 5, 67> = (^/~l)(n~6b If 2wj - 277 =^m2. 

If 25 = t, 8i> = (« — 2) — 4). 

Ex. 11. The number of cusps cannot exceed the smaller of 
5(«~24-27:>) and J {4n — 3-(4?M- 1)1 4- 47>; . 

[Use Ex. 9, 10, and t > O.J 

Ex. 12. If 7> = 0 and n > 4, not all the double points are cus]is. 

Ex. 13. If 7) = 0, m ^ 2 (« — 1) ; while w > l(n + 2) if ?? is even, 
and m > l{n + 3) if n is odd. 

fif /? = 0, w = 2(m-1)-k = i(«4-24-i).] 



VIII 3 


MULTIPLE POINTS 


115 


Ex. 14. Through a fixed point 0 any line is drawn meeting a fixed 
curve in Pand a fixed line in Q. Tf the lange (OPQB) has a fixed crops- 
ratio, the locus of JR is a curve of the same type as the fixed curve. 

[Project the fixed line to infinity ; or note that the two curves arc in 
plane perspective.] 

Ex. 15. The result of Ex. 14 holds if wo replace the fixed line by 
a fixed conic through 0. 

[Project the conic into a circle, and invert with rcsj^ect to 0.\ 

§ 3. Multiple Points with Distinct Tangents. 

So far we have supposed the curve to possess only ordinary 
cusps and nodes. 

Let us now suppose that the curve has one or more multiple 
points with distinct tangents. We shall show that : 

PliieJeers equations still hold, if we reckon each ordinary 
multiple point with distinct tanqenfs as equivalent tn 
\k{k — \) nodes (fnd each ordinary k'-ple tangent with Iv 
distinct points of contact as equivalent to (/»*' — 1) bUangents 
ith the evaluation of S, r, and I), 

One of tiic statements in this theorem is the reciprocal ot 
the other. It will be sufficient to prove one of them. 

We require to show that any first polar curve and the 
Hessian meet the given curve k{k—\) times and — 1) 

times respectively at a A-ple point of the curve. For, if that 
is so, equations (i), (ii), (iii) of § 1 hold good when each A;-ple 
point is considered equivalent to \k[k — \) nodes; and from 
these three equations the other equations of § 1 can be 
deduced. 

The result is plausible ; for a curve which has k real 
branches all nearly })assing through 0 has evidently ^k{k —\) 
crunodes in the neighbourhood of 0 ; and these coalesce at 0, 
if the branches arc all made to approach 0, 

Suppose the curve has a /j-ple point 0 at (0, 0, 1). Ita 
e(|uation is 

/ = + 4- ... = 0, 

where is homogeneous of degree r in x and y. 

The first polar curve of (0, 1, 0) is = 0, which has evi- 
dently a (/»;— l)“ple point at 0, the tangents to the curve and 
the first polar at 0 being all distinct. 

Hence by Ch. I, § 7, or Ch. VI, § 2, the curve and first polar 
meet in k(k—\) points coinciding with 0, as required. 

To find the num])er of intersections of curve and Hessian at 
0 we adopt an indirect method. (See also Ex. 2, below.) The 

I 2 



116 


MULTIPLE POINTS 


VIII 8 


number is evidently dependent solely on the nature of the 
curve in the neighbourhood of 0 ; and there is therefore no 
loss of generality in supposing that the curve has besides 0 
only ordinary point or line singularities, namely nodes, 
K cusps, r bitangents, and i inflexional tangents. 

Then from the reciprocal curve as in § 1 

n = m(m— 1)--2 t~3£, k = 3m (m— 2)-6T~8t ; 
and we have just proved that 

m = — 1). 

These give 

i = 3a(/i-2)~6S2-8/c-3/,-(ik-l), 
and therefore the curve and Hessian meet 3/c(A;— 1) times 
at 0. 

The first polar of 0 has evidently a ^-ple point at 0 with 
the same tangents as the given curve. Hence the curve and 
first polar meet i(/^+l) times at 0 (Ch. I, §7 ; Ch. VI, §2, 
(vi)) ; so that 2k of the tangents from a A:-ple point must be 
considered as coinciding with tangents at that point. * 


Ex. 1. Tlic deficiency of a curve with no singularity other than 
ordinary multiple points with distinct tangents is | + 2). 

[J (m-2n + 2) = J(n-l)(n~-2)-5, since k = 0.] 


Ex. 2. Establish directly the fact that the Hessian meets the curve 
— 1) times at a /c-ple point. 

[If = 0 are the tangents to the curve at the multiple point (0, 0, 1), 
the tangents to the Hessian at the point are 


H = 0 and 




by Ch. VIT, § 7, Ex. 14 (iii). Hence curve and Hessian meet 
k(k^\) + 2k{k-2) = 3fc(fc-l) 
times at (0, 0, 1). A similar method will apply to § 4.] 


§4. Multiple Points with Superlinear Branches. 

We show now more generally that : 

Pliicker's equations hold if (}) ^ach multiqde point of order 
k having I ordinary superlinear branches with distinct 
tangents is counted as equivalent to \k — nodes and 
k — l cusps ; and (ii) each multiple tangent meeting the curve 
in k' + V points at its V points of contact* is counted as equiva- 
lent to ^k!{¥ bitangents ami k' — V inflexions. The 
deficiency is talcen as ^(ti — 1) {n — 2) — ^'2k(k^l), 

* It is supposed that the tangent touches only one branch of the curve at 
each of these V points. 
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By an ‘ ordinary ’ superlinear branch of order q we mean 
one whose Cartesian equation near the origin (taken at the 
multiple point) is of the form 

12 3 

y = X (a + bxfl + cxfi + dafi + ...), 


where there is no special relation between a, h, except 

that a may bo zero, if the tangent to the branch is taken as 
y = 0 (Ch. VI, § 1). 

The proof of the theorem is similai‘ to that of § 3. We only 
note the modifications which are necessary. 

As before, (ii) is the reciprocal of (i). 

Since a factor repeated r times in Uj. is repeated r — 1 times 

in , every tangent to a superlinear branch of the curve is 

a tangent to a superlinear branch of any first polar of order 
lower by unity. Hence (Ch. VI, § 2, Ex. 8) the curve and the 
first polai' meet in 

k'^-l = 2 {-I k {k-5) + li + 3 (k-l) 

points at 0. 

Again, to prove that the number of intersections of curve 
and Hessian at 0 is 


6{lk{k-S) + l} + S{k-l), 

we may suppose that the curve has besides 0 no singulm-ities 
except 5^ nodes, cusps, t.j. bitangents, and tg inflexions. As 
before. 


'11 = ia('j/i — 1) — 2 t^— S ig 

and m = 'n{n — l) — 2S., — SK.^—{k‘^—l)'. 

while 

K^ = ^m {m — 2) — () Tg — Htg — (/>: — 1), 

since by Ch. VII, § 7, Ex. 4 the Hessian of the reciprocal 
curve meets it k~l times at its points of contact with the 
multiple tangent which is the reciprocal of 0. We deduce 

tg = 3w(w-2)-652-8Kg-6{-|l-(/.-3) + ?} -ii{k-l ) ; 
which establishes the result. 


Ex. Find Plttcker’s numbers for a curve of degree n with a siugh 
superlinear branch of order (i) «-l, (ii) u—2. 

[(i) m = n, fi = T = J (jt— 2) {» — 3), ic = i = » — 2, 1) — Q. 

(ii) w = 3(n — 1), S = J(n-3)(»-4), k = »-3, t = |(m-3) (9»-16) 
t = 7«-12, D = w-2.] 
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§5. Higher Singularities. 

The general problem, special cases of which have been dis- 
cussed in §§ 3 and 4, is as follows : 

Given a curve with any multiple point whatever 0, how 
many nodes, cusps, bitangents, and inflexions * must be con- 
sidered as coinciding with 0, in order that Flucker’s equations 
may formally hold 1 

Suppose the numbers required are <Sj, , Tj, ij. Let any 
first polar curve and the Hessian meet the given curve in a 
and p points coinciding with 0 respectively. Then we ,must 
have 

2 -f- 3 /fj = + 8 -f- q = ^ . • . . (i)- 

Similarly, if for the reciprocal curve the line corresponding 
to O passes through p intersections of curve and first polar 
and or intersections of curve and Hessian, 

J2ri + 3q = p, 6x^ + 8^ + /Cj = cr . . . (ii). 

First of all it is to bo noted that (i) and (ii) give identically 
3 (a + p) = )8 + (T. 

Hence the quantities /Cj, could not be found if this 
relation were not satisfied. To show that it is satisfied, take 
'^ 2 ’ ^2 number ot* nodes, cusps, bitangents, and 

inflexions not coinciding with O.f 

Since the curve and the first polar of P meet altogether in 
n{'ifh—l) points, namely at the points of contact of the m 
tangents from P, twice at each of the 8.^ nodes, thrice at each 
of the ACg cusps, and a times at 0, 

(X = ??(n — 1) — — 

Similarly from the Hessian, 

Likewise from the reciprocal curve 

p = — 71—2x2— 34.^, 

(T = 3m(m — 2) — fixg — 8^2 — ^2- 

The last four equations give 3 (a + p) = j8 + <r, as required. 

The equations (i) and (ii) are then consistent but not in- 
dependent. Our problem is soluble but not definite ; there 
are an iiffinity of solutions. We could make the solution 
definite if we had a definition of the deficiency P, which was 

♦ i. e. How many bitangents have both points of contact at 0, and how 
many inflexional tangents have their points of contact at 0 ? 

t We may consider these as ordinary nodes, &c., without loss of generality; 
ior CX, /3, py a only depend on the nature of the curve in the immediate 
neighbourliood of 0. 
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applicable to singularities other than ordinary nodes and 
cusps, for then we could add to equations (i) and (ii) 

Such a definition will be given in Ch. IX, § 7. 

We have not proved that /Cj, r^, thus obtained are 
positive integers or zero. 

In § 4 we proved that for the case there considered 
a = /j'^ — Z, p = 0, cr = /b — /, 
and verified that (i) and (ii) were satisfied by 

(Z; — 3) + /Ci = /c — Z, Tj = = 0, 

In this case the solution was made definite by our knowledge 
of the fact that the reciprocal curve had no multiple point on 
the line corresponding to 0, 


Kx. 1. Discuss the singularity ol' — *''+<( at (0, 0. 1). 
lUsing Ch. IV, § 7, Ex. 4 and Ch. VIJ, § 7, Ex. 2 (i) we find 
0C = { 2 >-l)(p + q), ji = h 2 >{p + q)-ip-2q, 

/>--= ('/-!) (?' + 9). a = 3q{p + q)-2p-Aq. 

These satisfy 3 (a + (j| =• |3 + (r, and § 8 (i) and (li) give 

lp{p + q)~2p-}.q + =^F, Ki=p-F, 

Ti = lq(p+p-^p-2q + =1 F, ,^ = q-F; 

where f’is any ayinmetric function of p and q. 

We may determine F by noticing that, since the curve is unicursal 
(Ch. X, § 4, Ex. 12), the reciprocal singularities at (0, 0, 1) and (0, 1,0) 
must lx*/ together ecpii valent to + + nodes and cusps ; 

i.e. (\+ Kj + Ti + ij = I + 1) (p + f/-2). 

Hence F — 1 and 

Kx. 2. Discuss the singularity of = y'^x at (0, 0, Ij. 

[By Ch. XVII, § 8 (V) the curve has a single point singularity at 
(0, 0, 1) and three other inflexions. The reciprocal curve is a 5-ic with 
the reciprocal singularity, no other inflexions, and three other cusps. 
Hence a = p == 7, ^ = o- = 21. These give 

= 2 + 31', Kj = ij = l—2k. 

We may prove k = 0, by noticing that, since the curve is unicursal, 

= 3.] 



CHAPTER IX 

QUADRATIC TRANSFORMATION 

§ 1. Definition of Quadratic Transformation. 

Suppose we have a fixed conic 2 with fixed tangents 
GA, CB (Fig. 1). Let any variable transversal through C cut 
2 in Q, and let {PP', Qli) be an harmonic range on the line 
CQB. In Fig. 2, if P lies in any portion of the plane, P' lies 



in the other portion labelled with the same letter, as is easily 
verified. 

The dotted conic in Fig. 2 is the locus of the middle point 
of the chord QR. ^ ^ 

Suppose that P traces out a locus c, P' will trace a locus c . 
The loci c, c' are said to be derived from one another by 
qvLadratic transformation; 2 being the ‘base-conic’ and C 
the pole of the transformation. 

Choosing ABC as triangle of reference, we may take homo- 
geneous coordinates so that 2 is = au/. 

If P' is the point {X, Y, Z), P is Y’ 5 these 



IX 1 QUADRATIC TRANSFORMATION 121 

points are collinear with G and conjugate with i-espect to 
■=■ xy. 

Hence, if f{x, y, s) = 0 is the locus o of P, then 



is the locus r' of P'.* 



F;g. 2. 


From this result, or from the original definition, we at once 
derive the following : 

If P is on AB, P' is at C. 

If P is on BG, P' is at B. 

If P is on AC, P' is at A. 

If c is a line through G, v' is the same line. 

If fi is a line through A, c’ is a line through B. 

If c is a line through B, c' is a line through A. 

If c is any other line, c' is a conic through A, B, C. 

For instance, if c is the line \x+yy + vz — 0, c' is 
\/y + y/x + v/z = 0; 
which is a conic through A, B, G. 

* It is more usual for reasons of symmetry to take the transformation in 
the form X : r : 2 = 1/® : 1/y : 1 A ^o that the curve /(a, 2/, «) = 0 “ trans- 
formed into /(I/®, 1/.V, 1/®) = 0. This is equivalent to quadratic tmns- 
formation followed by interchange of the vertices A and B of the triangle ot 
reference. 
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Again : 

If c meets AB &t P, c' touches CP at 6\* 

To the tangent at P to c corresponds the conic osculating r/ 
at C and passing through A and B. 

For if Q is close to P on 6*, Q' is on r' close to (7, and the 
limiting position of GQQ' (which is CP) is the tangent to c' 
at C. 

Also, to the line joining P to any point R of c corresponds 
a conic through A, B, R touching P at C. If approaches 
P, the conic becomes the osculating conic to c' at (7. 

Again : 

If c meets CA at P, c touches at A the line through A 
corresponding to BP, i. e. the lino joining A to the second 
intersection of BP with Similarly if c meets (^B at P. 



A (Fig. 3), and 


Hence to every intersection of c with AB corresponds a 
branch of e' through 6^, to every intersection of r with CA 
(or CB) corresponds a branch of r' through A (or B) ; and 
conversely. 

If c touches AB, two tangents to c' at (J coincide; and 
similaidy if c touches CA, two tangents to c' at A coincide. 

Suppose c is an n-ic with a i-pie point at a ^-ple point 
at A, and a g-ple point at B. 

Then c meets AB, CA, CP respectively at 
n—q — k other points. Hence c' has n—p — q, n—p — k, 


* Provided P is not at A, P, or C; and so througliout. It follows that, if 
c has k lineal^ branches touching CP at C, P is an ordinai’y /c-ple point of c; 
and vice versa. 
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U'-q — k branches respectively through C, A, B, Also it meets 
AB at the k intersections of AB with the tangents to c at C ; 
and similarly it meets CA and CB at and q points re- 
spectively other than A, By C, 

Since c' meets AB at {(7i—i)--k) + {ii — q~k)-\-k] points, it 
is a {2n—p—q--kyic, Hence : 

If c is an u-lc xoith a k-ple point at t\ a p-ple point at A, 
and a q-ple point at B, then c' a (2 n — p~q~kyic ivith an 
{n — p — qYple j^oint at (f an {n--p — k)-ple point at A, and 
an {n — q — kyple point at B. 

For instance, taking = 2, ^> = r/ = 1, ^ = 0, we see that 
the transform of a conic through A and B is a conic through 
A and B. 

Kx. 1. Properties of any quintic with three or more double points can 
be deduced from those of a quartic with the same deficiency. 

[Take three double points as A, ii, C of § 1. The i)roperties so derived 
are not usually of much elegance or importance. Our knowledge of the 
theory of quintic curves (and still more of sextic) is very limited.] 

Ex. 2. If two curves (or branches of the same curve) have r-point 
contact at a point on CA, the transformed curves (or branches) have 
(r+ l)-point contact at A. 


§ 2. Inversion. 

If in § 1 we project A, B into the circular points, 2 becomes 
a circle with centre C, and P, P' are inverse points with 
respect to this circle. The loci c, c' of P, P' are now inverses 
of each other with respect to the circle. Hence inversion is 
a particular case of quadratic transformation, and quadratic 
transformation is the generalization by projection of inversion. 

From the results of the last section we may derive many 
well-known theorems connected with inversion. For instance, 
‘ the inverse of a ciide is a circle ‘ the inverse of a curve with 
respect to a focus is a curve with a cusp at each circular 
point ’, and so on. 

One of the main uses of quadratic transformation is to 
deduce properties of a curve c from those of its transform c\ 

This is exactly equivalent to the process of projecting two 
points into the circular points and inverting with respect to 
some other point. 

The main advantage of quadratic transformation over pro- 
jection followed by inversion is that, if A, B in Fig. 1 are to 
be projected into the circular points", it is convenient that they 
should bear similar relations to the curve c (e. g. be both nodes, 



124 


INVERSION 


1X2 


or both cusps, &c.) ; and this restriction is unnecessary if we 
employ the generalized form of inversion, namely, quadratic 
transformation. 

Quadratic transformation (or the equivalent process of in- 
version) will also enable us to simplify the solution of problems 
which have been discussed in Ch. VI and elsewhere, such as 
the determination of the number of intersections of two 
curves at a given point, the expansion of y in terms of x near 
a given point, the number of tangents from a point whose 
points of contact coincide with the point, &c. 

§ 3. The Number of Intersections of two Curves at 
a given Point. 

If the point F in Fig. 1 does not lie on a side of the triangle 
ABC^ the quadratic transformation evidently transforms two 
curves meeting at P into two curves meeting at P'. Suppose 
then we have two curves of degrees ti and N, and we want to 
know how many intersections of these curves must be con- 
sidered as lying at a certain point, which is a ^•-ple and a 
X-ple point on the two curves respectively, if we are to 
observe the convention that an a-ic and an -V-ic meet at iiN 
points. 

Take the point as fy, and take the sides of the triangle ABC 
(Fig, 1) so as to have no other special relation to either curve. 
Suppose that the curves meet in r points other than 0, and 
therefore r times at (7. The transformed curves are of 
degrees 2n — k and 2N—K, have multiple points of orders 
n — k and iV— jfiC at each of A and P, and have multiple points 
of orders n and N at 0 (§ 1). 

At A, B, and C no two branches of the transformed cui-ves 
touch one another; since we took the points A and P in a 
general position. The transformed curves therefore meet 
(n — k) {A—K) times at each of A and P, and aiV times at 0 
(Ch. I, § 7 ; Ch. VI, § 2). They meet also at the transforms of 
the r intersections other than C of the original curves. Hence 
they must meet at s points on AB other than A and P, where 

8 = {in-- k) {2N — K) — 2{n — k){N — K) —nN —r 

= nN—kK—r. 

Therefore nN—r = n-k-kKy so that : 

If Hvo curves have a k-ple and a K-ple point at 0 respec- 
tivdy^ and the transformfied curves meet at s points on the line 
AB other than A and P, the two given curves meet s-k^hK 
times at C. 
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We suppose, as stated before, that the lines GA and OB 
have no special relation to the curve, thougli this restriction 
may at times be removed if due precautions are taken. 

If the transformed curves intei-sect at a point II on AB, and 
it is not immediately evident how many times they meet at 
//, we may apply the above theoiem to the transformed 
curves, taking G at H. 

As a simple example of the above theorem, take the case of 
a curve passing through the cusp G of another, the two curves 
having a common tangent at (7, which meets A B at H. The 
transformed curves pass through H, one touching AB and the 
other not, so that they have a simple intersection at H. 
Hence the number of intersections of the original curves at G 
is 1+2. 1=3. 

As another example, take the case of curves with h and K 
linear branches at G respectively, all the branches having Gll 
as a common tangent. The transformed curves have fc-ple 
and A"-ple points at if, and therefore meet in kK points coin- 
ciding with H. The original curves therefore meet at "ZkK 
points coinciding with G, 

§4. Class of a Curve. 

Suppose we wish to find the number of intersections (x of 
a curve with any first polar curve at a multiple point G of 
order k on an nAc., We may find the equation of the polar 
curve and then use § 3. An alternative method is the 
following. 

Suppose A and B have no special relation to the curve. 
The first polar of P meets the n-\Q. oc times at G, and at the 
m points of contact of the tangents from P. We shall assume 
the >i-ic has no multiple point other than G.^ Then 
m = n{n — l) — (X, 

To each of the m tangents from A to the a-ic corresponds 
a tangent from B to the transformed curve whose point of 
contact does not lie on AB. Now the transformed curve is of 
degree 2n—k. It has ordinary {n — k)-^]e points at A and B, 
and an -n-ple point at G. It meets the fii*st polar of B 
{ti —k){n — k — '[) times at A, {n — k)(n — k-^l) times at P, 
91(71 — 1) times at G (Ch. VIII, §3), at the on points of contact 
of tangents from B not lying on AB, and (say) a' times at 
points on ilP other than A and B. 

* oc depends only on the shape of the n-ic in the neighbourhood of C, so 
this assumption involves no loss of generality. 
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Therefore 

(271 — /c) (271 ~/u — 1) = (n~Ji) — + — {n — k + 1) 

m + (x\ 

or (>i — A*) (71/ + /.*— 1) — a' = 771 = ih(n—])~(x. 

This gives 

OL = a' + A"(fc-l). 

Now the number of intersectious at H of sl curve with the 
first polar of 0 is dependent on the shape of the curve in the 
neighbourhood of H in general and not on the position of 0 
(unless 0 is near H or on the tangent at H), 

Hence : 

The number of ii iter tied iom of a curve luith any first polar 
curve at a k-ple point C is equal to the number of inter sed ions 
k(k—\) at an ordinary Ic-ple point together nnth the number 
of those intersections of the transformed curve with any fird 
polar which lie on AB but not at A or B, 

For example, if the curve has A* linear brandies with a 
common tangent at C meeting AB ni H. the transformed 
curve has a A^ple point at H. The effect of this on the class 
of the transformed curve is to lower it by k{k—\)\ and there- 
fore the effect of the singularity at C is to lower the class of 
the original curve by 2k{k — \). 

§ 6. Tangents from a Singular Point to a Curve. 

Suppose that in the curve of § 4 A of the tangents from C 
have their point of contact at (\ and that p of the tangents 
from C to the transformed curve have their points of contact 
on AB. The other tangents from G to the transformed curve 
are the n tangents at C each counted twice, and the 77i — X 
tangents from G to the given 7i-ic which do not touch at C, 
Hence the class of the transformed curve is 
m — X + ^ + 2 7?<, 

But we see, as in § 4, by consideration of the tangents from 
B that this class is 

m + 2 (ti — / c) + € , 

where e is the number of tangents from B to the transformed 
curve whose points of contact are on AB but not at B (or A). 

Therefore \ 2k + p — e, or : 

The number of tangents from the k-ple point C to a curve 
whose points of contact coincide with 0 is 2 /j, p/us the number 
of tangents from C to the transformed curve whose points of 
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contact are o)t ABy rmnus tlie 'number of tangents from B to 
tite tra'nsformed curve whose jioints of contact are on A B but 
not at jB. 

For example, if the curve has />; linear branches at C with 
a common tangent meeting AB at H, the transformed curve 
has a A^-ple point at H at which in general neither AB nor 
CH is a tangent. Hence the points of contact of 2fc tangents 
from C coincide with ( /. 


hx. a tangent at a Z'-ple point C of an n-iv. meets the curve in 
k + r points coinciding’ with C and meets AB at II, the transformed 
curve meets C If in r points coinciding with //. 

[The transformed curve meets CII w times at C and n — /i* — r times not 
at C or JL But it is of degree 2?/ — /c.) 


§ 6. Latent Singularities. 

Suppose that the transform of a curve with a A:-ple point at 
C has a ^-ple point at H on ABy not coinciding with A or B. 
Suppose now that the transformed curve and the lines GAy CB 
are kept fixed while the line AB is slightly displaced so as not 
to pass through 7/. Tlien the original curve will alter its 
shape slightly. The transformed curve now cuts -47? in k 
distinct points not close to A or B (j of them very close to H), 
so that the original curve has an ordinary /c-ple point at C 
and a ;/-ple point corresponding to H at the point 77' very 
close to G, As AB is moved back into its original position 
the ^-ple point at 77' moves up to C and coalesces with the 
A;-ple point to form a ‘ higher singularity ’ at G. The j-ple 
point of the transformed curve is said to be latent in the ifc-ple 
point G of the original curve. 

We say that C has been ‘ analysed by quadratic transforma- 
tion 


§ 7. Deficiency. 

We defined the ‘ deficiency * 7) of an nAo in Ch. VIII, 2 
and 3 as ^{n — l){n—2) — 8—Ky where S was the number of 
nodes and k the number of cusps, with the proviso that an 
ordinary /c-ple point is to count as ^Jc (k — l) nodes. 

It is desirable to give a definition which shall be valid when 
the curve has higher singularities. It is difficult to do this 
satisfactorily without a knowledge of function-theory, but an 
attempt is here made. (See also § 12, Ex. 10.) 

First we word the definition pf deficiency when no higher 
singularities exist a little differently. We say that the 
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deficiency of an n-w is one more than the nv/niber of arbitrary 
coej^ients in the equation of the most general adjoined 
{n—^yic,^ 

By an ‘ adjoined ’ -Y-ic we mean one which has a {k— l)-ple 
point at every fc-ple point of the /i-ic. 

That this definition of deficiency is equivalent to the earlier 
one is readily proved. 

To state that a curve has a (A;~l)-ple point at a given 
point is equivalent to assigning 1) linear relations 

between the coefficients of its equation (Ch. II, § 6). Hence 
the {n — 3)-ic has 

arbitrary coefficients, the summation being taken over every 
multiple point of the ^i-ic. But this is the number we have 
defined in Ch. VIII, § 3 as D— 1. 

We shall state the fact that an jY-ic has a (fc — l)-ple point 
at a given A:-ple point 0 of an rtACy by saying that the N-ic is 
‘ adjoined to the 7^“ic at 0\ If the ^Mc is ‘ adjoined ’ to the 
7i»-ic, it is adjoined at every multiple point. 

§ 8. Deficiency unaltered by Quadratic Transformation. 

We now show that the deficiency of a curve and its quadra- 
tic transform are the same, when the curve has only ordinary 
multiple points. Suppose as in § 1 that an ^i-ic has 2^-ple, 
(y-ple, fc-ple points at A,£,G respectively. Any adjoined 

— 3)-ic has {p— 1 )-ple, (g — l)-ple, (I* — l)-ple points ed A, B, C. 
By § 1 the transforms of the n-ic and — 3)-ic are there- 
fore a (2 a — {n—p — ky^\c, (n — g — /c)-ple, 
(^n—p — qyplo points at A, B, C and a curve of degree 
2(ri-3)-(2>-l)-(g-l)-(/c-l) =:2n-p-q-k--S 
with a multiple point of order 

(n-S)-{p-l)-(q-l) = n-p-q-1 
at (7, and so for A and B. 

Thus the transforms of the curve and an adjoined curve of 
degree lower by three are also a curve and an adjoined curve 
of degree lower by three; from which the equality of the 
deficiencies of the ^-ic and its transfoim follows immediately. 

We have assumed h all greater than zero. Now 

suppose k = 0. The transform of the (n, — 3)-ic is now only of 
degree 2n-p-q—4^ (not 2n-p—q — Sy as required for the 


* To complete the definition add ‘and D - 0, if n 1 or 2 ; while D - 0 
or 1 when w « 3, according as the cubic has or has not a double point \ 
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proof) and has a multiple point of order a —p — 2 (not a —p — 1 ) 
at A ; and so for B. But if, as ivS lawful, we take as the 
transform of the (u — 3 )'ic the (2 h — — 7 — 4)-ic together with 
the line A7i, we obtain a curve of degree — S ad- 

joined to the transform of the n-io. 

In fact, since the transform of the n-io. is of degree 
2u—p — q with (ii— p)-ple and Oi — ^)-ple points at A and 
B, an adjoined (2n—p — q — Sy\c has (a— 2 ^— l)-ple and 
(a — — l)-ple points at A and B, The line AB therefore 
meets the adjoined curve in points whose number is greater 
than the degree of the curve, showing that the curve degener- 
ates into AB and a (2 /i— p — g — 4)-ic. 

Similarly, if jo = 0 . CA is part of the transformed adjoined 
curve ; and, if q = 0, OB is part of the curve. 

In practice, however, the case p, q, h all greater than zero is 
the only one we need consider. In the following we shall 
require to transform any curve by successive quadratic trans- 
formations into one having only ordinary multiple points with 
distinct tangents. To do this we can take A and B as ordinary 
points on the curve and C as any multiple point which is not 
‘ ordinary The process of transformation is repeated till 
only ordinary multiple points are left.* 

§ 9. Deficiency for Higher Singularities. 

The definition of deficiency can be applied to curves with 
higher singularities when we have defined what we mean by 
a curve adjoined to an /t-ic with such singularities. 

Suppose that in § 6 a curve has a (y — 1 )“ple point at JT, then 
its transform w^ould be considered as adjoined to the given 
curve at the A;-ple point G. If the y-ple point H is not an 
ordinary one, it could bo still further analysed by taking G ab 
H in § 6 . In this way we can find what is intended by a 
curve adjoined to the transformed curve at H, and then the 
transform of this adjoined curve will be adjoined at G to the 
given curve. 

According to this definition we shall still have deficiency 
unaltered by quadratic transformation. 

For instance, if the given curve has k linear branches touch- 
ing OH at G, the transformed curve has an ordinary /c-ple 
point at H, A curve adjoined to the transformed curve has 
therefore a (i;-"l)-ple point at H. Hence a curve adjoined to 

* 

♦ It is fairly evident that this is possible. We do not give here the 
formal proof. 


2218 


K 
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the given curve has k—l linear branches touching (^H at C, 
Also the /b-ple point C lowers the deficiency by k{Jc — l), since 
the k-ple point at H lowers the deficiency of the transformed 
curve by ^k{k — l). 

§10. Intersections of a Curve with Adjoined Curves. 

To state that an -Y-ic is adjoined to an 7i-ic at an ordinary 
/j-ple point C is equivalent to assigning ^k{k—\) linear rela- 
tions between the coefficients of the equation of the A'-ic. The 
number of intersections of the n-ic, and A^-ic at C is k{k—l), 
which is twice the number of linear relations just referred to. 

Now suppose, as in § 6, that C has a latent ji-ple point. The 
transform of the A^-ic has an equation whose coefficients are 
subjected to (j — I) linear relations, since it has a (j — l)-ple 
point at 11, Hence the coefficients of the equation of the A-ic 
are subjected — linear relations in addition to the 

^k{k—\) relations which state that U is a (fc— l)-ple point of 
the A-ic. 

Also, since the transforms of n-io and A-ic meet j {j — 1) 
times at A, the n-ic and A-ic meet k (k—l) +j (j—l) times at 
C by § 3, which is again twice the number of relations between 
the coefficients of the A^-ic due to the fact that it is adjoined to 
the a-ic at C, 

If ii is not an ordinaiy i-ple point, it may be analysed in 
its turn till the a-ic is finally resolved into a curve with 
ordinary multiple points only.* Hence : 

The number of inter sections of an n-'ic ami adjoined N-ic 
at the multiple points of the mic is twice the number of rela- 
tions to which the coefficients of the equation of tf^e N-'ic are 
subjected owing to the fact that the N-ic is adjoined to the n-'ic. 

The number of relations in question is 
li'n-l) {n-2)-D; 

for an adjoined (ti— 3)-ic has D — 1 arbitrary coefficients in its 
equation. 

We deduce that 

If a pened of N-ics is adjoined to an n-ic and the base- 
points of the pencil other than the multiple points of the n-ic 
are also on the n-ic, any N-'ic of the pencil meets the n-ic in 
I (76 — A) ( A— -|r 3) + variable points {n>N). 


* This statement assumes that a curve and an adjoined curve are trans> 
formed into a curve and an adjoined curve ; i.a, N — n-3. But the number 
of intersections and of relations between the coefficients due to the adjoining 
at C is evidently independent of the value of N. 



IX 11 


ANOTHER TRANSFORMATION 


131 


Of the fixed intersections of the w-ic with a variable N-ic of 
the pencil (n — 1) (n — 2) — 2 D lie at the multiple points and 
^N{]!f+3}~l~-l{n-l)(n-2)+D* 
at the remaining base-points of the pencil. 

There remain 

nJH— {(»— 1) (n—2) — 2D\ 

-\lNiN+3)-l-l{n--i){n-2) + D] 

= ^\n-N){N-n + 3) + I) 

variable intersections. 

If A = — 3, the number is Z). If iV" = — 1 or 7? — 2, the 

number is + 1. 

Kx. 1. A pencil of JV-ics has as its base-points points of an >/-ic, being 
adjoined to it at all its singularities with the exception of k cusjis and 
certain of its ordinary multiple points. If any N-ia, of the pencil meets 
the w-ic at p points other than base-points, while q N-irs of the 2 )encil 
touch the M-ic at a jioint other than the base-points, show that 
q — 2p-|- 2 (i>— 1) — k'. 

[The M-ic may be transformed by successive <juadratic transformations 
into a curve with ordinary multiple points; andp, q, k\ I) are unaltered 
by this iirocess. Now use Ch. VII, § 10, Kx. 12.] 

Kx. 2. A peniil of A^-ics has as its base-points points of an >«-ic and is 
adjoined to it. Show that 

{n-N) {N-fH 3)-f4i>-2 

of the AMcs touch the ?f-ic at points other than a base-point. 

§ 11. Another Transformation. 

A form of transformation alternative to that in § 1 is 
obtained by taking as our base-conic a pair of lines through 
B harmonically conjugate to BA and BC. As before, we take 
any transversal through G cutting these lines in Q and R and 
take points P and P' on the transversal so that {PP\ QR) is 
harmonic (Fig. 4). 

In Fig. 5, if P lies in any portion of the plane, P' lies in the 
other portion labelled with the same letter, the hyperbola 
in the figure being the locus of the middle point of the 
chord QR, 

Choosing homogeneous coordinates so that ABC is the 
triangle of reference and the two fixed lines are we 

find that, if P' is (X, r, Z), P is (X, F, Xy^), since CPF' is 
a straight line and the pencil B(PP\ QR) is harmonic. 

Hence if the locus of P is f(x, y, z) = 0, the locus of P' is 

f(x, y, x^/z) = 0. 

♦ N must be such that this quantity is positive or zero. We may always 
have N - w - 1 or n — 2, when n>2. For N to be n-S, we must have 2^>1. 

K 2 
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It is at once shown that this transformation may be obtained 
by taking in succession three transformations of the type of 
§ ], the base-conics being respectively 

— ./• 2 / 4 . c = 0 , = 0 , ir- + U'// -z^ .= i) 

and the pole of the transformations being ( 0 , 0 , 1 ). 

The properties of the transformation are somewhat similar 
to those of the transformation of § 1 . 

The reader will have no difficulty in verifying the following 
statements, in which c and c/ are the loci of P and P' respec- 
tively : 

If c is a line through P, so is r'. 

If c is a line through /i, so is c'. 



If c is any other line, r/ is a conic through touching AB 
at P. 

If c meets -dP at P, c' touches OP at 0. To the tangent at 
P to e corresponds the conic osculating c at C and touching 
AB Q,t P. 

To each inteisection of c with BO corresponds a linear 
branch of c' touching AP at P. 

To each linear branch of c through B (not touching AP) 
corresponds a linear branch of c' through P, the tangents to 
the two branches being harmonic conjugates with respect 
to the two given lines. 

If c is an ti-ic wdth a /v-ple point at 0 and a r/-ple point at 
P, c' is a {2n — k--qyic with an (a — ^)-ple point at C and 
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n — h linear branches through B, n — lc — <i of which touch AB 
at B. 

The theorems in italics in §§ 3, 4, 5 relating to the number 
of intersections of two curves, tangents from a singular point, 
and class still hold for the transformation of this section.* 
The proofs are very similar, and the necessary modifications 
may be left to the reader. He will require the application of 
the theorems to the case of a point at which linear branches 
touch. This has been given at the end of each of these sections 
by way of illustration. 



Fig. 5. 

The transformation of this section does not alter the dc- 
hciency of a curve. For it is equivalent to throe transforma- 
tions of the type of §1, none of winch alters the deficiency 

<§«)• 

^ 12. Applications of th^s Transformation. 

The main advantage of the method of § 11 is that the posi- 
tion of the line LM is still at our disposal. For instance, 
suppose the curve /(.r, z) = 0 goes through C. We may 
take CA as a tangent at C without loss of generality, which 
was not the case in § 1. Much simplification in arithmetic may 
be thus secured. 

In ilie tlieoreni of § 3 road ‘otlior tliiin B" for ‘otlior tliini A or B\ In 
the theorem of § 4 read ‘ but not at B ’ for ‘ but not at A or B ’. 
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If GA is a tangent at G, the transformed curve passes 
through A, It is convenient to take GBA instead of ABC as 
triangle of reference for the transformed curve. This is 
equivalent to interchanging x and z in the equation of this 
transformed curve, which now becomes f{z, y, = 0, the 
original curve being f{x, y, z) = 0. 

Writing it in the form f{x/z^ 1) = ^9 we see that, if 

the Cartesian equation of the original curve is f{x^ y) = 0, the 
transformed curve is /(.r, xy) = 0. 

Points of / {x, y) = 0 near the origin correspond to points of 
/ {x, xy) =1 0 near the axis of ?/, and points of one curve near 
the axis of x correspond to points of the other curve also 
near the axis of a\ 

If the nature of any singularity 11 of the transformed 
curve is not immediately obvious, we may take H as origin 
and repeat the transformation. 

Kx. 1. If CA is the tangent at the (*URp C of a curve, is an ordinary 
tangent to the transformed curve at A. 

More generally, if CA is a tangent at C to a supcrlinear branch of 
order >•, AB is a tangent of r-point contact to a linear branch at A. 

. ... ... becomes, on putting 

xy for y and dividing by x ' , 

If T=ax-\ hxyJr ... -4 A*.rf/’+^+ ....| 

Kx. 2. If CA is a tangent of r-point contact at C to a curve', CA is 
iv tangemt of (r l)-j)oint contact at A to the^ transformed curve. 

Kx. o. A quadruple ])oint ol‘ a curve consists of two cusps with a 
( ominon tangent. Find the elfect of this point on class, deficiency, 

I Taking C as multiple point and CA as tangent, the transformed 
curve has two linear bninches touching AB at A (Kx. 1). We have 
shown that the effect of such a ‘ tacnode ’ as ^ is to lower the class by 4, 
and also the two tangents from B to the transformed curve touch at A. 
Therefore the effect of the quadruple point on the class is to lower it by 
4-f 2-f-4.3 = 18. Again, the tacnode lowers the deficiency by 2, so 
that the quadruple point lowers the deficiency by 2 + i4.3=8. A 
curve adjoined to the transformed curve at A has a linear branch 
touching AB iii A, ^0 that a curve adjoined at C to the given curve has 
a cusp at C with CA as tangent. The tacnode is latent in the quadruple 
imint^C, which may be <;onsidered (Ch. VIII, § 5) as equivalent to b 
nodes and k cusps where 6 -i-k = 8, 2 5 + 3k = 18, or 5 = 6, k = 2. 

The tangents from C which touch at C are 2.4 + 0 - 2 = 6 in number.] 

Kx. 4. Discuss similarly the case of the rhamphoid cusp. 

[Taking C as cusp and CA as tangent at C the curve is 
0 — (y -I- ax^)^ -f if (hx + cy) + y {dx^ + ex^ y -^fxif + y^f) 4 hoc^ -f . . . ; 
and the transformed curve is 

0= (y + ... 


which has a cus}) at A, 
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Hence C is a double point with a latent cusp. The existence of a 
rhamphoid cusp lowers the deficiency by 2 and the class by 2 H 3 = 5- 
An adjoined mrvo has a linear branch touching CA at C. The rham- 
plioid cusp may be considered as formed by unitinfj an ordinary node 
and cusp. Since the reciprocal of a rhamphoid cusp is also a rhamphoid 
c-usp (Ch. VI, § h, Ex. 1), it may be considered as formed by the union 
of a bita’ngent and inflexion. The number of tangents from C whose 
points of contact lie at (7 is 4.] 

Ex. 5. Discuss the nature of the origin for 

[Put 1 JX for y and use induction. 

There is a latent cusp and n-1 latent nodes. The origin lowers the 
class by 2 w 4- 1 and the deficiency by n. An adjoined curve has a linear 
biunch with y =«0 as a tangent of n -point contact.] 

Ex. 6. Discuss the origin for the curves 

(i) f/M 2xt*y^x’^P±> =0. 

(ii) yt* = 

(iii) (y — xJ*Yf — 

[Put yx for y and use induction.] 

Ex. 7. Show that the efibet on Pliicker's numbers of a double point at 
which two linear branches have r-point contact is the same as that of 
/• nodes and r bitangents in general. 

[Use induction.] 

Ex. 8. Find any latent double points of the following curves at the 
origin ; where u^x + if. 

(i) iripxU qif). 

(ii) n^=-xy\ 

(iii) (u-'(Xi/){u-liy*){u-yy-) 

[(i) Two latent nodes. 

• (ii) A latent node and cusp. As another example find the double 
points latent in its Hessian at the origin. 

(iii) Put in turn yx for y^ x- y for ar, xy for a?, &c. Consider separately 
ihe cases Ar = 1, ^ = -OLfiy, and also 

a = ^ = Of = /5=:y==0. 

To trace the curve, find its intersections with u = ty^. \ 

Ex. 9. The* order of a superlinear branch at C (§11) is equal to the 
order of the transformed bi*anch plus the number of tangents from B to 
this transformed branch which coincide with BA. 

[Put yx for X in the expansion Ii) of Ch. VI, § 3. U 2oc> ^ > Oi, 
apply ‘reversion of series’ (Ch. VI, § 1) and the theorem at the end of 
Ch. VI, § 5 to the transformed expansion.] 

Ex. 10. If I is the order of any superlinear branch of a curve, 

2(D-1) = ///~2« + 2(/- 1), 

the summation being taken over all the superlinear branches of the 
curve. 

[Repetitions of the transformation of § 11 will transform the curve 
eventually into a curve with no superlinear branch, for which the result 
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is readily seen to be true. But Ex. 9 proves unaltered 

by such a transformation. 

We may define the deficiency as 

^ {w-2a/ + 2 (/-I)] +1, 

if wo choose. This is an alternative definition to that given in § 7.] 

Ex. 11. Prove Ch. VI, § 2, Ex. 7 by quadratic transformation. 

1 Use Ex. 2, § 8, and induction.] 

Ex. 12. Two curves having at C superlinear branches ot orders Z- and 
K(K ^ k) with a common tangent meet Z*{/r+l) times at C. 

[Use Ex. 1 and 11.] 

Ex. 18. Two curves have a common tacnode C with a common tangent 
at C. How many of their intersections (*uincide with U? Discuss the 
case in which two or more of the branches at C osculate. 

Ex. 14 Discuss similarly the case in which U is a rhamphoid cusp of 
both cuives. 
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THE PARAMETER 


§1. Point-coordinates in terms of a Parameter. 


Suppose the coordinates of any point (.>*, y, z) of a curve 
ffiven as functions of a quantity f, whicli wc will call the 
parar)ieter of the point, by the equations 

^ — f(0^ 

The ef|uation of the line joining the points with parameters 
/, /j is evidently 


I // ' ; 

f(o \ 

' 

Making /, approacli t, wo liave the equation 


V 

fin <i>(t) 

f(t) ¥(f) 


V/(<) 

Vif) 



■ (i)- 


(ii) 


for the tangent at the point with parameter /. 

The condition that the points with parameters t, U should 
be collinear is 


1 


/(/.) 0(0' f(0 I 

f{t^) 4>if,) =<> • (i'i)- 

f{L) 

To lind the real nodes, we suppose that the parameter of a 
point considered as lying on one branch of the curve at a node 
is t, and that the parameter of the point considered as lying 
on the other branch is The equation (iii) must he satisfied 
for all values of since the points with parameters t and tj 
coincide. 

This will give us equations in t and which are equivalent 
to two equations to solve for t and 


’*■ We assume throughout that in goiieral to each point on I he curve corre- 
sponds a single value of L Seo § 4, E.\. 13. 
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A similar method is to equate to zero the coefficients of 
7 /, c in (i) ; for the line joining two coincident points is in- 
determinate. . 

If the values of t and thus obtained are real,* the node is 
a crunode ; for on giving a small increment to the value of 
/ or we obtain a real point on the curve close to the node. 

If the values of t and are conjugate complex quantities, 
the node is a real acnode. 

The cusps are (jiveu hy the equations 

/'(<)//(0 = = t'WMO ■ • • 0^)- 

For if the values of the parameter at a double point are 
t and 

fWit) = <l>(ti}/<p(t) = ^ (say)- 

♦Therefore 

(/c — l)/((j -t) = -/ (t) f/(f] — t)f {t} = f'{t + 0 Pi - f ] )// (^)’ 

whore 1 > > 0, by the mean-value theorem. 

Now make approach t, i. o, suppose the tanjfents at the 
double point approach coincidence. Then 
f'(t)/f{t) and similarly <f> (t)/i>{t), 
all become equal to the limiting value of (/c — l)/(^j — 0- 
The injiej'ions are (jiven l/y tlie equation 

f <f> f 

T{1)= r (/)' V.' =0 . . . . (v); 
./■" </>" V 

where denote /(<),/(<)>••• • . . 

For suppose the tangent (ii) meets the curve again in the 
point with parameter T. Then 

.f<t) c/>(0 ^{t) 

f{f) q,'{t) qr'(t) =0. 

f{T) ^(T) 

Wc may replace the elements in the third row of the deter- 
minant by 2{f(T)-f\t)-(T-t).f{t)]/(T-tf, &c„ without 
altering its value. 

Now if the point of contact approaches an inflexion, one 
value of T approaches t But 

which proves the result. 

* It is supposed tliat/, <py ^ arc real, if / is real. 
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The cusps, for which f'/f = 0'/^ = '0y^/r, are also given by 
F(t) = 0. The cusps are ffiven by the values of t satisfying 
both F(t) = 0 and 

f 0 V' I 

F'{t)= /' 0 ' r 

0 '" 0 '" 

while the parameters of the inflexions satisfy F(t) = 0, but 
not F'(i) = 0 in general. 

If/, 0, 0 are polynomials in the cusps are given by the 
repeated roots of F(t) = 0, and the inflexions by the single 
roots. 

The degree of the curve (if it is algebraic) is obtained by 
noting that the line 

Xt/: + fxy + = 0 

meets the curve where 

A./(^) + /i0(f) + i/0(^) = 0. 

If this equation gives values of t corresponding to exactly 
n distinct points on the curve, the curve is of degree n. 

^ 2. Line-coordinates in terms of a Parameter. 

If 

X.v -{■ jiy = 0 

is a tangent to the curve in § 1, we may take 

X = 00' — 0'0, fJL = 0f 07', = /0' - /’'0 

by equation (ii) of § 1. 

Hence the line-coordinates X, /x, y of any tangent to the 
curve are expressed in terms of the parameter t. 

Just as we obtained the parameters of the nodes and cusps 
and the degree of the curve, so by using the line-coordinates 
we may obtain the parameters of the bjtangents and inflexional 
tangents and the class of the curve. 

For instance, the inflexional tangents will be given by 
X'/X = fiyfjL = V /v ; which correspond to equation (iv) 
of §1. 

An alternative method of finding the nodes and bitangents 
is as follows. Suppose that the tangent (ii) of § 1 meets the 
curve again at a point whose parameter is T. Then 

/(r) <^(T) 

/(O m 'I'ii) =0 . . . (i). 

^ ^ fit) fit) fit) 

Write down the condition that this equation in T has equal 
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roots. We obtain an equation in i whose solutions are the 
parameters of the points of contact of the bitangents and the 
points of contact of the tangents from the cusps. 



If wo write down the condition that (i) considered as an 
equation in t has equal roots, we get an equation giving the 
parameter T (:^ <) of a point P on the curve from which two 
coincident tangents can be drawn not coinciding with the 
tangent at P. 


USE OF A PARAMETER 


141 


X 2 


It is clear that P is either an intersection of the curve with 
an inflexional tangent, or is a node. In the latter case the 
coincident tangents from P are the tangent to the other 
branch of tho curve through the node. 

If the curve is referred to Cartesian axes, the coordinates of 
any point being 

y = <f>(0/ylr(t), ^ 

the results of §§ I, 2 evidently still hold with slight modifica- 
tions ; for instance, tho tangent at any point is obtained l)y 
putting 1 for 3 ? in equation (ii) of § 1. 

Kx. 1. Find the doiihlo points, inlloxions, bitan/Jent, dej^iee, and class 

[Tho curve meets X.r + a = 0 where 

This equation is of the fourth degre(‘ in t, so that the curve is a quartic. 
Any tangent to the curve is 

This equation is of the fourth degree in so that the curve is of the 
fourth class. 

The equation (v) of § 1 giving cusps and inflexions is 

= 0 . 

Since the factor t occurs twice on the left-hand side, / = 0 gives 
a cusp, if in the original values of x and y we replace t by \jT and 
repeat the process, we see that 0, i.e. t co y also gives a cusp. 
The inflexions are given by 

2<2-2^-l = 0 or 

The equation of the line joining the points with parameters t and T is 
Qt^T^{t+T+l)x + (t-\-T-2tT)y 

+ 6a [(l-2tT){t^ + fT+T^) + [f + T){t-T)^} = 0. 
The coeflicients all vanish if f+!/’=— 1, 2iT=—l, This gives 

/ ^ 4 ( - 1 + v^3) as the parameters of the node. 

The tangents at the points with parameters T meet at the point 

3a; ^ I 

— 2 -{ 2uv + 2v’\-\ (2 — 4 V* + — 2 r) 

_ 9a 

— 2 w® + 2 a® + 5 at? — 2 v* + r * 

where u ~ t+l\ v — tT. 

If the tangents coincide in a bitangent, the denominators of these 
fractions vanish. Eliminating v we get 

w(2w + l)(u* — 2 m — 2) = 0, 

and obtain m = -5, v = as the values of u and v required. Hence 
^ = — 1 and ^ give the parameters of the points of contact of the 
bitangent. 

As an alternative method notice that the tangent at the point with 
parameter t meets the curve again at a point with parameter T where 

2(^-l)T2 + 2(^-l)(2^ + l)T-f(2^ + l) - 0 . . . (ii). 
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This gives coincident values of T if* < = 1, -i, - 1, ^ ; the correspond- 
ing values of T being oo , 0, - 1. Hence 1, — \ are the parameters of 

the points of contact of tangents from the cusps; and — 1, ^ are the 
parameters of the points of contact of the bitangent, as before obtained. 

Again, the equation (ii) considered as an equation in f has equal roots 
if 2 T® -p 2 T— 1=0, which gives the pai’ameters of the node ; or 
2T2-flOT~l = 0, which gives the parameters of the intersections of 
the curve with the two inflexional tangents. 

The curve is (see Fig. 1) 

12«^(3a7-p2y)-f 108a^ = 0.] 

Ex. 2. Find the double point and inflexions of 

a? = y r + 

[Acnode is (0, 1) given by M 1 = 0. Inflexions are (1, 1), (1, 0), 
(0, 00 ) given by ^ = 0, - 1, oo .] 

Kx. 3. Find the double point and inflexions of 
a? = (/-!)•', y = f^ 

[Acnode is (8, -1,8) given by 3/® + l =0. Inflexions are (0, 1, 8), 
(1, 0, -1), (8, 1, 0) given by ^ = 1, 0, -1.] 

Ex. 4. Find the double point and inflexions of 
a; = /2-pl, y = f3^3/ + 4, 

[Crunode is (1, 4, 0) given by = 0, 1. Inflexions given by 
(2i-l)f-f-l = 0, &c.] 

Ex. 5. Find the double point and inflexions of 

[Acnode is (3, 8, 4) given by — 3<4'4 = 0. Inflexions given by 
<^-3^2~3^-f7 = 0.] 

Ex. 6. Find the double point and inflexions of 

^ = cos3</), y = sin3<^, z = co3(p, 

[Crunode is (2,0, -1) given by <#> = ±j 7 r. Inflexions are (0, 1,0) 
and (1, ± '/, 0).] 

Ex. 7. Find the double points, inflexions, and bitangents of 
x = t\ y = I + t\ z==t. 

[Acnodes are (-1, 1, 1) given by ^*-<4-1 =0 and (1, -1, 1) given 
by -p f 4 - 1 = 0. Cusp is (1, 0, 0) given by t — oo. 

Inflexions are given by ^ = 0, 0, + v^2 ; the coincident values of t 
implying that t — 0 gives the point of undulation (0, 1, 0). 

The bitangents are a? = 0 and a:4-4y = 0 given by f® = 0 and 
2f®-Pl=0.] 6 j 

Ex. 8. Find the inflexions of 

ar = /3-137, y = /"4-255, c = f-9. 

[^ = oo,0, -1, -3, 5,17.] 

Ex. 9. Find the double points, inflexions, and bitangents of 
X = a (t^-3t). 

[Cusps where = 1, crunode where = 3, point of undulation with 
infinitely distant tangent where / = oo .] 
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Kx. 10. Find the double points and indexions of 

I Triple point where ^^ + 8 = 0, inflexions where — 4) = 0, un- 
dulation where ^ == oo .] 

Fx. 11. Find the double points and inflexions of 

X : 1 / : ^ — (t* + at^) : 

[There are cusps at (1, 0, 0) and (0, 1, 0) given by ^ = oo and ^ — 0. 
The third double point is also a cusp if « = 4 6, given b}^ t — -2b] 

Fx. 12. Find the double points and bi tangent of 
X :y : ^ = :2f:(f^-^l)\ 

[Cusps where f = ± oo . liitangent r = 0, the points of contact 
given by / = + /. Any tangent is 

tU'^ + l)x-{t^ + l)i/ + f- = 0 .] 

Fx. 13. Find the double points and inflexions of 
X :ij : z ^ + -1 : (1 + f + 

[Double point at f = oo , inflexions at ^ ^ J 

Fx. 14. Tf .r : y \ z — /(^) \ (^>{1) : is a curve and 

/(a + i^) =,/; (a, 4 («» 3'). 

the acnodes are given by solving for (X and from 

Apply the method to Fx. 7. 

Ex. 15. The equation of the conic of closest contact at any point of 
30 : y : - =/(0 : <#>(0 ^ 

is obtained by equating to zero the determinant whose first row has the 
elements ?/*, yz, zx, xy, whose second row has the elements 
.A <#>’*? /0i whose other four rows have as elements the 

first, second, third, and fourth derivatives of these with respect to t. 

Find similarly the cubic, quartic, ... of closest contact. 

[The reader may apply the same method to find the osculating sphere 
at any point of a twisted curve, &c. 

The evaluation of the determinant when /, 0, \lr are polynomials is 
easily carried out by noticing that the determinant, whose first row is 

..., 

and whose other rows are the 1st, 2nd, ..., (»--l)-th derivatives of these 
with respect to is where 

i? = («„-cx„_2) ... (a«-ai) ... ((X2-o(,), 

(t = 0(i-h(X2+ ... 4-0f„-^w(w-l). 

If /, 0, 0^ are trigonometric or hyperbolic functions, we may express 
them in terms of exponentials, using the fact that if the first row of the 
deteiminant is 

its value is Be^\ where 

b = (ai-^a,+ ... +a„)<+(0, + ^i,+ ... +fi„).] 
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Ex. 16. Find the conic of closest contact at any point of 
(i) X \ y : 1. 

ill) X : y i z — t \ 

[(j) 9) 

(p~^q) iq-^p) + + {p-q) (p-^q) 

-\-4:{p + q) iq-p) (</-2f») zx + 4.{p~2q) {q-2p)pqt^‘'^'i xy — 0. 
(ii) (5/« + 5/«+10^'^ l)a;2 + f (^■' + 10^« + 5^3 + 5) 

-(hf ->rl) yz-t^ (f + ^y) zx~-2t’^ (hf + 1 '* 4 - 5 ) .ty = 0 .] 

Ex. 17, The parameters of the sextactic points (at which a conic has 
six-point contact) of the curve of Ex. 15 are given by equating to zero 
the determinant whose first row is 

p. <i>'\ 0 ^, ^/, //> 

and whose other rows are the first, second, third, fourth, and fiftli 
derivatives of these. 

Ex. 18. There is no noii-degenei ate <'oiiic having six-point contact 

With y^z^^ — x^'^^L 

Ex. 19. The non-degenerate conics of closest contact with == 

are all ellipses if (p-2q) (g-2p) >0, and all hyperbolas if 
(p~2q) (q-2p)<0. 

. [Use Kx. 16 (i).| 

Ex. 20. The non-degenerate^ onics of closest contact with pz'> = 
where p and q arc positive integers, meet x = 0 in real points. Their 
intersections with z ^0 are real if q > otherwise unreal. 

[Replace ^ by in Ex. 16 (i).J 

§3. Deficiency not Negative. 

Suppose now that a curve of degree n has deficiency j[>, so 
that 

5+/C = 

and suppose that the curve does not degenerate into two or 
more curves of lower degree. 

A curve of degree n~2 can be drawn through the 

double points and through any 

' 1(71-2) (7i + l)—|(7i.-l)(ti-2) + i) = ^-2 + i) 

other fixed points of the given 7t-ic, since the (7i — 2)-ic is 
determined by ^(7i~2) (n-f- 1) points. (Ch. II, §6). 

The (ti — 2)-ic and 7i-ic meet twice at each double point of 
the 71- ic and once at each of the t?.— 2 + Z) other fixed points. 
They therefore meet at 

7l(7l-2)--2jf (7l-l)(7l,-2)-/)]-[7l-2 + Z>j = D 
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other points, since the 7i-ic and ('m — 2)-ic meet in n{n — 2) 
points.* 

It follows that : 

The deficiency of a non-degememte curve cannot he negative. 

We have so far supposed that the 7?-ic has only ordinary 
nodes and cusps. Now let it have ordinary multiple points. 
An ( 7 i — 2)-ic can be drawn with a (/i;— l)-ple point at each 
/c-ple point of the ti-ic, and also passing through n — 2 + D 
other fixed points of the n-io,. For by Ch. VIII, §3 
B = i(n- 1) (n-^2)-:£^/c(/c~l)4 
and by Ch. II, ^ 6 we have subjected the ('a — 2)~ic to 
2J/c(/j— l) + ('a — 2 )h-Z) = ^(n — 2) (n+l) 
conditions. But the 7i-ic and (n—2)-ic meet in 
n(n-2)-:i:h(f‘-l)~(n-2-j-n) = J) 
other points, so that the previous argument still ap})lies. 

It should be noticed, however, that there may be other 
restrictions on the nature of the multiple points of a non- 
degenerate curve in addition to (see Ex. 1, 2, 3 and 

Ch. IV, § 7, Ex. 5 to 7*; Ch. XVn, 6, Ex. 1 ; &c.). 

If the curve has higher singularities, it may be transformed 
as in Ch. IX into a curve with ordinary multiple points 
without altering th(‘. deficiency. Hence in this case 
also JJ^O- 

Kx. 1. An 7?-ic cannot liave two multiple points of orders A-, and 
if A’j 4 A -2 > n. 

[For otherwise the line joining the points would meet the curve in 
more than ii points.] 

Ex. 2. An ;/-ic cannot have multiple points of orders k\, A’g, A^, Av,, 
if A*| 4- A'g 4 A*o 4- A-4 4- Aifi > 2 ii, 

[Consider the intei’sections of the n-ic with the conic through the 
points. I 

Ex. 3. If a non-degenerate n-ic has ii>(p + 3) triple points, 

^ ^ f (i^ ^)* 

[Consider the intersections of the n-ic with a ^-ic through the triple 
points.] 

Ex. 4. If an ii-ic degenerates into r curves of deficiencies 

Z?j , Z^2 7 • • • > > 

it has I n {n — 1) — (n — rj — 4- Z >2 + • • • + ) 

double points. 

[Each intersection of two constituents of the w-ic counts as a node 
of the w-ic.J 

If the W'ic was degenerate, the (M~2)-ic might be part of the n-ic, and 
this statement would not be correct. 

f The summation is extended over all the multiple points of the n-ic. 

L 


2216 
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Ex. 5. If a degenerate w-ic has |n(n- 1) nodes, it consists of « straight 
lines. If it has — 1 nodes, it consists of w — 2 straight lines 

and a conic. If it has nodes, it consists of w-4 straight 

lines and two conics. 

[See Ex. 4.| 

§ 4. Unicursal Curves. 

Consider now an u-ic / = 0 with zero deficiency. Suppose 
that a variable iV-ic is subjected to certain conditions, such as 
passing through fixed points of the or having assigned 
singularities at fixed points of the n-io ; which conditions are 
in all equivalent to 4'iV(jY+3) — 1 independent linear relations 
between the coefficients of the equation of theif-ic. Suppose also 
that the iV-ie meets the n-ie 1 times at these fixed points. 
We assume for the present that such a variabhi iV-ic exists. 
Since the 3) ratios of the coefficients in the equation of 

the iV-ic are subjected to -| iV(JV+3) — 1 linear relations, the 
coefficients can be expressed linearly in terms of a single 
quantity t. Thus the equation of the iV-ic is of the form 
u-i-iv = 0, where it = 0 and -y = 0 are two such iV-ics ; i. e. 
the iV-ics form a pencil. 

If (Jartesian coordinates are used (a similar process holds 
good for homogeneous coordinates), we may eliminate y 
between / = 0 and it + iv = 0, obtaining an equation of degree 
nN in x with coefficients rational in L Of the roots of this 
equation nN— 1 are abscissae of fixed points, and the remain- 
ing root is the abscissa of the other intersection P of the u-ic 
and AT-ic. 

Dividing the equation by the factors corresponding to the 
abscissae of the fixed points, we have an equation of the first 
degree in x with coefficients rational in giving the abscissa 
of P. 

In a similar manner the ordinate of P is expressed rationally 
in terms of t. But, by choosing t properly, P may be made 
any point of the 7^-ic. Hence : 

The eoordinateii of any ^nyint on a cni've of zero deficiency 
can he eoi'^pressed as rational algebraic functions of a parameter. 

This implies that, if the curve of § 1 is of zero deficiency, 
f{t), and \lr(f) may be taken as polynomials in t. 

A curve of zero deficiency is often called a rational or 
unicursal curve. The fonner name comes from the fact 
that the coordinates are expressed rationally in terms of a 
parameter. 

The latter name comes from the fact that the curve can be 
drawn by a pen which never leaves the plane of the paper 
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except to pass from one end of an asymptote to the other, or 
to insert the acnodcs ; in other words, the curve consists of a 
single circuit.* In fact, the coordinates of a point P on the 
curve being continuous functions of ty the point P moves con- 
tinuously’^ as t varies (provided P is finite). This would not 
hold if i were complex ; but, if a real point P on the curve is 
given by < = a -f fSiy wheie a and (3 are real, P is also given 
by ^ = a~/3i, i, e. P is a double point. Since any value of t 
close to (X + jSi gives eviclently an unreal point of the curve, 
there is no real part of the curve in the neighbourhood of P ; 
i. e. P is an acnode. 

We now show that there always exists an jV-ic with the 
properties stated at the beginning of this section. 

First suppose the n-ie has no multiple i)oints other than 
ordinary nodes and cusps. We take = n — 2, and subject 
the A^-ic to the conditions that it shall pass through each of 
the — l)(^t — 2) nodes and cusps of the ')i-ic and also pass 

through — 3 other fixed points f of the 7i-ic. Then the 
coefficients in the equation of the AT-ic are connected by 
|(a--l)(a-2) + (7t~3), i. e. |JV(i\r+3)-l 
linear relations ; and the iV-ic meets the ??-ic 

2x {n — 2) + (n — 3). i. e. nN—1 

times at the fixed points ; as required. 

Next suppose the n-ic has ordinary multiple points as well 
as ordinary nodes and cusps. We take A = r?. — 2, and subject 
the iV^-ic to the conditions that it shall have a (A:— l)-ple point 
at each /o-ple point of the 7i-ic, and also pass through n — 3 
other fixed points of the 7^-ic. Then the coefficients in the 
equation of the AT-ic by Ch. II, § 6 are connected by 
2 -|/c(/j- 1) + 71-3, i.e. >-iV(A>3)-l 
linear relations, and the A^-ic meets the n-ie 

l) + ^t — 3, i. e. rtAT— I 
times at the fixed points ; as required. 

For by Ch. VIII, §3 

0 = (n-2)-^ih{k~l) = 0. 

Lastly suppose that the n~ic has higher singularities. We 
take the A"-ic as an adjoined 2)»ic passing through n—S 
fixed ordinary points of the ^-ic, and use the result of Ch. IX, 
§ 10. Or as an alternative we may transform the n-ie by 

* See Ch. XX, §§ 1, 9. Of course, curves of deficiency other than zero may 
consist of a single circuit ; e. g. [x — 1) + 0, 

t It is often convenient to take them as points on the n-ic consecutive to 
double points. 

h 2 
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Ch. IX into a curve with only ordinary multiple points, and 
apply the above process to the transformed curve. 

But in the case of an n-ic whose singularities are not all 
ordinary cusps and nodes it is often possible to take for N a 
value less than n — 2, thus saving much labour in the practical 
applications (see Ex. 5, 6). 

We now vshow that, conversely, 

If the coordinates of any point on a curve can he expressed 
rationally and algebraically i u terms of a parameter, the curve 
is of zero deficiency. 

For suppose that in §1 f{t), <#)(^), y\r{t) are polynomials of 
degree n, the curve being therefore of degree n. The tangent 
at any point is, by § 1, 

.7; y z I 

nf~t' — ! -- 0. 

\r <!>' r 1 

If we consider this as an equation in t, (./*, y, c being taken 
as constant), it is evidently of degree not greater than 2n — 2. 
Its solutions will include the parameters of the /c cusps for 
which ///= </)'/<#) = (§ 1), and the parameters of the m 

tangents which can be drawn from (.i\ y, z) to the curve. 
Hence m + ac < 2n — 2. But the class m is given by 
ni = n{n~-\)-28-2^K ^ 2n-2~- k^2 D 
so that m-\- K = — 24-21). 

Now 1) is not negative, so that we must have m + /c = 2^ — 2 
and 1) = 0, as stated. 

It should be noted that the parameters of three assigned 
points on a unicursal curve may be taken as any three 
assigned quantities, say !Z\, lU For suppose that, when 

the coordinates of any point on the curve are expressed 
rationally in terms of the pai*ameter t, the parameters of the 
three points are t-^, t^, Then we have only to express the 
coordinates in terms of the parameter T = (a^ + /3) / {yt 4- 8) ; 
where a, /3, 7, 8 are constants chosen to satisfy 

= (oLf 4- + 5), 4- ^)/{yt. + 8), 

1 \ = (ai3 + ^)/(y<3 + 5). 

Ex. 1. Express the coordinates of any point on the curve 
4(a7--l)34(y-3a;42)2 = 0 
rationally in terms of a parameter. 

[The lin (3 y- \ ^ t [x-\) through the cusp (1, 1) meets the curve 
where ' = 1 + -■ «-3)“, = 1 + }/ (<-3)^| 
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Kx. 2. Kx])re 8 s rationally in terms ot‘ a ])aranieter the coordinates (►f 
any point on the curves 

(i) + = 3a.ry. 

(ii) ( 2 cr* + 2 f/H l){y-.r) = JC--Q.rtj + i/. 

(iii ) + 4:XS! (x + y) — 0 . 

(iv) (x + y) (x-y)'^ = 4:xyz, 

Kx. 3. Express the coordinates of any point on the curve 
{x^-iff — [x'^-y'^) (a? + 3y)“3a;^ + 6a7y H = 0 
lutionally in tenus of a parameter. 

[A variable conic through the double points 

( 0 , 0 ), a; = -y=oo, x = y = co 

and one other fixed point i? on the curve meets this quartic in one 
more point. Choose B as the point on the curve consecutive to the 
cusp X = y — oo . The conic is then 

{x^ y-t)(i)t'-y-Vj = t 
meeting the quartic where 

_(/;2 + 2 f- 2)(/2 + ^-l) + 

+ ^ 2 2 ) 

See § 6 , Ex. 1 and Ch. Til, Eig. 3.| 

Ex. 4. Express rationally in terms of a parameter the coordinates of 
any point on the curves 

(i) .r’^y^ + 2.r^f/ + a;y‘-3a;^-f 2.n/-2y’* = 0. 

(ii) 2 / (2 .r" - 5 .r + 4) -xy {x~2){x-S) + 2 x^ ix-2f = 0, 

(iii) x"y^ 4 - 12 a” (3.r + 2 //) + 108 — 0. 

( iv) xy (2 ipy — 5 a* ~ lOt/) -+ 50 (x - yf --- 0. 

(v) {x‘^-y^)^ + {x^ — y-) {by-x) — "^x^ — 2xy+9if^ = 0 . 

(vi) y’^z^ ■¥ x^ if ~ 2 xyz (a? + y + r-). 

(vii) 2 ajf’ — y’^ = ,r^ — 2 o^. 

(viii) r=a(l4cosd). 

(ix) cos 2 B, 

(x) {y-\-x^y- = 4ic^ (.r + /.•). 

[(i) Meets //(I - x) tx where 

(^ + l)(3-0^ = 2 / 2 - 2 / + 3 - (4-3^)y. 

(ii) Meets y{2-\ tx) + x’^-2x ^ 0 where 

x^'6-^{2i^ + t + ^), //-: 8 ^( 2 f + l)4-(2#M ^ + 4) ( 2^2 + 5^44). 

(iii) Meets a;(y + 6 a ^)4 6 a’*( 2 ^ — 1) = 0 where 

a? = ( 2 i- 1 ) a4-f^ y = -6 (/’^4-^) a. 

(iv) Meets txy — b (x-y) where 

= 154 - ( 2 4 - 2 /*), y = 154 - 2(1 4 -^ 4 - <*). 

(v) Meets (a;-y 4- 1) (a?4-y 4-0 = ^ where 
ar = -(f2~-6^4-2) (^*-3^4-5)-T-6(^-l)(<-2), 

y = -(f2-6A4-2) (<2-3^-1)4*6(«~1) {f-2). 

(vi) Meets ^(a?-y) = txy where 

a:(^~l )2 = y(H l)-^=-4c. 
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(vii) Meets r^-ay— tx{y — a) where 

r = (2-3^2)a-^^^ y = (2-3^2) (2-f^) a~:-2tK 

(viii) Meets ay = t(x^-¥if) where 

a; = 2 (1 - 0 a -V (1 + ty, // = 4 /ry -r (1 + f^)\ 

(ix) Meets x^-^y'^ — at(x—y) where 

;r = f (f2 + 1) a ^ {t^ 4- 1), + \ ). 

(x) Meets y + x^ = 2tx where 

X — 7c, y = {fi — h) (7i* 4 2 ^ — 1“).] 

Kx. 5. Express the coordinates of any point on 
{X + yf = a^(y + zf 
rationally in terms of a parameter. 

(This quintic has a triple point at (0, 0, 1), a node at (1, 0, 0), and 
cusps at (0, 1, 0) and (1, -1, 1). In the case of a 5-ic with a triple 
point and three double points the iV-ic of § 4 may be taken as a conic 
through these multiple points. In fact x{z-{y) — tz(x-{-y) meets the 
curve again where {f^ x ~ y — — 1) z. 

We may illustrate the general theory for which N = n — 2 by taking 
the jV-ic as the cubic 

xyz 4 y’^z + t ix'^y + 2x‘^z -y^z) = 0 ; 

which has a double point at (0, 0, 1), passes through (1, 0, 0), (0, 1, 0), 
(1, —1, 1) and through two more fixed points on the 5-ic consecutive to 
(1, 0, 0) and (0, 1, 0) respectively. It meets the 5-ic again where 
^ (3/-2)(f-l)rp= = 7(7/2-9/4 3)c. 

An alternative method is to transform the curve by quadratic trans- 
formation, replacing x : y : z hy Ijx : 1/y : l/z, and to apply the method 
of § 4 to the transformed curve, which is a cuspidal cubic. The nnider 
may apply this process to Ex. 4 (i), (iv), (vi). 

Yet another method is given in § 6, Kx. 3.] 

Ex. 6. Express rationally in terms of a parameter the coordinates pf 
any jioint on the curves 

(i ) ic** 4 - = ax {x^ — xy~{ i/), 

(ii) .r(ir 4- 2)“ = //(!-?/). 

(iii) Ci^(y-k zy-Vy''(x-¥z? x^ if (x z) {y z). 

(iv) ifz^-^ z^x^-^z’^x^ + x^if-^x'^if 

= 2 xyz (2x^-\ 2 //* 2 — yz - zx — xy). 

(v) (a:H,v)(ir*-2//) = iC^A 

(vi) iy-x^y = x'' + x^y. 

(vii) (t/4-J"^)(y + 2ic^)(y4-3ir^) ^ifxK 

(viii) 0. 

(ix) X (xy 4- az'^y 4 y (xy 4- ^ = 0. 

(x) X (xy 4- az'^y 4- y (a^ 4- bz^y 4- c (xy -f az ’^ ) (xy -i-bz^) = 0. 

(xi) (yz + x^) = y^ '(.r4-y). 

[Find the intersections of the curve with (i) y = tx, (ii) y = t{x-\-2)^ 
(iii) ty(x-\-z) x(y + z), (iv) ty (x-z) = x(y-z), (v) y = (see 

Ch. Ill, Fig. 10), (vi) y = tx^, (vii) y = (viii) y = tx, 

(ix) xy^-t^z"^, (x) 4.ry= (1-/®):?®, (xi) y (7®-l).r.] 



X 4 UNICURSAL CURVES 151 

Kx. 7. If in § 4 the n-ic, has only ordinary cusps and nodes, iV must be 

— 1 or ?? — 2. 

[Suppose the fixed intersections of the j/-ie and iSr-ic arc a double 
points and 6 other points of the nAc. Then 

a^b = 2a + b = hN-1, 

giving a = JiV^(2n — JV — 3), == ^(JV + 3 — n)~l. 

Hence X>7i — H. See Clebsch, Crelle, Ixiv (1865), p. 44.] 

Ex. 8. Three points on a curve have parameters h* Tranvsform 

the parameter so that the points have new parameters 0, 1, oo . 

[The new parameter is (f — fi) 

Kx. 9. In the w-ic a: : y : c —/(t) : d)(0 ^ ^ ( 0 » where /, (^, i/r are 
polynomials of degree ii with the coefficients of zero, the sum of 
the pammeters of the intersections of the n-ic with any algebraic curve 
is zero. 

Kx. 10. The curve of Kx. 9 has a cusp. Conversely, any unicursal 
curve with a cusp can be jout in this form. 

[The cusp is given by < — oo . Conversely, if the curve has a cusp given 
by ^ = a, take as a new parameter T = ^-hl/it-'OC), where (i is chosen 
to make zero the coefficient of in x.] 

Kx. 11. Find the PluckeKs numbers of x : ij : z == f (t) : <!> (f) : y)/ {t) ; 
/, </), yjr being polynomials in t 

[« and ;/? are given by §§ 1 and 2, while D — 0.] 

Kx. 12. Find the PI acker’s numbers of 

[The tangent at (f^*, 1) is (p-\-q) t^x ^ Hence 

/) = 0 , n==m—p + qy h — r — \(p-\-q — 2) (p + q — ^), 

K — L = p + g — 2. 

See also Ch. Vlll, § 5, Kx. 1. 

For other examples find the Pliicker’s numbers of the examples in 
Ch. Ill, § 9.] 

Kx. 13. In the curve x : y : z ~ f {i) : (j) {f) : yjr (f), where /, </>, are 
polynomials, to each point on the curve corresponds iti general a single 
value of but this is not universally the case. Suppose that to each 
point on the curve corresponds r values of f, and that the highest 
common factor of 

f(t) ^(h)-f(h) '/'(O and ^{t) yl/(t) 

is arranged in powers of the coefficients being ])olynomial8 in f. 
Then, if T is the ratio of the coefficients of any two powers of tj and is 
not a constant, X :y :z can be expressed rationally in terms of the 
parameter T, so that to each point on the curve corresponds a single 
value of T. 

[If to a point on the curve correspond the values i^, of t, 

the highest common factor is (t - f^) (t - 1 ^) ; . . (< “ The coefficients of 
any two powers of ^.in this are symmetric functions of , ^2 > •••> > 

and therefore their ratio has a single value for each point on the curve. 
But the expressions whose highest common factor was taken are only 
changed in sign by interchange of t and 1^. See Luroth, Math, AmtaJen^ 
ix, p. 163.] 
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Kx. 14. In the following curves express the coordinates in terms of 
a parameter so that to each point of the curve corresponds only a single 
value of the parameter. 

(i) 

(ii) .r : y : ^ = : (tU HtU 1 ). 

(iii) = 

(iv) X : y + : {f + lf : 

[The H.C.F. of Ex. 13 is 

(i) If T = x:ij:z = T:l : T\ 

(ii) + + If T^t + r\ x:y:z = T^:T:{T^^\\ 

(iii) + If x:y:z={T'^-^2):[r^^ 3T):1. 

(\w) If T=^f + t-\ x:y:z={T-2):T^:h\ 

Ex. 15. The homogeneous equation of .r : y : z = f (t) : cj) (t) : yj/- (t) may 
be derived by equating to zero the coefficients of 1 , n, ir\ ... in 
^ X y z 

r /(O i^iO • 

/(if) </>(if) 

and eliminating 1 , f, ... between the equations so obtained. 

[We thus get the equation by equating to zero a determinant of order 
n, if /, </), are polynomials of degree n. See Richmond, Bull. Amer. 
Math. ^c.. xxiii (1916), p. 90.] 

Ex. 16. The line joining corresponding points (with the same para- 
meter) of a unicursal ?^ic and a unicursal JV-ic envelops a curve of 
class n-f JV. 

Ex. 17. If more than trios of corresponding points on 

given unicursal curves of degree n,, « 2 » col linear, every trio of 

corresponding points is collinear. 

Ex. 18. a, h are' the parameters of a given node on a given «-ic 
x:y - =f(t) : </)(f) : 

where /, 0, 0 are polynomials, and F{t) = 0 is the equation giving the 
parameters of the nr intersections of any r-ic with the /#-ic, then 
F (a)/F{})) is the same whatever r-ic is chosen. 

[If the r-ic is 2Ax^^ y^ z’l = 0, where (X -{ 7 = r, then 

and F(a)/F{h) = :/(flr)//(6)j’ = id) (a)/0 (fc)j ’ = l)Ka)/'/'( 6 )}’.] 

Ex. 19. Apply § 1 (v) and the relation 2 K-j-i = 3 (w — 2 ) + 6 /) to show 
that, if the coordinates of any point on a curve can be expressed rationally 
in terms of a parameter, D = 0 , 

[The degree of F(f) in ^ is 2#c-{-i.| 

Ex. 20. A line AB of length c slides with its ends on the rectangular 
axes OX, OY. Find the locus of the point of contact with AB of the 
circle inscribed in the triangle ABO. 

[x/c^ y/c^2t(\-t)/{\+t:^fy where t is 

the tangent of half the angle between AB B,n6. OX. Hence the locus is 
a unicursal quartic with a node at the origin.] 
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Kx. 21. If J is an end of an axis and F any point on an ellipse, find 
the loci of the intersection of the line through A perpendicular to A P 
with the tangent and normal at F, 

fA unicursal cubic and quartic.] 

Ex. 22. A triangle ABC of fixed size and shape turns about C. Show 
that the locus of the intersection of ITB and KC is a urficursal quartic, 
H and K being fixed points. 

Ex. 23. The locus of the poles of any normal to a given conic is in 
general a unicursal quai-tic. Consider the case in which the conic is 
a parabola. 

Ex. 24. A range of points on a conic is horaographic with a pencil of 
lines. Any line of the pencil meets the tangent at the corresponding 
point of the conic on a fixed unicursal cubic. 

[Its node is at the vertex of the j)encil.] 

Ex. 25. The locus of the intersection of the tangents iit corresponding 
points of homographic ranges on two given conics is a unicursal quartic. 

[The tangents can be put in the form 

P/M 2Qf^ /?- 0, 2qt-^r --- 0, 

where P, Q, P p, g, r are linear in ,r, ;/, 


§6. Coordinates of a Point in terms of Trigonometric 
or Hyperbolic Functions. 

Instead of expressing the coordinates of any point on a uni- 
cursal curve rationally in terms of the parameter t, it may be 
more convenient to express them rationally in terms of cos 0 
and sin </> or of cosh <#> and sinh 0 ; where is a new para- 
meter. The case of the ellipse is well known. Here the most 
convenient parameter is the eccentric angle of any point. 

Putting I = tan ^ , we can immediately change from the 

rational expression of the coordinates in terms of t to the 
rational expression in terms of cos (/> and sin </> ; or conversely. 

The following theorem is of interest : 

The coord inateti of any point on a nnicurml n-ic (n>2) 
luith an acnode can he expressed rationally in terms of cos (f) 
and sin so that the parameters of the inter- 

sections of the n-'ie with any r-ic satisfy the relation 

<;>i + (/) 2 + ... = 0 (mocZ. tt). 

For an n-ic with a crunode cos <l> and sin are replaced by 
cosh and sinh <^j and w by nL 

Suppose that the triangle of reference is taken so that 
(1, 0, 0) is the acnode. We may suppose the parameters of 
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the acnode to be I and —i (see end of § 4). Then we have 
equations of the form 

X = + ... +«„), y = (<*+l)(/V'‘~^+ ••• +^,-2). 

z = + ... +e„_2), 

if (x, y, z) is any point of the w-ie. 

First take r = 1. The ii-ie meets any straight line 

\x-\- yy + vz = 0 

where 

+ + ... +a„) 

-|-(i'^+l) {[Ky + Cov']V'■-'^■¥\l>^^y + c■^v'\V'~'^-\■ .•■) = 0. 
If Si. is the sum of the products of the roots of this equation 
k at a time, we have at once 

Hence, if we put tan 0 for x: y :z are expressed rationally 
in teiTiis of cos and sin 0, so that, if any straight line meets 
the ^i-ic in the points for which 0 = 02 > ••• > 

or 

= a (mod. tt), 

where 

tan (X = + — ...)-r(ao “”^'2 + ^''4"" •••)• 

Replacing 0 by </) 4- (x/ay we have the sum of the parameters 
of any n collinear points = 0 (mod. tt). 

Similarly the sum of the parameters of the intersections of 
the li-ia with any r-ic is a constant (mod. tt). That this 
constant is zero is evident by taking the 7’-ic as r straight 
lines. 

If the point (1, 0, 0) is a crunode, we take its parameters as 
1 and —1, and put t = tanh 0, 

For the corresponding result in the case of a cusp see 
§4, Ex. 10. 

§6* 

If a variable i\^-ic {N<n) passes through ^N{N’+S) — l 
fixed points of a unicursal ^-ic (as in § 4) and meets the n-ic 
nN—2 times at these fixed points, two of the family of JV^-ics 
touch the n-ic in general.* For the 7 ^-ic and iV-ic meet at two 
more points. Let 0 ^, 02 be their parameters and let ^ be the 

* At a point not coinciding with one of the fixed points. One (or both) of 
tlio JV-ics hero obtained may meet the w-ic at a cusp instead of touching it. 
For </>! = (/>a in this case also. 
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sum of the parameters of the nN — 2 fixed intersections, the 
parameter of any point on the n-ia being taken as in § 5. Then 

+ </>2 + /? = 0 (mod. tt). 

If the iV'-ic touches the 7i-ic, = </>2 

</>i = or = + 

This result also follows from Ch. VII. § 10, Ex. 11 and 12, 
Oh. IX, § 10, Ex. 1 and 2. 

The coefficients in the equation of the A^-ic may be expressed 
linearly in terms of a parameter t. On eliminating y between 
the equations of the nAc and JV-ic we get an equation in x 
(or in xiz^ if homogeneous coordinates are used). Dividing 
out by the factors corresponding to the nN—2 given inter- 
sections, we have a quadratic equation in x, whose coefficients 
are rational in t, giving the two variable intersections of n-ic 
and AT-ic. Solving it we have 

= M±LXl 

where Z, M are rational in t, and X is a polynomial in t. 

Substituting either of these values of x in the equations of 
n-ic and AT-ic, we have two equations for y which have a 
common solution of the form Af' + Z'Xi", where A/' and Z' are 
rational in t. 

Since X = 0 gives the two AT-ics which touch the n-ie, X is 
of the second degree in t. 

Hence the coordinates of any point on the 7i-ic may be 
expressed rationally in terms of t and an exjfression of the 
form (at^+'Zbt + c)^, 

But i and can always be expressed rationally 

in terms of a new parameter T \ for instance, by the sub- 
stitution 

at + h = 2{ac-y^lT^[T^-\), 

if a and — are positive; and similaidy in other cases. 

This process gives a method of expressing the coordinates of 
a point on a unicursal curve rationally in terms of a para- 
meter alternative to that given in § 4 ; which, if less simple 
in theory, may be much easier in practice, since the value of 
N may be lower than in the method of § 4. 

If the multiple points of the ?i-ic are all ordinary nodes or 
cusps, the AT-ic may be taken as an (ti — 3)-ic through all the 
double points of the n-\G but two ; since 

2{\{n-\){n~2)-2\ =7i(7i-3)-2. 
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If the 7 i-ic has a — 2)-ple point, the may be taken as 
a straight line through the (ti — 2)-ple point ; and so on. 

Kx. 1. Kxpress the coordinates of any point on the curve 
(x? — — y®) {x + By) — 3 .1?’^ 4 ^xxj + _ q 

rationally in terms of a parameter. 

[A variable line ic4-y + X = 0 through a node at infinity meets the 
curve where 2(X-2) (\ + l) y = -X» + 3X + X (3-X)i. 

Putting X = 3-(^4 1)® we get the coordinates given in § 4, Ex. 3. 

The second ‘ A-ic ’ of § 6 is the line at infinity ; for this line passes 
through the infinite cusp.] 

Ex. 2. Apply the method of § 6 to the examples in § 4, Ex. 4. 

[As another example the reader may take the general conic or the 
qiiartic with nodes at the vertices of the triangle of reference.] 

Ex. 3. Express the coordinates of any point on 
rationally in terms of a parameter. 

[y — \x meets the curve where X.r/c = — 1 4 (X -i l)*j . Put, X = — 1, 

and we have x — y {t^-\)z as in §4, Ex. 5. | 

Ex. 4. In the argument of § 6 JV must be — 1, « — 2, or — 3 in the 
case in which all the multiple points of the w-ic are ordinary nodes or 
cusps. 

[As in § 4, Ex. 7.] 

§ 7. Curves with Unit Deficiency. 

Consider now an n-ic with unit deficiency. Suppose that 
just as in § 4 a variable iV-ic U'^tv = 0 is subjected to certain 
conditions which are in all equivalent to AiV(j\r 4 . 3 )_l linear 
relations between the coefficients of the equation of the A"-ic. 
But suppose that the iV^-ic meets the times at the 

fixed points (not niY—i times as in §4). Then, when we 
eliminate y between the equations of the u.-ic and i\^-ic, we get 
an equation in x nN—Z of whose roots are the abscissae of 
fixed points, while the remaining two roots are the abscissae of 
the two variable intersections P and Q of 7i-ic and iV-ic. 
Dividing the equation by the factors corresponding to the 
abscissae of the fixed points we have an equation of the 
second degree in x with coefficients rational in t whose roots 
are the abscissae of P and Q. Suppose its solution is 

x^M±LXK 

where M and L arc rational in t and X is a polynomial in t. 
If we substitute either of these values of x in the equations of 
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n-\c and iV'-ic, we get two equations in y whose common root 
is also of the form 




wliere M' and U are rational in t. 

Now the values of t given by .V = 0 arc the parameters of 
the points of contact of those of the variable i\r-ics which 
touch the n-ic at a point other than one of the fixed points, 
and the parameters of the cusps of the n-ic, which are not in- 
cluded among the fixed points. But by Ch. VII, § 10, Ex. 1 1 
and 12 (cf. Ch. IX, § 10, Ex. 1), putting p = 2 and D = 1, we 
see that the number of such points of contact and cusps is four. 
Hence A'’ is a polynomial of degree four in t. If then we 
assume the existence of the A^-ic, we have : 

The coordinatefi of any poini ott a curve of unit deficiency 
hi, ay he expressed rationally terms of a parameter t and an 
expression, X of the form 

\a^t^ + -h + 4^ad -h a^ j 
It is wejl known that t and X can be simultaneously ex- 
pressed as rational functions of the elliptic functions snu^ 
Gnu, dn u ; or if preferred, in terms of Weierstrass’s elliptic 
function g)u and its derivative p'u, defined by 

(p'nf = 4 P'K' = 1 - • 


For instance, if we take a as a constant defined by 
where 

^0 

^'0^2 = + » 

a.^ a., 

we have, on putting 

l — ho - , “ ’ 

a^, 2 pa- pa 

Hence : 

The coordinates of any jyoint on a cui've of unit deficiency 
can he expressed rationally in terms of elliptic functions. 


* If «o is negative, put i — T where + 4a, ;t* + 6^^2/^2 + 4(13/4 + a4 is 
positive, and proc<ied as above. See Halphen’s Fond ions eUiptiqueSj I, Ch. IV, 
p. 120. 

The reader may also consult Picard, Tiaite {VAimyse, II, Ch. XV, §§ 12 
and IG, Ch. XVIT, §§ 2 and 4, or Goursat, Cows iV Analyse, II, §§ 840 and 862. 
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To prove the existence of the iV'-ic, we show that when the 
7?-ic has only ordinary multiple points and cusps, an (ti — 2)-ic 
with a (A* — l)-ple point at each ^-ple point of the Ti-ic and 
passing through — 2 other fixed points of the Ti-ic satisfies 
the conditions imposed on the iV^ic. In fact, if i\^ — 2 and 

2)= 1, 

/#-!)= 1 , 

n-2-^-iy:k(k-i) = |iV(i\^+3)-l, 

n — 2-^^k(k—l) = nN—2. 

In general we may take for the N-ic. an adjoined {n — 2)-\c 
passing through n-2 other fixed points of the 7i-ic.* 

In practice, however, we may often take a lower value of X. 
For instance, if the n-ic has only ordinary double points, we 
may take for the iV^-ic an (t?. — 3)-ic through all the double 
jioints but one. 

Kx. 1. Express the coordinates of any point on a cubic* rationally in 
terms of elliptic functions. 

[Consider the intersections of the cubic with a line through a fixed 
loint of the curve.] 

Ex. 2. Ex]>resR rationally in terms of elliptic functions the coordinates 
■)f any point on 

(i) xz^ :=y(y-x){y-k’^x), 

(iij (a^-\ (y-x) = (y+x) (a^x^-i- b^y^). 

(iii) i/z = 4x^-y2^z^-ffs^^- 

(iv) x^ + y^ + z^-h Gmxyz — 0, 

(v) y + zf + dkxyz = 0. 

(vi ) ax (y® — -f by (z^ — ,r®) + cz (x^ — //®) = 0. 

[Consider the intersections with 

x=fy, x^ty, x^^tz, z^f(x-\-y), z = t{x + y), y^fx.] 

Ex. 3. Express the coordinates of any point on a quartic of unit 
deficiency rationally in terms of elliiitic functions. 

[Consider its intersections with a line through a node ; and so for any 
w-ic with an («~2)-ple point.] 

Ex.. 4. Express rationally in terms of elliptic functions the coordinates 
of any point on the quartics of Ch. XVIII, § 5 (i), § 7 (i), § 14 (ii), 
§ 15, Ex. 1. 

* This follows from the second theorem of Ch. IX, § 10, But we may 
also argue as follows : Since the coordinates of any point of a curve with 
unit deficiency having only ordinary multiple points can be expressed 
rationally in terms of elliptic functions, and any curve with unit deficiency 
can be transformed into such a curve by rational change of variables 
(successive quadratic transformations), the coordinates of a point on any 
curve with unit deficiency can be expressed rationally in terms of elliptic 
functions. 
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m 

Ex. 5. Express rationally in terms of elliptic functions the coordinates 
of any point on 

(i) + 

(ii) — — = where + 

(iii) + = 0, where f/j, iij, are of degrees 1, 2, 3 

in X and y. 

[Consider the intersections with 

(i) 1 JZ = tx{y-z), (ii) » = (iii) y = t.r.\ 

Ex. 6. The coordinates of any point of a curve arc expressed rationally 
in terms of Weierstrass’s function. If g 2 < 27//^*, the curve has a single 
circuit given hy real values of the parameter u. If the 

curve has a second circuit given hy values of u for which w — o)' is real, 
where 2a)' is an unreal period of Wcierstra'-s’s function. 

Ex. 7. When the coordinates of a point on a curve with unit 
deficiency are exjiresscd rationally in terms of Weiersti ass’s function of 
a parameter v«, we may sup]iose the sum of the parameters of tln‘ inter- 
sections of the curve with any other (*urve to he zero. 

[As in § 5, using Abel’s theorem on the roots of an e({uation rational 
in and ^'m.| 

Ex. 8. The coordinates of any point on an n-ic of deficiency 2 t*an be 
expressed rationally in terms of a parameter t and XJ, where X is a 
polynomial in f of degree 5 or 6. 

It is in general impossible to express the coordinates of a point on 
a curve of deficiency greai er than 2 in terms of t and Xa, where A'^ is 
a polynomial in t. 

[(i) Consider the intersection of the «-ic with a (;/ -“8)-ic through the 
nodes. 

(ii) As in § 4, Ex. 7. But there are exceptions; e.g. an n-ic with 
a (n — 2)-ple point.] 


§ 8 . 

We now prove the converse theorem : 

If the coordinates^ of amiy i^oiiit on a curve can he express^ed 
rationally in terms of pu and p'Uy the curve is of unit 
deficiency. 

If {x, z) are homogeneous coordinates of any point on the 
curve, we have 

^ = /(^^)» y = ; 

where/, </>, yfr are each of the form A-j-B p'u, A and B being 
polynomials in pu. 

Now differentiating repeatedly the relation 

(p'uy = 4 

we express pu, p^u, phi, , p^u , pii, p'u . ... linearly 

in terms of pu, p'u, p"u, For instance 

= T2 p'fi.pu = &c. 
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Hence we may take 

f{u) == a + + rt, p'u + . . . + 

and so for ^(u) and ‘^/r('it). 

The curve meets Xx + fJLy + = 0 where 

A f {u) + /z0 (tt) + i/\lr(u) = 0. 

The left-hand side of this equation has n poles, and has 
therefore n zeros.* Hence the curve is of degree n. 

The points of contact of any tangent through the point 
(x, y, z) is given by 

Xx + fiy + 1/;5 = 0, 

where A = y\r - y = ^ =/'</> -/</A 

(see § 3). 

In <f)' yjr ~ <j)\lr^ the terms in cancel, so that 

A when reduced to linear form becomes of the type 

^ + ... + 

and so for /x, v. 

Hence the class of the curve is 'in at most. 

The argument of §4 (p. 148) will show that the deficiency 
is zero or unity. But /, <jf), xfr will not usually be rational 
functions of a single parameter. Hence in general D = 1. 

Kx. Show by nieiins of § 8 that any point on a cubic may be taken 
as (pu, p'Uf 1) by a suitable choice of triangle of reference. 

[We proved that with any (thoico of triangle of reference r, y, ; are 
linear functions of pu and p' tt. Hence three linear functions of .r, //, -c 
can be chosen in the ratios pn : p'?( : l.J 


* Forsyth, 2'heory of Functions, § 11(>. 
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DERIVED CURVES 
§ 1. Derived Curves. 

Fkom a given curve may be derived other curves by various 
geometrical processes, for instance its polar reciprocals, in- 
verses, evolute, pedals, orthoptic locus, &c. 

The case of the polar reciprocals has been already sufficiently 
discussed. In this chapter we shall consider some of the 
other derived curves. In particular we shall concern ourselves 
with determining the iufe of the derived curve (as defined by 
its Plucker s numbers), when the type of the original curve is 
given. We shall also determine the multiple points and any 
other peculiarities of the derived curves which may be of 
interest. 

In determining the Pliicker’s numbers of any derived 
curve we shall make use of the principle that, if the derived 
curve is algebraic, the number of its intei’sections with every 
line is the same. 

Hence, in order to determine its degree, it is sufficient to 
find the number of its intersections with a single line. 

Similarly to find its class, it is sufficient to find the number 
of its tangents passing through a single point. 

§ 2. Evolutes. 

The evolute of a curve is the envelope of its normals, the 
locus of the intersection of each normal with the consecutive 
normal, and the locus of the centre of curvature at each point 
of the curve. 

Since the centre of curvature at any point of the curve 
2/) == 0 is (^, 77), where 

■ • (i) 

suffixes 1 and 2 denoting partial differentiation with respect to 
r and y, the evolute of an algebraic curve is algebraic.* 

* Its equation is obtained by eliminating x and y from the three equations 
iust written, and then replacing f and 17 by r and y. 
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We denote the Pliicker’s numbers of the curve by 5, k, 
r, i, D, and of its evolute by V, m', S', k\ t', i, ly. 

We now determine n\ m\ ... in terms of n, m, ... . 

Suppose that o), cd' are the circular points at infinity and 
that the tangent at P to the given curve meets coco' in Q, 
while (coco', QB) is harmonic. Then PP is the normal at P, 
i. e. touches the evolute. 

If P is on coco' it coincides with Q, and QR coincides with 
coco', which is therefore a tangent to the evolute. 

In this case let Q' be a point on coco' near P, and let , 
Q'Pg be the tangents from Q' to the curve which touch at Pj 
and Pg adjacent to P (Fig. 1). 


(I) P 


Fig. 1. 

Let (coco', Q'R') be harmonic. Then P^ R' and i'gP' are the 
normals at Pj and PgjSo that through W three consecutive 
tangents P'P^ , R'P, R'P^ can be drawn to the evolute, all 
ultimately coinciding with coco'. Hence P is a cusp of the 
evolute, at which coco' is a tangent, and coco' meets the evolute 
in three points at P. 

We see then that the evolute has n cusps at infinity at 
which coco' is the tangent, one for each of the n intersections 
of coco' with the given curve, and meets coco' 3 a times at these 
cu^s. 

The only other infinite points of the evolute are those due 
to the L inflexions of the given curve. Hence 

The tangents to the evolute from a point Q on coco' are the 
m normals corresponding to the m tangents to the given curve 
from P, where (coco', QR) is harmonic, and the line coco' which 
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counts for n tangents, since it has n points of contact, namely 
the cusps of the evolute on coo)'. Hence 

m' = m + n. 


Again, it is evident that in general no two consecutive 
normals coincide ; hence the evolute has not coincident 
tangents at consecutive points, i. e. has no inflexional tangent. 
Therefore 

/ = 0 . 


PlUcker’s e(|uations now give 8\ k\ t. 


Kx. 1. Find the evolute of if = 4n.r. 

[The normal at 2at) is tx-\ y + meeting? the consecutive 

normal at .r = « (3f* + 2). These two equations g’ivo 
a; = a (3/2 + 2), y ^ 

as the centre of curvature at (a/^^ 2 at). Hence the evolute is 
21aif ~ 

Kx. 2. Find the evolute of 

(i ) X ~ a cos (fiy y = h sin </>. 

(ii) ar = rt, y = c/l. 

(iii) X = y = aiK 

(iv) X ^ a COS'*’ 0, y — a sin^0. 

I The centre of curvatuie is 

(i) X — cOii^(l)la, y = — sin’' cjy/h. 

(ii) .r = c(3/* + l)/2/^ //= c(/^+3)/2/. 

(iii) .r = y = " (2/4 6/^). 

(iv) X — a (cOvS-' 0 + 3 cos 0 sin^ 0), y =r a (3 cos^ 0 sin 0 — sin''’ 0).J 

Kx, 3. Find the Pliicker s numbers of the evolute of a^y^ — 
p and g being positive integers prime to one another. 

[w'=i> + 2g, />' = 0; w' = p + 2g if p > r/, = 3g if p < iy. 

For other examples take the curves of Ex. 2.J 

Ex. 4. The number of normals which can be drawn from any point to 
a curve is w + «. 

[The number is m. Verify the result by consideration of the fact 
that the normals from 0 to a curve are lines joining O to the intersections 
of the curve with the curve obtained by rotating it through a very small 
angle about O. See also Ch. XII, § 5, Ex. 12.] 

Ex. 5. How many cin les of curvature of a given curve have four-point 
contact ? 

[Each such circle is given by a cusi) of the evplute not lying on ©ci)' 
Hence the number is 

k' — w = 3 (w' — m') + t'“« = 5w — 3w + 3t.] 

Ex. 6. How many lines are normal to a curve at two points ? 

[r'~ Jw (n — 1) = J (m2 + 2 — 4w — #c)d 

M 2 
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Ex. 7. How many pairs of concentric circles exist, each of which 
osculates a given curve V 

Ex. 8. The deficiency of a curve and of its evolute are equal. 

Ex. 9. The evolute has the same foci and directrices as its involute. 

[A tangent passing through ca or w' coincides with its normal. The 
curve and evolute touch at the point of contact of such a tangent.] 

Ex. 10. There arc m + n — normals to a curve which are also 
tangents. 

[The common tangents of curve and evolute which do not pass through 
o) or o)'. See Ex. 9.] 

Ex. 11. Find Pliicker’s numbers for the locus of the extremity of the 
])olar subtangent of a given curve, O being the pole. 

[The locus is the polar reciprocal of the evolute of the reciprocal with 
respect to 0. Consider the case of a conic with 0 as focus.] 

Ex. 12. Find the Pliicker's numbers of the locus of the harmonic 
conjugate of a variable point 1* on a given curve with respect to the 
intersections of the tangent at V with two fixed lines, 

[Reciprocate and project the reciprocals of the fixed lines into w and w'.] 

Ex. 13. If a curve touches a)©' at J\ the evolute has an inflexion at 
where (oxo', Fli) is harmonic, oxa' being the tangent at the inflexion. 

Ex. 14. If a curve passes through <•> (or w'), the evolute has the tangent 
at o) as inflexional tangent. 

Ex. 15. If a curve touches oxo' in (j points and passes ./’ times through 
each circular point, 

y;' Si. t — 3 (2/ + ^), y/i' = /n + n — (2/^ </), ^' = 2/+^. 

What modification must be made in the results of Ex. 4 to 7 in this case ? 

[Use Ex. 13 and 14.] 

Ex. 16. If the curve has coo)' as inflexional tangent, the evolute has 
0 ) 0 )' as a tangent at a point of undulation, and so on. 

Ex. 17. The number of normals common to two curves of degree 
and class m, is wwi + m?/, 4 Wjn. 

[The normals are the finite common tangents of their evolutes. Putting 
yq = 0, nil = 1 we have the result of Ex. 4.] 

§ 3. Inverse Curve. 

The curve inverse to /(a*, y) = 0 with respect to the circle 
whose centre is the origin and radius k is 

+ = 0 . 

If + ••• where is homogeneous of 

degree r in x and y, the inverse curve is 

Uj, -h k? It, (a;2 + ^ + . . . + = 0. 

It is at once verified that this inverse curve has a multiple 
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point of order n ut each of the circular points cd, co' * and has 
also an 7 ^-ple point at the origin 0. 

(See also Ch. IX, §§ 1, 2.) 

To find the Pliicker’s numbers k\ t\ l\ I)' of the 

curve inverse to a curve with Pliicker s numbers 5, k, r, 

L, A we proceed as follows. 

First of all, it is obvious from the above that it = 2n. 

Secondly, a cusp of the given curve inverts into a cusp of 
the inverse curve, and vice versa, so that ac' = /c. * 

Again, a node of the given curve (not at O or on cood') 
inverts into a node of the inverse curve. Also the >//-ple points 
of the inverse curve at 0, <o, and co' are each equivalent to 
\n{n~\) nodes, so far as their effect on Plucker^s numbers 
are concerned (Ch. VIII, ^ 3). Hence 

We can now deduce r', l\ D\ We find 

m' = 9/1 + 272,, S' = | 9/. (9/-~1) + 5, k—k,) 

t' = 29/.(29i-7) + 49/m + 2T, /' = 37i+2, /)' = /M * 

As a verification we shall determine at independently. 

The tangents from O to the inverse curve are the n tangents 
at O each counted twice (Ch. VII, § 5) and the tangents from 
O to the original curve. Hence 99// = 971 + 2 9i. 

The same result follows from consideiation of the tangents 
from (o (or co'), remeinl/ering that a lino through o) inverts into 
a line through co'. 

The result /)'=/> is a particular case of the theorem that 
two curves with a 1 : 1 correspondence have the same defi- 
ciency (Ch. XXI, § 3). 

We have proved earlier (Ch. V, § 4) that the inverses of the 
foci of a curve are the foci of the inverse curve ; and that, if 
() is a focus of the curve, the inverse curve has cusps at 
CO and o)'. 

Kx. 1. If the original curve has a A-plo point at O and a p-ple point 
at each of o) and w', we have 

= 2?/ — 2p — = J {n — 2i)) (// — 27 > — 1) + (// -p — h) (;/ —p - A,* — 1) + 

K — K\ 

and the invei*se curve has a (;/ — 2p)-ple point at 0 and (// -p-A;)-ple 
points at each of o) and < 0 '. 

Kx. 2. What modification is required in the result of § 3, if the curve 
touches 0 ) 0 )' ? 

* In fact any lino x±iy^c meetH the inverse curve at n finite points 
only ; whereas the curve is of degree 2w. 
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Ex. 3. A curve of degree 2N with A-ple points at « and w' inverts 
into a curve of the same type. 

Ex. 4. Find the number of circles of curvature of a given curve which 
pass through a given point O, Discuss the case in which O lies on the 
curve. 

[Invert with respect to 0. | 

Ex. 5. Find the number of circles passing through a given point and 
having double contact with a given curve. 

Ex. 6. Find the number of circles passing through two given points 
and touching a given curve. ^ 

[Invert with respect to either point.] 

Ex. 7. An «-ic is self-inverse with res))ect to a circle j. Show that n 
is even, and that the curve has a i n-ple point at each circular point. 
Show also that the curve has — 2) foci lying on j in general, which 

are the intersections of j with the locus of the centres of a family of 
circles having double contact with the n-ic. 

Ex. 8. A 2n-\c, has ^i-ple points at w and w'. Any transversal through 
1* meets it in Show that the product 

Pr=PQ,.PQ,. 

is independent of the direction of the transversal ; and that on inversion 
with respect to 0 we have 

[(i) Use polar coordinates, (ii) Take OP as the tmnsversal.] 

4. Pedal Ciirve. 

II’ OY is the perpendicular from a fixed point O on the 
tangent at any point jP of a given curve, the locus of I’' is the 
'pedal {fird pedal) of the given curve with respect to 0, The 
pedal of the pedal is called the second pedal, the pedal of the 
second pedal is called the third pedal, and so on. 

The angles hetweea the radius vector and the tangent at 
corresponding povinls of a curve and its pedal are equal. 

For let the tangents at consecutive points P, P' of the curve 
meet at T, and let OY, OY' be the perpendiculars from O on 
these tangents (Fig. 2). 

Then since 0, Y', Y, T are coney die, the angles OTY', OYY' 
are equal. 

But in the limit these angles are the angle OPY and the 
angle between OY and the tangent to the pedal at F. 

The pedal is the envelope of the circles described on the radii 
rector es as diameter s. 

For by the last theorem the circle OPY touches the pedal 
at F. 

We now proceed to find the Plucker’s numbers n', m', S', k. 
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r', D' of the pedal, the Plucker’s numbers n, m, 8, KyT, i, D 
of the curve being supposed given. 

The pedal is the inverse of the polai* reciprocal of the curve 
with respect to a circle whose centre is O. For if Q is the pole 
of PY in Fig. 2 with respect to this circle, OYQ is a straight 
line and OY, OQ is constant. We have then only to inter- 
change m and n, 8 and r, k and i in the expressions for 
//', m', ... obtained in §3. We have 

71 ,' = 2m, m' = ?i-f2m, 5' = |m (m— 1) + r, /c' = ) 

T = 2m(2m — 7) 4-4m'a + 25, l = /)' = i) ) 

Also the pedal has multiple points of order m at 0, o), 
and 0 )'. 

As a verification, we note that it is evident geometricallj^ 
that there is a branch of the pedal through O corresponding 



to each Jtangent from O to the given curve. Hence 0 is an 
m-ple point of the pedal. 

Again, any line through 0 meets the pedal m times at 0 
and m times where it intersects the m perpendicular tangents 
of the given curve, so that n' = 2m. 

Also the tangents from O to the pedal are the m tangents at 
0 each counted twice and the perpendiculars from 0 to the 
n asymptotes of the given curve, as will be evident from the 
first theorem of this section. 

Hence m' = 'rt + 2 m. 

The same theorem will show that to each bitangent of the 
given curve corresponds a node of the pedal and to each 
inflexional tangent con-esponds a cusp ; so that k' = i. 

The reader will readily prove that to each of the m tangents 
from Q) to the given burve corresponds a tangent at a> to the 
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pedal, this tangent at o) and odcd' being harmonic conjugates 
with respect to Oco and the tangent from co to the given curve.* 
Hence <0 and a>' are 97?.-ple points of tlic pedal ; so that 

S' = lm{m~l) + T. 

Ex. 1. If the polar equation of the pedal of a curve is f(3), the 
l)olar equation of the pedal with respect to (c, OC) as pole is 

ccos(d-a) = f(S). 

Ex. 2, The pedal of a parabola with respect to the vertex is a 
cuspidal cubic. 

[The pedal with respect to the focus is the tanj^ent at the vertex : 
now use Ex. 1. 

Otherwise: Any tangent to 1 / = 4a.r is .c - ft/ + (tf^ = 0, and tli(‘ 
])erpendicular from the origin is Ar-f-y - 0. Now cliininnte /. | 

Ex. 3. The pedal of a circle is a lima^on. 

I Use Kx. 1.] 

Kx. 4. The ])edal of P'* ~ cos i/t9 is obtained by changing m into 

lb 

Ex. 5. The pedal of a conic with respect to its centre is a iinicursal 
quartic. 

Kx. 6. 'fhe line joinijig O to a focus of a curve* is bisected by asinguhir 
locus of the pedal. 

The ordinary foci of the pedal are the feet of the j)erpejidicnlars from 
O on the lines joining the intersections of the curve with the circular 
lines through (>. 

Ex. 7. Any tangent to the curv(* of Ex. 1 is 

r cos tt)-l //sin « = /’(oj'. 

The normal is 

— . 1 ' sin w -i // cos c.) = /' (ft) ), 
and the corresponding normal to the evolute is 
.r cos ft) +// sin ft) — - f" (ft) ). 

'J’he coordinates of the point of contact of the tangent and of the centrt* 
of curvature are 

(('OS ft) ./ — sin ft) .y bin ft) . /* f cos to, /') 
and ( — sin < 0 — cos < 0 cos to — sin to , / 

The radius of curvature is /(to) +/" (to). 

Ex. 8. Tangents are drawn in any direction to a given curv(‘. Show 
t hat the algebraic sum of the radii of curvature at the points of contact 
is zero. Show also that the centroid O of the points of contact coincides 
with the centroid of the corresponding centres of curvatiiie, and is 
independent of the direction of the tangtuits. 

[If the polar equation yf the iiedal is 

-I ^ «m — 0, 

where U/ is homogeneous of degree A* in cos B and sin d, the sum of the 
radii of curvature is by Ex. 7 — which is zero.] 

* Draw a diagram in which the tangent to the given curve at P passes 
<dose tt> o), eonstru(3t T, and proceed to the limit. 
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Kx. y. The sum of the perpjmdiculars from the (> of Kx. 8 on 

the tangents drawn in any direction is zero, and 0 is the centroid 
of the foci. 

[Wc have = 0, if wo take O as pole. | 

Kx. 10. The deficiencies of a tmrve and its jicdal are the same. 

Kx. 11. Show Unit, if a curve touclje.s axo' at //, its i)odal with rosp(‘ct 
to (7 has in general an asymi)tole j)er])cndi<‘nlar to ^>//, whose distance 
from O is the same for all 2 X)sitions of <>. 

Discuss the Plucker’s numbers of the curve. 

Kx. 12. Discuss the riuckor’s numbei-s of the pediil of a curve wilh 
multiple points at O, <»), ami (o\ 

Kx. IH. Find the PlnckerV niinilMMs of the second, third, ... j»edals of 
a curve. 

[See Mt'fisenyer of MatJi.., July 1904, p. bO. | 

Kx. 14. If the curve u is the c-th j>cdal of the curve h, h is called the 
c-th myaiive jmlol of </. 

Find the Plucker’s numbers of the first negative pedal of a giMUi curvi'. 

I It is the polar reciprocal of the inverse curve with respect to (>,\ 

Kx. 15. Show that the inverse to tin* r-tli positivi* pedal is the r-th 
negative i^edal of the inverse curve. 

Kx. 16. The locus of the int(*rse(*tioxi of .my tangent to a curve with 
the lino through (> making a fixed anyle with the tangmit is similar to 
the iiedal. 

Kx. 17. Find the JMiicker’s nuinbeis of the locus of th(‘ emitn* ol' 
.1 circle jiassing thjough a given point <) and touching a given cnrv(‘. 

( Inveit with respect to 0.\ 

Fx. 1(S. Find the Pliicker’s numbers of the mivolojie of a circle which 
passes through a given point (> and whose centre lies on a given eiirvi'. 

|Tlie envelo]ie and th<‘ iiedal with respect to (f h.i\c O as centre of 
similitude. | 


^ 5. Orthoptic Locus. 

The locus of the intersection of two perpendicular tangents 
of a curve is called its orthoptic Locus. 

If the coordinates used are rcctaDgnJar Cartesian, we may 
obtain the etjuation of the oi'thoptic locus as follows. Let 
f(\.p)— 0 be the tangential expiation of the curve, and let 
= 0 be the tangential equation of a point R on 
tlic orthoptic locus, so that two of the tangents from R to th(‘ 
curve are perpendicular. If wo make /(A, p) — 0 homogeneous 
in A, jjL by means of Air + /i?/+ 1 = 0, th(i resulting equation in 
~\/fi gives the slope of the tangents from R to the given 
curve. The product of two of the roots of this equation in 
— k/fM must therefore be —1. If we write down (Ch. I, § 11) 
the condition that tin’s sliould bo the case, wo obtain a relation 
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between x and y which is the point-equation of the orthoptic 
locus. 

We see at once that the orthoptic locus of an algebraic 
curve is algebraic. 

If the equation of the curve is given in parametral form, we 
can express the ecjiiations of the tangents at the points with 
parameters t and T in the form 

= </>(0 and x-hf(T)y = 0(2^). 

If these are perpendicular, /(li) ,f{T)+ 1=0; and from the 
three equations just written we can express the coordinates 
.r, y of any point on the orthoptic locus in terms of a single 
parameter.* 

If liQ are per jiemUcuLar tangentfi to a curve, the circle 
touches the orthoptic locus at R. 



For suppose ii, are consecutive points on the orthoptic 
locus (Fig. 3), while R2J, Rg and K^q are the perpendicular 
tangents from R and R\ Then />, 7, -K, R' are concyclic. If 
we proceed now to the limit, 7, R'^ approach P, Q, R re- 
spectively ; and the theorem is proved. 

Kx. 1. Find the of the following eurvos : 

(i) Panibohi. 

(ii) Central conic. 

(iii) Circle. 

(ivj / = .r^ . 

(v) 3 (.r + y) = 

(vi) + + = 0. 

* It is usually advisable to express t, T in terms of n v »= tT, The 

three equations then give t, y conveniently in terms of u or v. 
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(vii) 27 + = (2a: 4 1)'\ 

(viii) X'‘ + /Li‘ = X (X — /Li) (2X~-/[i). 

(ix) X^ + 2/Lt'‘ = X^/x. 

(x) (X’* — 2 /x“)®4X/x = 0. 

(xi) X^-f 2^' = 

(xii) + - X*/i^ 

(xiii) X® + XV + M® — X/x (X**— /t*). 

[(i) hJtriiight line. 

(ii) Concentric circle. 

(lii) Concentric circle. 

(iv) 729f/*=- 108a--16. 

(v) 81y'(a:* + /)~36(a-^-2<// + r,/)^,i28 ^0 

( vi ) x + y-\ 2a — 0. 

i vii j 16 y — 16 ay- + 4 4 4// — 4 a* — 1 — 0. 

(viii) 6ar (x — y) {2x — y) 4 17./*“ ~ 18.r// -f 9//* -- 0. 

(ix) 2ar*4/y 4 3 — 0. 

(X ) {x“ 4 y^) (4 a?* -{ f/^) 4 9 (2a:y/ -I I ) -- 0. 

( xi) 2a:'^ -- 3^7/ 4 i/ — a* 4 »/ 4 3 = 0. 

(xii) (a*~y)‘4 2 (./•4 2/)4 4 0. 

(xiii) (x- y-\) {2x—y — \)-\ 1 -0. | 

Ex. 2. Find the directrix of th<* )»iir*ibola 

./• = /?^' 4 2bt 4 c, // - .1/2 4 2m 4 r. 

Ex. 3. Show how to find the orthoptic locus when the jM/lar e({inition 
f' ~ f{^) of a ])edal is given. 

(Two perpendicular tangents may b(‘ written 
./■ cos CX 4 // sin OL “ /(CX , 

— x sin a 4 y cos CX — ( - 1)^*/ [ (2/* 4 1) ^ 4 (X [ ; 
from which we get ./*, y in terms of fX.J 

Ex. 4. Find the orthoj)tic locus of the. curve = a"' cos mO. 

\ f(e) = a cos" 6/n, where a = (>// 4 l)/m.\ 

Ex. 5. Find the orthoptic locus of the hyi^ocycloid. 

[/(^) = cainOT(g- 0), where c = a-2h and „i = a/{a -2b) ; 

a being the i-adius of the fixed, and h the radius of tlie rolling eircle.l 
Ex. 6. The orthoptic locus of a cardioid is a circle and a limavon. 

[In Ex. r, a = O.j 

§6. Pliicker’s Numbers of Orthoptic Locus. 

We proceed now to determine the Pliicker’s numbers 
n', m', ff, k', t', i', If of the oiihoptic locus of a given curve 
with Pliicker’s'numbers n, m, S, k, t, i, D. 

If two points E and F divide harmonically the line joining 
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the circulai* points co and od\ a tangent I'rom E and a tangent 
from jPto the given curve are perpendicular and meet at K on 
the orthoptic locus. Suppose now J?,and therefore -F, approaches 
0 ). Then i? also approaches cd, while i?(a)a)', EF) remains 
harmonic ; unless the tangents from E and F become consecu- 
tive, when R becomes the point of contact of either tangent. 

Proceeding to the limit we see that to each pair of tangents 
to the given cur\ e from o) corresponds a branch of the orthoptic 
locus through o), while the tangent to this branch and the 
line coco' are harmonic conjugates with respect to the pair of 
tangents ]n (|uestion. Now there arc — \) such pairs 

of tangents ; so that the orthoptic locus has a (m— l)-ple 
point at each of co and co^ It is l eadily seen that there is no 
other point of tln^ orthoptic locus on coco' in general, so that 

t/ = (m — 1). 

Again, the theorem of ^ 5 shows that the intersections of 
a bitangent of th(5 given curve with the m perpendicular 
tangents are nodes of the orthoptic locus, while the inter- 
sections of an inflexional tangent with th(' itt perpendicular 
tangents are cusjjs of the locus. In gcmcral there are no 
other cusps, so that k = 'ini. 

We now proceed to the more difficult task of finding 
It suffices to find the number of tangents whicli can be drawn 
to the locus from co'. 

Of thes(5 tangents /// (m— 1) coincide with the tangents at 
o)'. To find the remaining tangents from (o\ suppose that in 
Fig. Rli' passes througli o)'. Then since Ripff, coo)') and 
R' {p<h harmonic, passes through o>. 

Proceeding to the limit, />, (] become the points of contact 
P, Q of tlj(‘ perpendiculai* tangents RP, RQ : whil(‘- the 
tangent at R to tlic orthoptic locus passes through co' and 
PQ through CO. 

Now suppose any line w^hatever through co meets the given 
curve in P and Q. l.ct the tangemts at P and Q meet in T \ 
and consider the envelope of the line TV where T{PQ, coV) is 
liarmonic. By what has just been said, every tangent from co' 
to the envelope which does not coincide with coco' will be a 
tangent to the orthoptic locus. Now in general the envelope 
will not touch coco' ; and hence the number of tangents from 
co' to the orthoptic locus, whose points of contact are not on 
coco', is o(jual to the class of the envelope. 

To find this class, we obtain the number of tangents from 
CO to the envelope. The line TV cannot pass through co unless 
o)PQ touches the given curve at P but not at Q, or vice 
vcMsa. If this is the ciase. however, caPQ will touch the 
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envelope at a point U such that (co//, PQ) is harmonic. Henct‘ 
each tangent from co to the curve is an (ii — 2)-ple tangent to 
the envelope ; so that the class of the envelope is m {n—"Z), 

We have then 

m' = m(>6 - 2)+ 1) = (m + 7i — 3). 

We now obtain S\ r\ i\ lY from Oh. VIII, § I and see that 

)/ = ‘ni 1), no = m -}- >#- — 3), \ 

5' = \ )ti { (m 4- 1 ) (m — + 2 t [ , k' = hol, ' 

/= nh(3tn + k — 6), JY = I 

In general the orthoptic locus of a, curvii is of i t latively 
high degree. For instance, the general cubic has an orthoptic 
locus of degree 30. But as will be seen in the following 
lixamples, the orthoptic locus simplifies injiterially, if the given 
curve is specialized by touching the line co(o\ itc. 

Kx, 1. Tlu' singular foci of the orthoptic locus arc the 
middle ])oints of the — 1) segments joining the m real foci of 

llio curve. 

Kx. 2. There aie in {m 3) {n - 2) pninU of a curve from which two 
perpendicular tangents can he <liawji to the curve, nidther of which 
coincides with the tangent at the point. 

[The curve nn^ots the ortlioj)ti<‘ locus at the points of coiita(*t of the 
tangents to the curve fjom <a and o> , and touches it at the feet of the 
in {tn + // ~4) normals which are also tangents. There remain 

in (in - d) (y/ — 2) 

intersections ot’ciiive and locus | 

Kx. 3. There are | w/ -f 1) (n/ 2) (in 3) jioints Jfom wlin li two 

pairs of mutually peipimdieulai tangents can he drawn to .i givim 
curve of class in. 

[The nodes of the orthoptic locus other than u), to', and the mr nodiis 
derived from bitangents of the given curve.) 

Kx. 4. If a curve touches coco' at V and (YZ, cow') is harmonic, the 
orthoptic locus has to and to' as I (w — 1) (w/ — 2)-ple points and Z as an 
(yn — 1 )-ple jioint. If Y is a cusx) at which tow' is a tangent, the tangents 
at Z to the locus are the tangents from to the curve other than ww'. 

Ex. 5. if ww' is a /I 'ple tangent to the cune, 

i/ = (nt — 7c) {in — 1 in—{ni — l'){m-{n~{)-k), #c' = (?yy- k) i. 

Ex. 6. If in Kx. 4 the curve has ww' as inflexional tangent at Y, the 
locus has {m - 2) linear branches touching wo;' at Z. We have 

yy' — (m— 1) (m — 2), yyd = (yyy — 2) (y/H -4), yc' = (m — 2) (t — 1). 

Ex. 7. If the curve touches ww' at and Z where (ww', YZ) is 
harmonic, the locus has Y and Z as (m-3)-ple points, w and w as 
^ (m~ 2) (m — 3)*ple points. It also cuts ww' at one other point. 

Discuss the cases in which Y. Z are cusps, inflexions, &(;. 
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Kx. 8, If the f'urve passes through a> and w', the orthoptic locus has 
a branch through w touching the curve at oj, and m — 2 superlinear 
bran (‘lies of order 2 at a). We have 

?/'=== (w - 1), w' — w? — 5 )h 4, K )ni. 

Fix, 9. If bitangents of tho curve pass through co and w', 

//'=(/// + 1) (j>/ — 2), /!/' == m (?/; 4 // “3) — 4, k mt. 

Kx. 10. If inflexional tangents of the curve i)as8 through a) and u)', 

)f' = (nt + 1) ~2)f /«' = w (m 4 y/ -- 4), k = tni — 4. 

Fix. 11. The degree and class of the locus of the intersection of two 
perpendicular normals iir» 

(oi — 1) (?n 4 yy '--2) and (»/ — 1) (4 ?y? 4 yc — 6). 

The locus has no cusp. 

[The locus is the orthoptic locus of the exolute.] 

Kx. 12. Verify the results of Fix. 1 to 11 on the < urves of § 5, Fix. 1. 

Fix. 13. The orthoptic locus is a straight line when the curve (i) is a 
parabola; (ii) touches axo' in two points dividing ww' harmonically, 
while yy «= 4, m = 3. 

Fix. 14, The orthoptic locus is a ciicle when the curve (i) is a circle, 

(ii) is a central conic, (iii) touches wo)' at o) and while y/ = 4, m = 3. 

Fix. 15. The orthoptic locus is a parabola when the curxe (i) has cdo)' 
as inflexional tangent, while yy = vi = 3 ; (ii) has axu' as ordinary" and 
inflexional tangent, the jioints of contact dividing axo' harmonically, 
while yy »= 5, oy = 4 ; (iii) has oko' as inflexional tangent at two points 
dividing wo/ harmonically, while yy = G, yyy = 5. 

Kx. 10. The orthoptic locus is a (*entral conic when the c-iirve (ij has 
woi' as bitangent, while yy = 4. m = 3 ; (ii) has o)o>' as triple tangent, two 
of the points of ( ontact dividing ww' harmonically, while yy = 6, w = 4; 

(iii) has ww' as quadruple tangent, two pairs of points of ('ontact dividing 
0 ) 0 )' harmonically, while n = 8, m = 5.* 


§ 7. Isoptic Locus. 

Tlie locus of the intersection of two tangents to a curvi‘ 
which are inclined at a fixed angle oi is called an isoptic locm. 
The investigation of its properties is similar to that of §§ 5 
and 6. The construction for the tangent to the isoptic locus 
implied in Fig. 8 still holds. The locus is an algebraic curve 
if we consider tangents cutting at an angle tt — a as included 
among those which cut at an angle a.f 


^ The orthoptic locus is a cubic in fourteen cases, and a quartic in thirty- 
eight cases. 

t For the circle the loci of the intersection of two tangents cutting at 
angles (X or ir-a are distinct and both algebraic (being in fact concentric 
cii cles). But this is not usually the case. For the parabola the two loci are 
the two branches of the same hyperbola. 
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For the Pllicker’s numbers n', m', ... of an isoptic locus we 
find 

■n,' = 2m(m— 1), m' = m{2n + 2ni—4:), 

5^ = jn( 2 m — 3)(m‘'^— m— l) + 2 mr, k' = 2)iii. ! 

t ' = m |2m (m + 'H-)* — (8m* + 8m9i- + 'ji*) — 2m + 12 + 25|, | 
t' = 2m (3m+/c — 3), = (m- l)“ + 2mi) I 

An isoptic locus has m(m— l)-p]e points at <o and a>'. 

Kx. 1. Tangents HQ to a curve are inclined at a constant angle, 
and the normals at P and Q meet at -S'. Show that HS is the normal at 
R to the locus of P. 

Deduce the orthoptic locus of a parabola or central conic. 

[P is the instantaneous centre of rotation of the rigid body PQR. 

The line RS is parallel to the axis or passes through the centre. 
Therefore the orthoptic locus is a straght line or concentric circle.] 

Kx. 2. The isojitic locus touches the curve at the 2w points of contact 
of tangents from o) and to' (cuts if Of = -Itt), and at the 2m (m 4) 
points P such that a line through P making an angle CX with th(‘ 
tangent at P touches the (‘urve elsewhere. It cuts the curve at the 
2ni (m — S) (n -2) points Q of the curve from which two tangents can be 
drawn inclined at an angle a, neither touching at Q. 

Ex. 3. Find the locus of tlnj intc'rsection of two tangents inclined at 
a constant angle, one drawn to each of two given curves. 

I The isoptic locus of the two curves taken together, less the iso])tic 
loci of the two curves taken separately.] 

Kx. 4. Find the isoptic loci of 

fy* = 4 a.r and .c^jd* n^/h'^ — 1. 

ly’* - 4 f/a? = tan* (X (a? -!■ r/)* and 

tan* (X (.T* 4 //* — «* — y'Y = 4 ( Ir H «*//* a* b'^). | 

Ex. 5. Find the Pliicker’s numbers of the envelope of a chord of a 
given curve subtending an angle of given magnitude at a given point O. 

[Reciprocate with respect to ().] 

Kx. 6. A curve has A-fold symmetry about 0. Show that the tangents 
at the ends of the radii through O inclined at an angle (X, which is a 
multiple of 27r/Ar, meet on a curve which is part of an isoptic locus and 
which is similar to the pedal with respect to 0. 

8 . Oissoid. 

Suppose that I'roni a fixed point O any line is drawn cutting 
two fixed curves and ISg respectively in and P.^, Take 
a point P on the line such that OP = OP^ — OP^ . The locus 
of P is called the eissoid of and 2)3 for the pole 0. 

Suppose the Plucker’s numbers of and are m^, ... 
and mg, ... , while the Pliicker s numbers of the eissoid ai*e 
-W), m, . . . . On any line through 0 there are points such as 
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1\ and such as P,,. Hence the line meets the cissoid at 

rijj points other than O. 

Moreover, the line joining O to an intersection of and 
is evidently a tangent at 0 to the cissoid ; so that 0 is a 
^^^Tig-ple point of the cissoid. Therefore any line through 0 
meets the cissoid in points. 

Hence 

n = 7L^. 

Again, each of the vi^ tangents from O to is evidently 
a tangent to the cissoid, and so for the r)^ tangents 

to 

Also the iK tangents to the cissoid at 0 count as 
tangents from (), Hence + iangents eaii 

])e drawn from () to the cissoid, or 

Also it is evident from a diagram that a line joining 0 to 
a cusp of 22, passes through 7?^ cusps of the cissoid, and so 
for . Hcjice 

K = /C.^+ 

It has been assumed that neither curve passes through the 
circular points, that all tho intersections of the curves are 
finite, &c. 


Kx. 1 . Prove tliut tlie cissoid ol'idtjehraic (curves is algebraic, 
pj’liis was t(,s‘snfHni in § 8 .] 

h]x. 2. Tlie cissoid has n., linear hranches touching 5, at each of its 
infinite points. 

Ex. J3. Find the Piiicker’s nuiubers of the locus of P if in §8 
0P = /.',OPj+/.*,07^2, 
where A-, and / o are constants. 

[Consider the cissoid of the two curves oldained l>y increasing the 
radii vectoies of Sj and 2 ^ in the ratio 1/kj and —l/Zra respectively. 
Note the case — A-g = !•] 

Ex. 4. If a radius vector meets tliree given curves in P,, and 

or = OJ\ + A-2 OPo 4 A*, OPy , 

where Pl\I\r^ is a line and A;, ,A-j,,A 3 are constants, find the 
Pliicker’s nunibei's of thi‘ locus of P. Extend to the case of N given 
curves. 

[First apply Kx. d to the locus of where 
OQ ^ l\OP^, 

aud then apply Ex, 8 to the loci of Q and P 3 .J 

Ex. 5. What modification is necessary in the results of § 8 , if either 
of the given curves passes through (>, or if the curves meet at infinity ? 
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Ex. 6. Any transversal OPP^P^ through () meets a given curve in 
P^ and Fg* Find the PliickeFs numbers of the locus of /*, if 


[See Ex. o.] 


OP = 7c, 07 Vi A'jOPg. 


Ex 7. How many chords of a given curve through O an? divided in 
.1 given ratio at (> V 


Ex. 8. How many chords of a given curve through O are divided in 
a given ratio by a given line V 

Ex. 9. The cissoid of two circles, one of which passes through is 
a bicircular quartic with a node at O. 


Ex. 10. If 0, A arc two points, find the cissoid of the line through 
A perpendicular to ()A and the cirele on (>A as diameter. 

(If O is (0, 0) and A is (a, 0), the curve is // (a-.r) = 

The area between the circle and cissoid is something like an ivy leaf. 
Hciic(‘ the name ‘cissoid’, from the (Ireek xurcro?.] 

Ex. 11. The normals at P, , P., and 7* to S,, Sg and the cissoid mc(‘t 
the perpendicular to 07* through (> in O, , and (i. Prove that 

()<; = or/j-oOg. 

(The jmlar subnormal is in polar cooidinates.] 


Ex. 12. If the tangents at Pj, Po to Sg meet at 7’ and 7*, his(‘cts 
QT, the tangent at P to the cissoid passes through Q, 

(Take 07* and OG in Ex. 11 as axes of reference.] 


9. Conchoid. 

If oil the radius vector OP of a curve we iiieasuro oH* Pi^ 
equal to ±/r, where k is constant, the locus of Q is called a 
conchoid of the curve. It is the cissoid of the curve and the 
circle with centre 0 and radius /»;. 

If we are given the Cartesian equation of a curve, we may 
obtain the equation of any conchoid as follows. Turn the 
given equation into polars. Replace r by r + k. Expand the 
powers of r + k which occur by the binomial theorem, and 
collect terms involving an odd power of h on one side of the 
equation and the terms involving an even power of h on the 
other. Now square both sides, and turn the equation bdek 
into Cartesian coordinates. We have the required equation of 
the conchoid. 

For instance, consider the case of a curve of degree 2n and 
class m with multiple points of order n at 0 and at the 
circular points co and o)'. 
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Taking n ^ 3 (the method is general) the equation of the 
curve is 

{x^ + + 3u^ (x^ + 'ify^ + + 2 /‘“) + 

or in polar coordinates 

+ 3 Vjr- + 3^2?’ + ’ 

where is a homogeneous function of degree p in cos 6 and 
sin 0, and = Is the same function of x and y. 

The conchoid is 

(?’ 4- /»')^ 4- 3 {r 4- 4- 3 4- fe) 4- v.^ = 0 

or 

; (/'■’ 4- SVj r- 4- Sr.^r 4- r.^) + 3k^ (r 4- Vj) 

= P 1 3 (r- 4- - r 4- v.J + k - ; 

Turning back into Cartesians we hav(^ 

1 [{x^ + y^y^ 4 - 3uj ix'^ 4- y^y^ 4- StL, {x^ 4 - y^) 4- uj 

4- 3 /r (x- 4 - y^) {x- + 7 /- + u^y;- 

= Ic^ (x^ 4 - 2 /-) ! 3 [(i^- 4- y^f + 2v^ {X- 4- :f) 4- 7 ^ 2 ] 4- k'^ (aj“ 4- jf ) I 

We see that the conchoid is of degree 4 7 ? with 27?-ple points 
at O, 0 ), (o'. On finding the unreal asj^mptotes in the usual 
manner we see that the conchoid has n cusps at co whose 
tangents are the tangents at co to the given 27i-ic, and so 
for 00 '. 

The tangents from O to the conchoid arc the iih — 2 a tangents 
from 0 to the 277-ic not touching at 0, each reckoned twice 
(as is obvious from a diagram), and the 2??/ tangents at 0 to 
the conchoid each reckoned twice. Hence the class of the 
conchoid is 27>/. 

Each of the k cusps of the 27i-ic gives two cusps of conchoid, 
which with the cusps of the conchoid at co and co' make up 
2fc + 27i cusps in all. 

Since the conchoid is of degree 4n, is of class 2771, and has 
2 AC 4- 2 76 cusps, it has 

I [471 (476- 1)- 2771- 3(2ac 4- 2 76); 

nodes. 

These are accounted for as follows: by (Jh. VIII, §4 0 
counts for 76 ( 2 r 6 — 1) nodes, while co counts for 276(76— 1) nodes 
(and 76 cusps), and so for 00'. 

Moreover, each of the 5— 1 76 (76 — 1) nodes of the 276-ic other 
than 0, CO, co' gives rise to two nodes of the conchoid. There 
remain 76 (a^^ — 1) nodes of the conchoid which lie at the middle 
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pointb of the n{n — \) chords of the which pass through 

0 and are of length 2Z’.* 

Kx. 1. Find the conchoid of a strai^^lii line. 

I If the line is a; = the conchoid i.s 

{x — af (.r*4 ir) — 

It is called the ‘conchoid of Niconiodes’. It has a node at O and m 
tacnode at infinity with the given line as tangent.] 

Ex. 2. Find the conchoid of a cintle through 0. 

[A lima^on r — /• 4- h cos d.J 

Ex. M. Find the conchoid of the coni<! 

4 2 hxjf 4 hji^ 4 2 gx 4 2./}/ H c == 0. 

+ ax* 4 2 hxn 4- hf -{ 2 (jx 4 2/y 4 c) 4 ( ax'- H 2 lixy 4 hy * } ; = 

e= 4 (,r^ 4 //") ( ax^ 4 2 //xy 4 />//“ //x ^ J/// ". 

Consider the case ~ = 1, // = 0. | 

Ex. 4. An a^ic doo^ not pass through O. a>, or o)'. Find the nature of 
its conchoid at 0 and at infinity. 

[The conchoid is a 4a-ic with a 2 /^-ple i>oint at O, an ^/-plc point at 
each of w and w', and a tacnode at each infinite }»oint of the a-ic. What 
are the asymptotes V] 

Ex. 5. How many lines can be drawn through a given point on which 
two given curves infercept a segment of given length ? 

[Consider the intei-sections of one curve with a (*onchoid of the other.] 

Ex. f>. The centres of curvatuie at coi responding points of all possible 
<‘onchoids of a given ( urve lie on a conic. 

I Use Savary’s theorem on tin* centre of curvature of a roulel tc.] 


^ 10. Parallel Curves. 

ii’ along the uorinal at to a given curve we measure 
jPQ = ±/^, the locus of (J is said to be jtarallel to the given 
curve. All parallel curves have the same normals and the 
same evoliite. The loci of the two possible positions of Q are 
in oreneral parts of the same algebraic curve.f The tangents 
at P and Q are parallel and at a distance k apart. Hence the 
pedal of the parallel curve is the conchoid of the pedal of the 
given curve for any pole O, 

We proceed to find Pluckers numbers for any curve 
parallel to a curve of given type. Suppose that the given 

♦ The 2n-ic meets the conchoid obtained by changing k into 2/^ in 8a" 
points. By the above reasoning 2n® lie at 0, Ji(2w4l) at and n(2n+l) 
at cu'. The 2n(n-l) remaining intersections are the ends of the chords of 
the 2n-ic through 0 witli length 2k, 

f But they may each be distinct algebraic cuivcs ; for instance, in the case 
of a circle. 

N 2 
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curve docs not pass through 0, o), or co', and that its Pliicker’s 
numbers are n, m, /c, r, t. Wc shall denote the PlUcker’s 
numbers of any other curve, which we are for the moment 
considering, by n\ S', k, t\ l\ 

By § 4 for the pedal with respect to O 

ti 5'= [|m — + Ir], 

0. CO, (o' being points of this pedal. 

Here in the expressions for S' and k the term in the first 
brackets [ ] refers to the multiple points at 0, o), co' and the 
term in the second brackets [] refers to multiple points else- 
where ; and so in what follows. 

For the conchoid of the first pedal wc have l)y § 9 

n = 4m, m' = 2 // -\r4 hi, 

S' = — + K = (2n/d4-12/;. 

For this conchoid 0, co, co' are 2m-ple points, the tangents 
at CO, co' coinciding in pairs. 

For the inverse of this conchoid wc have )>y '^3 

a' ^ 2 Vi, i//' = 2 S' = |0| -f 1) — 2 t;, 

/c' = ;o; + ;2t;. 

For this inverse Oco and Oco' are 7/i-ple tangents. 

The polar reciprocal with respect to 0 of the inverse is the 
first negative pedal of the conchoid, i. e. the curve parallel to 
the given curve. 

For the parallel curve we have fi.nally 

ii 2 )i + 2 VI, VI = 2 ni, T = m {vi — 1 ) — 2r, l = 2 l, 

CO and co' being m-ple points of the parallel curve. 

That the class of the parallel curve is twice that of the 
original curve is also evident from the fact that to each 
tangent to the given curve in a given direction correspond two 
parallel tangents of the parallel curve at a distance h from it. 
Similarly, to each inflexion ot* the given curve correspond two 
in flexions on the parallel curve. 

If Xa;-}-//y + 1 = 9 i« a tangent to a curve with tangential 
equation /(A, /x) = 0, then 

A •/■ + fxy •+■ 1 -f* & (A** = 0 

is a tangent to the parallel curve, whose tangential equation 
is therefore 


A 
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This equation is rationalized by a process similar to that 
used to obtain the polar equation of a conchoid in § 9. W^o 
leave to the reader the investigation of the properties of 
parallel curves by this means. 

The parallel curve can readily be shown to be the envelope 
of a circle of radius k whose centre lies on the given curve. 
This gives in practice a convenient luctliod of drawing curves 
parallel to a given curve. 

Ex. 1. Show that the foci of a curve are singular foci of all paralh‘l 
curves. 

[Use the tangential e<j nation.] 

Ex. 2. Find the tangential equation of ciirvi's parallel to the ellipse 

= 1 . 

Draw the parallel curves distinguishing the cases 

k < h^/a, /.* = V^/a, h > k > h’^/a, /• = h, a>k> Ik k == a, 

a’^/h > k ><u A- = a^/h, k > ak'k 

f 1 - h^) I _ 1 I 2 ^ 4 J.2 ^^2 ^ I 

Ex. 3. Find the tangential and parametral equations of curves 
parallel to the parabola ^ = 4«ir, and draw them. 

(X“ + /i^). Also, if 2tau''^ is the angle which a 
tangent to the parahohi makes with the tangent at th(‘ vertex, 

_ Aaf f“) _ 4 at 2 kt 

( 1 -/^)^ 1 + /- ' “ 1 - 
Changing the sign of k is equivalent to changing t into - 1//. 

The curve is the recqjrocal of the quartic of Ch. XVII, § 8 (IV). It has 
degree 6 and class 4. It hjis two linear branches osculating each other 
at (oc , 0), the conics of closest contact being (y ±kf — 4 ax. It has also 
a node wherti (/*M 2a)t“ = k-~2a, and six cusps where 

2a (1 f = 4- (1 

It has no intlexion. It passes through the circular points, its singular 
focus being the focus of the parabola. 

Distinguish the cases k >2 a, 4 = 2 a, k < 2 a. 

Discuss similarly a?/ = .r" and a'^y = | 

Ex. 4. The radii of a singly infinite family of circles nre all increased 
by a constant. Show that their new envelope is pai*allel to their old one. 

Ex. 5. Find the envelope of a family of circles whose centres lie on 
a given curve and which touch a given circle. 

[Combine § 4, Ex. 18 and § 10, Ex. 4.] 

Ex. 6. A rhombus ABCD with centre O moves in its own plane so that 
the lines through () parallel to the sides both touch a fixed curve. Show 
that 0 traces out an isoptic locus of the curve while A, B, C, D trace 
out the isoptic locus of a parallel curve ; and that the normals at 
0, A, B, C, D to the two isoptic loci are concurrent. 
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§11. Other derived Curves. 

Many other cases of derived curves might be given. But 
those already discussed must suffice. Further illustrations of 
the principle at the end of § 1 will be found in the following 
examples. The attention of the reader is especially called to 
Ex. 1 to 4, which will be found useful later on. The Pliicker’s 
numbers of the given curve arc denoted in the examples by 
n, m, S, K, r, L, and those of the derived curve under considera- 
tion by n\ w\ 8\ k\ t\ 

Kx. 1. Find the Plucker’s numbers of the locus of the centre of a 
oil ole touching ii given curve and orthogonal to ii given circle with 
( entre 0. 

[We consider the case in which the given curve is of even degree a, 
having a }, point at co and a>\ The reader may consider otliei 

cases. 

To each of the n points in which a given line through O meets the 
given curve corresponds a tangent to the locus perpendicular to the 

line. Hence m' - ^ i.* 

To each tangent fioiu O to the given tairve corresponds an intersection 
of the locus with wo)'. Hence 

To each cusp of the given <'urve corresponds an inflexion of the locus. 

Hence t' = k. , , • i 

We see that the locus has the same Plucker’s numbers as the reciprocal 

of the given curve.] 

Kx. 2. How many circles can be drawn orthogonal to a given circle 
and bitangent to or osculating a given curve ? 

[Such a circle is given by each node or cusp of the locus of Ex. 1.] 

Kx. 3, Find the Pliicker's numbers of the envelope of a circle with its 
centre on a given curve s and cutting ortliogonally a given circle J 
whose centre is 0, 

[n' = 2m, m == 2(//4 w), b' = m (/ 7 ?-l) + ‘2r, k=2i, 

t' = 4m?i +2 t' == 2 (3 /n-t k), // = (m-l)4 2 D. 

The envelope is the locus of the imints Qj, on the perpendicular 
OY from O to the tangent at any point F of which are equidistant 
from Y and inverse for j. The envelope is self-inverse with respect to i, 
and has an w-ple point at o) and a>\ The tangents from 0 to the envelope 
are n bitangeiits given by taking Fat infinity and the 2 'ni perpendiculars 
from 0 to the 2 m common tangents of j and .s. Each bitangent of s 
gives two nodes of the envelope and each inflexion gives two cusps. 
The foci of s are the singular foci of the envelope, and the 2v inter- 
sections of j and 8 are ordinary foci of the envelope. 

The circle with centre Y and radius eqiml to the tangents YL and i L 
from Y to j passes through and § 2 * while PQi and are the normals 
at Qj and to the envelope. If OK is perpendicular to LL\ Fand Fare 

If the curve has a A-pIe point at each of w and cu', n' = m + 2n-4A:, 
tn s= 2n- 2A, i' ^ k. 
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corresponding points on s and its polar reciprocal with respect to j. 
These facts enable us to construct any number of points on the envelope, 
when either »<? or its polar reciprocal with respect to j are drawn. 

If j is = A* and has the tangential equation 

0 = a +/i (K +/a m) +/3 m) + ••• > 
where /. (X, /x) is homogeneous of degree ;• in X and fi, the equation of 
the envelope is 

0 = a - 2 /i (./•, y)/(x^ 4 yH Jc) + 4/* (x, + y' 4 /.•)" 

“8/3 + ....] 

Ilx. 4. What modification must be made in the results of F]x. 8 if tlie 
curve 8 (i) touches wco' at H ; (ii) goes through <•> and to' ; (iii) touches 
the tangents from a focus S at two points on J ? 

[(i) The envelope cuts Oil orthogonally at 0 and has an asymptote 
perpendicular to OH twice as far from O as the corresponding asymptote 
of the pedal of 6* with respect to 0. See § 4, Ex. 11. 

(ii) The tangents at co and to' to .s* are cuspidal tangents of the 
cmvelope. 

(iii) So) and SW are inflexional tangents of th(‘ envelope.! 

Ex. 5. Find the locus of the middle point of a chord of a given curve 
drawn in a fixed direction. 

= i-n (n- 1), »/' « (/f - 2) /n, k' = {// - 2) k. Consider the infinite 
points on the locus and the tangents in the fixed direction.] 

Ex. 6. How many lines can be drawn in a given direction on whicdi 
a given w-ic intercepts ^ n (w-1) segments two of which have the same 
middle point V 

[In Ex. 5 d' = Jy/('//-l)(n-2)(n-3)4-(n-2)fi. Of these nodes of 
the locus (n-2)fi are given by the nodes of the given n-ic, and the 
others by the segments in ciuestion.] 

Ex. 7. Find the Pliicker’s numbers of the locus of the middle point of 
the segment intercepted by two fixed lines on any tangent to a given curve. 

[//' = 2 ?H, m — 2w4-n, < — i.j 

Ex. 8. Find the degree of the locus of the end of the polar subnormal 
of a given curve. 

[2 'M4-yn. Consider the intersections of the locus with the line at 
infinity.] 

Ex. 9. Find the degree of the radial of a given curve ; i. e. the locus of 
the end of the line through a fixed point 0 parallel and equal to the 
radius of curvature at each point of the curve. 

[3m4-K. The cusps and points of contact of tangents from o) and w' 
give branches of the radial through O. Any line through 0 meets the 
radial in m more points. Prove also tn' = 7 m — 3 4- 3 k, k' = a, !)' = />•] 

Ex. 10. Find the degree of the locus of the centre of a circle touching 
a given curve and a given straight line. 

[2(m4-w). The locus meets the given line at its intersections with 
the tangents to the curve from <0 and &>', and has a node at each inter- 
section of the given line with the curve.] 
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Kx. 11. The tangent at P to a curve meets it again in P, ... . Find 
the degree of the locus of X if (i) X divides PQ in a given ratio, (ii) X" 
divides QR in a given ratio. 

[It is easy to find the intersections of the loci with the line at infinity. 
Their degrees are 

and 2 (w/ -2) (y/ - 3). | 

Ex. 12. Find the degree of the locus of X', if the tangent at P is 
replaced by the normal at P in Ex. 11. 

Ex. 13. Find the degree of the locus of the intersection of two equal 
tangents to a curve. 

[The circular points are Jwi (;>/-! )-ple 'points of the locus, and foi 
the other points at infinity see § 2, Ex. 6. 

Discuss the locus of a point from which equal tangents can be drawn 
to two different curves.] 

Ex. 14. If Pis any variable point on the first polar curve of a fixed 
point 0 with respect to a given curve, the locus of intersection of the 
polar line of P and the polar of P with respect to a fixed conic is a 
curve of degree y« + + k. 

[The polar line of P i^asses through O which is a (yy-l)-ple point oi‘ 
the locus. Find where the polar line meets the locus again.] 
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INTERSECTIONS OF CURVES 

§ 1. Conditions determining a Curve. 

The equation /(.r, jy, o) = 0 of a curve of degree j/ contains 
one terai of zero degree in u' and j/, two terms of the first 
degree, ..., >/ + ! terms of the i^-th degree. Hence /(./', ?/, :) 
contains | (n + 1) ( + 2) coefficients. 

Suppose we are given points 

(^1 > 2/i, -i)) ••• ' ?// • 

The curve will pass through them if 

/(«i. 2/i. 'i) = 0. -s) = 0. ••• . ■'/r. -.•) = • W 

These are linear equations in the I (a + 1) + 2) coefficients 

2/> ^)- They will determine the 
a(,,+ l)(,,4.2)-l = 
independent ratios of the coefficients, if 
r = n (n -f 3). 

Hence in general one and only one curve of degree n passes 
through ^ }h(ih + 3) given points (sec Ch. II, §6). 

It may happen, however, that the equations (i) are not 
independent. In this case an infinite number of /t-ics will 
pass through the ^n{n + S) given points. 

Let us consider two special cases. 

First take >/ = 1. In this case a (>6-f 3) = 2. Equa- 
tions (i) have one and only one solution ; for one and only 
one straight line passes through two given points. 

Next take ib = 2. Here f a(?6 + 3) = 5. 

If no four of the five assigned points are collinear, one and 
only one conic goes through them. 

If three of the five points are collinear, the conic through 
the points is degenerate, being the line through those three 
points and the line joining the other two points. 

If four of the given points are collinear, there are a singly 
infinite number of conics through the five points, namely the 
line through the four points and any line through the fifth 
point. 
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Lastly, if all five given points are collinear, there are a 
doubly infinite number of conics through the five points, 
namely the line through the points and any other line 
whatever. 

If equations (i) express the ratios of the 

coefficients of y, z) linearly in terms of (n + S)—r arbi- 
trary independent quantities; so that an — 

infinite number of a-ics pass through the given r points in 
general. If only 8 of equations (i) are independent, the ratios 
of the coefficients can be expressed linearly in terms of 
J (/t q- 3) — « quantities. The equation of the a-ic is then 
of the form 

/I'l'iKJj + H“ • • • "h = ^ 1 5 

where are arbitrary constants, and 

= 0 , = 0 , = 0 

are s fixed y^-ics through the given points. 

Kx. If p and q are positive integers such that a jp-ic and a q-ic can 
be described through any pQ' arbitrary points, we must have p ~ 1, 

p = 1 and q = 2, p ^ 2 and q =■ 1, or p = q = 2. 

[These are the only values of and q such that 

and I q Uj > PQ»] 

§ 2. Cubics through Eight Points. 

We now take the case n = 3. Here = 9. 

Suppose eight points on the cubic are given. The coeffi- 
cients of its equation can in general be expressed linearly in 
terms of a single quantity. Hence the equation is of the form 
u + kv = 0, where u = 0 and y = 0 are fixed cubics, and k is 
a parameter not involving x, ?/, Therefore the cubic passes 
through the nine fixed intersections of = 0 and v = 0 ; 
eight of them being the eight given points. Hence : 

All cubics ihrotiy/t eUjht fixed points pass through a ninth 
fixed point. 

In general one and only one cubic passes through nine 
given points. But if the nine points are the intersections of 
two cubics, an infinite number of cubics pass through the nine 
given points.* 

It is necessary now to consider whether there is any excep- 
tion to the statement that ajl cubics through eight points pass 
through a ninth. The argument which established this result 

* In this case any two of the nine points are said to be conjugate to one 
another with respect to the other seven. 



XII 4 OTTBICS THROUGH EIGHT POINTS 


187 


will not be valid if the eight points are such that all cubics 
through any seven of them necessarily pass through the eighth ; 
which implies that the equations (i) of § 1 {n = 3, r = 8) are 
not independent. The equation of the cubics will involve not 
one, but two or more parameters in this case ; and the pre- 
ceding proof breaks down in consequence. 

Let the eight points then be B, C, 1), E, F, (f, H, which 
are such that any cubic through seven of them passes through 
the eighth. 

First suppose no three of the eight points collinear. The 
cubic consisting of the conic ABODE and the line GH passes 
through seven of the points and therefore through the eighth 
point F. But F does not lie on GH, Hence the conic 
ABODE goes through F^ and similarly through G and 11. 
The eight given points lie on a conic, and any cubic through 
them consists of this conic and some straight line ; for a non- 
degeneiate cubic cannot meet a conic in more than six points. 

The case in which three or more of the given points are 
collinear is dealt with in a similar manner. It will be found 
that the eight pointwS lie on one or other of two straight lines, 
one (or both) of which is part of every cubic through the eight 
points. 

Hence all cubics through eight given points always pass 
through a ninth fixed point, and may under special circum- 
stances pass through an infinite number of other fixed points, 

H- 

Let 118 now consider some applications of the theorem of § 2. 

If two straight lines meet a cubic in A-^^, A,^, A.^ and 
B^, B^, while the lines A^B^^ cubic 

again in Oj, C'.j, then 0^, 63 are collinear. 

For the three cubics 

(1) the given cubic, 

(2) the line-trio A^A.j^A^y B^B^B.^, UjUjj, 

(3) the line-trio A^B^Oj^, A.^B,^G^, A,^B.^C^y 

pass through the eight points A^, A.^, A^, B^, B.^, 0^,0^. 

They therefore pass through a ninth point. But cubics (1) 
and (3) pass through 0^. Hence lies on cubic (2). But O.^ 
cannot lie on the lines A^A.^A.^ or B^B.^B,^, since neither of 
them meets the cubic in four points. Therefore 0^ lies on 
0^0,, (Fig. 1). 

Taking the lines A^A,^A.,, By^B.j,B., very close to one another, 
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and defining the tangential of a point A on a cubic as the 
point in which the tangent at A meets the curve again, 
we have : 

• 

The iangentials of three colli near poinffi of a ruhlc (fre 
collinear. 

Suppose now and A., are inflexions of the cubic, while 
A^A 2 A. and are close to one another. Then G, is 

close to them, and we have in the limit : 

The line joining iwo i ujlexlous of a cubic ])as8€S through 
another in flexion,'^ 



Ex. 1. The linito intersections of a cubic with its asymptotes an* 
collinear. 

[They are the tanjjentials of its intcmections with the line at infinity. 
See Ch. IT, § 5, Ex. 3.] 

Ex. 2. The points of contact of the tangents from an inflexion of 
a cubic are collinear. 

[This is a particular case of the collinearity of tangential s of collinear 
points. The points of contact lie, of course, on the harmonic polar of 
the inflexion.] 

Ex. 3. If Bj C, D, E, F are points on a conic, while AB and DK 
meet at A, BC and EF at M, CD and FA at then L, Jf, N arc* 

collinear. 

[Consider (1) conic and line LJlf, (2) line- trio AB^ CD, EF, (3) line- 
trio BC, DE, FA, This is Pascal’s well-known theorem.] 

* See also § 5, Ex. 0 ; Ch. II, § 3, Ex. 7 ; Ch. VII, § 4. 
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Ex. 4. If six of the intersections of two cubics lie on a conic, the other 
three are collinear. 

[Consider the two given cubics and the cubic consisting of the conit 
and the line joining two of the remaining intersections. The theorems 
in § 4 and many of these exanijdes are particular cases oi‘ this result.] 

Kx. 5. I f two cubics have the same asymptotes, their finite intersections 
are collinear. 

[The conic of Kx. 4 is the line at infinity twic(‘ over. Kx. 1 is a 
particular case. | 

Kx. 6. A conic meets a cubic at It; C, />, F. Show that AJJ, CJ)^ 
EF meet the cubic again at three collinear points L, F. 

[The second cubic of Kx. 4 is the line-trio ABL, CDM, EFN.] 

Ex. 7. A conic touches a cubic at P, Q, R, Show that the tangentials 
of P, Q, R are collinear. 

Show that there are three families of conics, ench doubly infinite in 
number, having triple contact with a given non-singular cubic. 

Discuhs the case of a unicursal cubic. 

[vSee Kx. 6. P and Q may be chosen arbitrarily. When they are 
chosen, the tangentials of P, Q, R are known. Then there are three 
possible positions for P, excluding the ease in which /*. (>, R are 
collinear. I 

Kx. 8. A conic osculates a cubit at P jiud Q, Show that PQ passes 
through an infltixion. 

[See Kx. 6.] 

Kx. 9. The sextactic jioints of a cubic {[loints at which a conic has 
six-point contact) are the points of contact of the tangents from the 
infiexions. Discuss the number of such sextactic i^oints in the cases of 
a non-singular, nodal, or cuspidal cubic.. 

[A particular case of Kx. 8. The number of points is 27, 3, 0.] 

Ex. 10. A circle meets a circular cubic in the finite points B, C, D. 
\\‘ AB and CD meet the cubic again in L and M, LM is parallel to the 
real asymptote of the cubic. 

[In Ex. 6 take E and F at the circular points.] 

Ex. 11. A conic has four-point contact with a cubic at A and meets 
the curve again at E and F. If EF meets the cubic again in iV, N is 
the tangential of the tangential of A, 

[Take A, B, (\ D consecutive in Kx. 6. | 

Kx. 12. Enunciate the theorem obtained by making A and P, Cand I) 
respectively consecutive in Kx. 6. 

Kx. 13. The tangents from a point P of a cubic are PA, PB, PC, PD. 
Show that AB and CD meet at Q on the curvi\ 

[Consider (1) the given cubic, (2) polar conic of P and line AB, 
(3) line-trio PA, PB, CD.] 

Kx. 14. Show that the tangents at P and Q in Kx. 13 meet on the 
curve. 

[The tangentials of A, Q. B are collinear.] 
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Ex. 15. Two cubics go through the vertices A, B, C, D of a quadrangle 
and through the diagonal points E, F, G. Show that, if they touch at 

A, they osculate there ; while, if they touch at E, they meet again 
on FG, 

[Consider (i) two cubics and Ijne-trio ABE, ACG, ADF\ (ii) two 
cubics and line-trio KBA^ ECDy FG,\ 

Ex. 16. Chords PQ, fiS of a cubic meet at T on the curve. Show that a 
quadrilateral can be inscribed in the cubic with the sides AB, BC, CD, DA 
going through 1\ B, Q, S and any given point A of the curve as vertex. 

[Consider (1) given cubic, (2) line-trio SRP APB, CQD, (3) line-trio 
PQT, BRC, pSA,] 

Ex. 17. A conic, passes through four fixed points A, B, C, J) of a cubic. 
Show that the line joining the other two intersections of the conic and 
cubic meets the cubic again at a fixed point. 

[Let conics S, S' through A, B, C, D meet the cubic again in E, F and 
F', F'. Consider the c>ubics (1) given cubic, (2) conic ABCDKF and line 
F'F, (3) conic ABODE' F' and line EFJ\ 

Ex. 18. Through four given points of a cubic four conics can be 
drawn touching the cubic at some other point. The tangents at the 
four points of contact all meet on the cubic. 

[See Ex. 17.] 

Ex. 19. The circle of curvature at .4 to a circular cubic passes through 

B, and the circle of curvature at B passes through A, Show that the 
tangents at A and B meet on the cubic. 

I Take C, D in Ex. 17 at the circular points.] 

Ex. 20. Two points F, P' on a cubic are joined to ])oints A, B on the 
curve ; and PA , PB, P'A, P'B meet the curve again at Q, R, Q', /?'. 
Prove that Q'R and QR' meet on the cubic. 

[See Ex. 17.] 

Ex. 21. A variable point Fon a cubic is joined to two fixed points of 
the curve, and the joining lines meet the curve again in Q and R. Prove 
that QR is divided harmonically by the cubic and its point of contact 
with its envelope. 

[Make P' consecutive to 7^ in Ex. 20.] 

Ex. 22. Any cubic is the locus of the intersections of a pencil of conics 
with a homographic pencil of lines whose vertex is any given point O 
of the cubic. 

[Let ABC be any three fixed points of the cubic. If any line through 
0 meets the S ic in 0, P, Q, the conic ABCPQ meets the 3-ic again in a 
fixed point D (F]x. 17) and the line OPQ and the conic ABCDPQ have 
a one-to-one correspondence. The point 0 is called the point opposite to 
A, B, C, D with respecjt to the cubic.] 

Ex. 23. Prove the accuracy of the following ruler construction for the 
] joint opposite to A, B, C, D with respect to the cubic through 
A, B, C, D, E, F, G, H, I. * Let the conics through A, B, C, D be put 
into homograijhi(; correspondence with the lines through H so that 
the lines HE, HF, HO correspond respectively to the conics ABODE. 
ABCDF, ABCDG. Let the line through li corresponding in the 
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homography to the conic ABCDl meet in r the conic 2 through 
F, 6r, H touching at H the line corresponding to the conic ABCDH, 
Then IT meets 2 again at 0/ 

Ex. 24. Show that if 0 and fl are the points op}) 08 ite to A, J5, <7, D 
and to E, F, (?, if, the conics ABCDCl and EFGHO meet OflJ at the 
ninth common point of all cubics through A, B, C, i>, E, F, G, JL 

Deduce a ruler construction for the ninth intersection of all cubit s 
through eight given points. 

Kx. 25. Given nine points, construct by ruler the intersection of the 
cubic through them with the line through two of the points or the conic 
through five. 


§ 6. Intersections Two >/-ics. 

The theorem that all cubics through eight given points pass 
through a ninth fixed point can be extended to curves of 
higher degree in the form : 

Tn general all cxirvea of the n-th degree fhrovgh 
1- n, 1 jured poini.^ 2^^^^ through 1) (/? — 2) othsr 

jUced points. 

For in general by § 1 any such curve has an equation ol* 
the form uA-kv = 0 , where h is a parameter; and the curve 
passes through all the intersections of u = 0 and y = 0. 
Noting that 

{n + 3) — 1 + 4 (i? — 1) {n — 2) = n.\ 
we have the required result. 

The theorem is only true ‘ in general ’ if n > 3 ; i. e. only 
if the given points are such that not all 7i-ics through 
of them pass through the remaining point. We 
shall assume that the theorems of §§ 5, 6, 7 hold good in the 
examples given in these sections ; but it must be admitted 
that this assumption is hardly rigorous without further inves- 
tigation. 

Ex. 1. A conic meet^ a quartic at Ai. A^^ B^, (\y and 

the lines A^A^f B^B^, A 1^2 meet the quartic again at A^ and A^, 

A and A and A and A* Show that A» A» A» 

A, A lie on a conic, 

[(1) The given quartic, (2) the lines A^A^, B, A» A A - (^) l-he 

given conic and the conic A^ C^D^A^, are three qiiartics through the 
same thirteen points. There lore they have three more points in common. 
Ex. 2, 3, 4 arc special cases of this result.] 

Ex. 2. The tangents at four collinear points of a quartic meet the curve 
again in eight points on a conic. 

Ex. 3. Deduce Ch. IT, § 3, Ex. 8, 9, 10 from Kx. 1. 

Ex. 4. Four normals are drawn to a conic from a point, and from the 
centres of curvature at the feet of the normals two more normals are 
drawn. Show that these eight normals touch a conic. 

[Reciprocate and use Ex. 2.] 
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Ex. 5. A straight line meets a quartii* at B, ( 7 , D. Show that the 
twelve points in whieh a conic through A, B and a conic through C, D 
meet the quartic again lie on a cubic. 

[Consider the quartics (1) given quartic, (2) pair of conics, (3) given 
line and cubic through nine of the twelve points.] 

Ex. 6. If a conic passes through the points of contact of a bitangent of 
i\. quartic, a cubic will touch the quartic at its six other intersections 
with the quartic. 

[Limiting case of Ex. 5 ] 

Ex. 7 Through each of n coll inoar points of an y/-ic a straight line is 
drawn. 8how that they meet the w-ic again in n[n~\) points on an 
(>/-l)-ic. 

[Consider the n-ics (1) given >/-ic, (2) n lines, (3) line of (*ollinear points 
and {n - l)-ic through ^ - 1) (n 4 2) of the n(n - 1) points.] 

Ex. 8. A conic meets an n-ic in 2« points. These are divided into 
pairs, 8how that the n lines joining each pair meet the w-ic again in 
K{n-2) points on an {n - 2)-ic. 

[Consider the nucs (1) given i/>ic, (2) n lines, (3) conic and {n- 2)-ic. 

This includes Kx. 1 as a special case. Generalize Ex. 2.] 

Ex. 9. A line through - 1 inflexions of an x-ic passes through an 
x-th inflexion. 

[Take the conic of Ex. 8 as the line twice over and the n lines as the 
tangents at its intersections with the «-ic. The result also follows from 
Ch. J, § 6, Ex 9. The case n = 3 is W(dl known.] 

Ex. 10. All x-circular 2x-ics through x'^4-2x~l tinite points pass 
through 1)“ other fixed finite points 

Ex. 11. Show that the thtjoreni of § 5 is not true when x > 3. 

[If two quartettes of lines meet in sixteen points of which three lie on 
another line, the theorem is readily seen to be not true for 4-ics through 
the other thirteen points. More generally, it may be shown to be untrue 
for the thirteen other interse<*tions of any two 4-ic8 through three 
collincar points.] 

Ex. 12. The feet of the normals to a curve /(.c, y) == 0 of degree x 
and class m from a point 0 (^, ?/) lie on an w-ic through O and the poles 
of the line at infinity, the directions of whose asymptotes arc the axial 
directions of / = 0. The number of such normals is m + n. 

[On — iy-rj) > which meets /* = 0 twice at each node and 

c) y d ,r 

thrice at each cusp. See Ch. VII, §2, ¥jX. 13 ] 


Ex. 13. Any x-ic through the feet of lx (x 4-3)-! normals from (P to 
a given w-ic passes through the foot of every normal from () (x > 2). 


§ 

I)i geweral, if np of the ti- iiiterseetioiha of two n-ics lie on 
a p-ic^ the remaining n{n~-p) lie on an {n—p)-ic. 

For the p-ic and an (ti — p)-ic through i>) + 

of the remaining points form an n-ic (degenerate) through 
+ + = ^n{n + S)-l + ^{p-l){p-2) 
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of the intersections of the two given 7 i-ics. Hence by § 5 
all the remaining points lie on this degenerate n-io. But none 
of them can lie on the ^>-ic, for the ^>-ic cannot meet the 7i-ic 
in more than points unless the 7?<-ic degenerates, which we 
suppose not to be the case. Hence they must all lie on the 
(n — />)-ic. 

^jX. 1. A polygon of 2 7* sides is ins<*.ribed in a eonie. The intersections 
of the sides, other than the vertiees of the polygon, lie on an (n~2)-ic. 

I Consider the two >/-ic‘S formed by taking every alternate side of the 
P^^y^on : 2 It of their intersections lie on a conic. 

Note the cases w = 3 or 4.] 

Kx. 2. Any quartic, through the intersections of a cubic and quartic 
meets the quartic again in four coll inoar points. 

bx. 3. Any quartic through the intersections of a conic and quartic 
meets the quartic again in eight points on a conic. 

Ex. 4. A conic meets a quartic in 1*, Q, h\ S, P\ Q\ Ii\ S'. Any conic, 
through ]\ Q, R, S and any conic through r\ Q\ R\ S' meet the quartic 
again in eight points on a conic. 

[This and the following oxamjiles are particular cases of Ex. 3. 
Obtain other theorems as special cases ] 

Ex. 5. Two conics are drawn through the points of contact of two 
bitangents of a quartic. Show that their eight other intersections with 
the quartic lie on a conic. 

[See also Ch. XIX, § 2, Ex. 2.] 

Ex. 6. A conic through the points of contact of two bitangents of 
a quartic meets the curve again in A, B, C, D. Show that a conk* can 
be di-awn touching the (juartic at A, By 6\ I). 

Ex. 7. If a conic meets a quartic in eight points and a conic touches 
the quartic at four of the points, a conic touches the quartic at the 
other four. 

§ 7. Intersections of any Two Curves. 

An extension of the theorem of § 5 is the following: 

Ihj general any r-ic through a^ hut 

f (yi + iY— r— 1) + 

of the nN intersection of an n-ic and N-ic will pass through the 
remaining intersections, provided n, r'^N, r^n-\- iY— 3.* 

If n ^ N r, we have the theorem of § 5. 

Take ^{r — n)(r’--n + 3) arbitrary points on the iY-ic and 
^ {r — ]^)(r — N+S) arbitrary points on the 7 i-ic. 

Take also 

nN-—^ + iY— /’— 1) (/i + iY— r — 2) 

of the intersections of n-ic and A-ic. 

* For a discussion of limitations to which this result is subjected, see 
Bacharach, Math. AnneUen xxvi (1886), pp. 276-239. 
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The total number of points taken will be found to be 
Jr(r +3) — 1. 

The n-ic together with the (r- 71)40 through the 
^(r—n) (?’— w + 3) 

points form a degenerate r-ic through the | r (?' + 3) — 1 pointe ; 
and so for the N-ic together with the (r — N)-ic through the 
.1 (r— iV)(r— A’'+3) points. Therefore every r-ic through the 
•|r(r-t-3) — 1 points passes through every intersection of this 
pair of degenerate r-ics ; which proves the result. 

Kx. 1. If’ a quartie meets a in A,li, 0, P,E, F, A', li , C , ,F , 
the lines AA\£B', CC, I)D', EE\ FF' meet the cubic, agsiin in six 
points on a conic. 

is given cubic, N-ic. is the quarth* and the conit*, through five of 
the points, r-ic is the six lines.] 

Kx, 2. The tangents at the six intersections ot a conic and cubit* meet 
the cubic, again in six points on a conic. 

[Take the quartie in Ex. 1 as a pair of adjacent conics.] 

Ex. 3. The tangents from a point 0 to a cubic meet the curve again in 
six points on a conic, 

[Take the conic of Ex. 2 as the polar conic of 0. See Ch, I, § 9, Ex. 6.] 

Ex. 4. A quartie through the intersections ol two cubics meets either 
cubic again in three collinear jioints. 

[?/-ic is cubic, N-ic is quartit*, r-ic is other cubic and the line through 
two of the three points.] 

§ 8. Theory of Residuals. 

Suppose that flenotes a homogeneous expression of 
degree r in x, y, c. The curve 6^ = 0 is a curve of degree r, 
which we shall call ‘the curve r\ when there can be no 
confusion with the number r. 

Suppose Cl, Gj,, G,,,, G^, Cpio be such that 

GiGx-^G^^^Gy^-^Cj^Gp ^ Q (i)} 

where Z-f X = 7n-f + j/. 

Suppose that the curves /, m, n all pass through points 
which we call collectively ‘ the points 0\ Let the complete 
intersection of the curves m and 71 , be the points O togetlier 
with other points which we call collectively ‘ the points L \ 
Then (i) shows that the curve X passes through L. 

Suppose that 

the curves I and m meet in the points 0 and N, 
the curves I and 71 meet in the points 0 and Af, 
the curves X and m meet in the points L and M', 
the curves X and n meet in the points L and N\ 
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By (i) the curves jx and v meet in points each of which lies 
on one of the curves I or X. Suppose they meet in points 1/ 
on I and O' on X. Now by (i) the curves I and m meet in 
points each of which lies on one of the curves n or v. But 
the only points common to the curves Z, m, n are 0 ; so that 
the curve v passes through the points N. 

Proceeding thus, we obtain relations between the curves 
and their intersections which will be clear from Fig. 2. In 
this diagram is shown a cube with unit edge whose faces 
x = 0, a; = 1, y — 0, 2/ = 2? = 0, 0=1 

represent the curves ?, X, m, /i, v respectively. 



Each curve passes through the points whose symbols lie at 
the corners of the face representing that curve. Thus the 
curve I passes through the points OUMN, the curve X passes 
through the points 0'LM'N\ and so on. Moreover, the com- 
plete intersection of any two curves represented by faces of 
the cube (not opposite) is the points whose symbols lie at the 
ends of the edge common to those faces. Thus OL is the 
complete intersection of the curves m and ri, MN' of fi and ai, 
O'U of fi and i/, &c. 
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Kx. 1. The through any given point 0 and the intersections of 
three given w-ics taken in pairs form a pencil. 

[Let / =0, ^ = 0 be the given n-ics ; /o, </)o» ^^'o what /, yfr 

become when we substitute in them the coordinates ol 0. Then use 

fa d'o'l'- 'I'o </>) + </>o (fof-fo'l') + 'I'o (/o<i> - </>a/) = 0-] 

Ex. 2. Through the intersections of an M-ic, and an ^-ic three n-i(;8 
are drawn. Through the remaining intersections of each pair of w-ics is 
drawn an (?i — JV')-ic. Show that these three (?? ~-^)-ics form a pencil. 

[If 0 and C^^ = 0 are the ^-ic and ;i-ic, the three ;i-ics arc 
+ Cy A = 0, C„ 4 0, C„ + Cj^rT = 0, 

and the (>» ~ jN^)-icfi are B = r, r = A, A = B.] 

§ 9 - 

Let us now considei* 0^ = 0 as a given /^-ic with any 
points () taken on it. We assume that, subject to certain 
limitations as to the positions of the points 0,* &c., it is 
always possible to find polynomials Cy such that 

A + + CnCy = {) ; 

where Cj, given polynomials such that Z + X is not 

less than m and n, while the curves (7^ = 0, (7,,^ = 0 meet at 
each of the points 0, but at no other point of the given /i-ic, 
and (\ = 0 passes through the intersections of (7,^ = 0 and 
= 0 other than 0. 

For the proof of this important theorem see § 10. 

Wc assume its truth and deduce some consequences. 

As in § 8 we may consider O and M as the complete inter- 
section of Cl = 0 and (7^ = 0, and 0 and L as the complete 
intersection of = 0 and = 0. Suppose any curve 0 
through L meets = 0 in the points L and N\ Then the 
points M and are the complete intersection of (7^ = 0 with 
some curve, namely (7^ = 0. 

The points O and M are said to be residual gi’oups of points 
for the curve f7^ = 0, meaning that, taken together, they are 
the complete intersection of = 0 with some curve (f7jf = 0). 
This will be expressed the notation 

0 + 1/ = O.f 

Similarly 0 and L are residual, i. e. 

O + i = 0, 

since 0 and L form the complete intersection of CL = 0 with 

6;, = o. 

* For instance, cave is necessary if some of the points 0 are multiple 
points of the n-ic. 

t And in general, if groups of points P^Q^Ry form taken all together the 
complete intersection of with a given curve, we write P+Q + i?+... = 0. 
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Tho points L and M are said to be coresidual groups of 
points tor the curve (7^, meaning that they are both residual 
to the same points 0. We denote this by the notation 

L = M. 

Tlie result above obtained may then be worded : 

If L and M are coresidual groups of points for an n-ic, 
any points residual to L are remulual to M, 

In fact, we proved that, since L and M were both residual 
to 0, any points Y' residual to L were residual to M, In 
other words, if OL, OM, LN' are all complete intersections of 
the n-xG with some other curve, so are MN', 

Symbolically, we deduce from 

0 + A = 0, O + M-O, i + that il/-fA''=0. 

Remembering the notation L = Jl/, we see that symbolical 
relations such as 0 + A = 0, &c, can be added or subtracted 
just as if they were ordinary identities. It is only necessary 
to consider such a relation as A — il/ = 0 to be equivalent to 
A = ilf , and + = 0 to mean P-f P + Q = 0,* &c. 

Such a treatment of the symbolism is a great economy of 
labour. It enables us to some extent to replace geometrical 
reasoning by elementary algebraical woi’k ; though, of course, 
at some stage or other the algebraic i*csult must be interpreted 
geometrically, if it is to be of any value. 

We must be careful to conliuo our algebraic processes to 
addition and subtraction. Multiplication by an integer will 
be lawl’ul, for that is only equivalent to repeated addition; 
but division is not allowed. 

Ex. 1. Two single non-coincident points P, Q cannot be coresidual 
(h>2). 

[Any line through P other than PQ meets the w-ic in points 
which cannot form with Q the complete intersection of the^M-ic with any 
curve.] 

Ex. 2. Through points P on a given n-ic any curve is drawn meeting 
the n-ic again in points Pj, through P^ is drawn any curve meeting the 
w-ic again in Pg, through Pa is drawn any curve meeting the w-ic again 
in Ps, and so on. If P 2 ,. consists of a single point, show that this point 
is the same whatever the curves used and whatever the value of r, 

[P+Pi = 0, Pi + P 2 = 0, P 2 + P. = 0, ..., Pj,._i + P2j^=0 give 

P^Pg^. Suppose other curves used; then we have P^P\s (say). 
Hence Pj, —P'as- % ^ if ^ 2 r ^nd Fgs are single points, they 

coincide. 

If the points P are p in number, and the curves arc of degrees 

•••» we have vi(/q~?q + « 3 “ ... -jq,.) + 1 = 0.] 

* ‘The points Q and the points F taken twice from the complete inter- 
section of the w-ic with some curve.’ 
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Ex. 3. Through four points of a given 3-ic draw a conic meeting the 
given 3-ic in two more points, through these points draw a 3-ic meeting 
the given 3-ic in seven more points, through them draw a 4-ic meeting 
the 3-ic in five more points, through them draw a conic meeting the 3-ic 
in one more point i?. Show that any conic through the four points 
initially taken meets the 3-ic again in two points collinear with R, 

[See Ex. 2. The reader may enunciate similar theorems.] 

Ex. 4. Two pairs of points on an w-ic (n > 3) cannot be coresidual, if 
no three of the four points are collinear. 

[As in Ex. 1.] 

Ex. 5. Two trios of points on a quartic cannot be coresidual (unless 
they coincide). 

[One trio is residual to the remaining five intersections of the 4-ic with 
any conic through the other trio. Therefore the trios coincide.] 

Ex. 6. Through seven points P of a quartic a cubic is drawn rneeting the 
quartic in five more points Q. Through P is drawn a quartic meeting 
the given quartic in nine more points P. Show that the conic through 
Q and the cubic through R meet in three points on the quartic. 

[Use Ex. 5.] 

Ex. 7. The tangents at n collinear points of an n-ic meet the curve 
again in n (n — 2) points on an {n — 2)-ic. 

[Denoting the n points by P and the n (n - 2) points by ft 
P=0 and 2P-fQ = 0. 

Hence ^ = 0. For the case n = 3, see § 4. See also § 5, Ex. 8.] 

Ex. 8. From any point 0 n (n — 1) tangents are drawn to a non-singular 
n-iQ, Show that they meet the curve again in (??-l)(/?~2) points 
lying on an ( n — 1) — 2)-ic. 

[Denoting the points of contact, which lie on the first polar of 0, by 
P, and the n {n-l){n-2) points by ft P = 0 and 2P-|-C>=0. Hence 
$ = 0. For the case n = 3 see § 7, Ex. 3.] 

Ex. 9. If six intersections of a 3-ic and 4-ic lie on a conic, so do the 
remaining six. The four other intersections of the 4-ic and the two 
conics are collinear. 

[Denote the six intersections of the 4-ic and the first conic by Pand 
the other two intersections by R. Let the line joining R meet the 4-ic 
again in two points S, Let the 3-ic and 4-ic meet in six other points ft 
Then P-fe = 0, P+P = 0, R-hS=0 give Q-^S=0.} 

Ex. 10. Three cubics go through seven points. Show that the lines 
joining the remaining intersections of the cubics taken in pairs form 
a triangle whose vertices lie one on each of the three given cubics. 

[Denote the seven points by P, and the intersections of cubics 2 and 3, 
1 and 3 by J, B respectively. Let the lines joining the points A, B 
meet cubic 3 in II, K. Then on cubic 3 we have 

P+A = 0, P+P = 0, A + H = 0, B + K=Q, 

These give II = K, so that by Ex. 1 II and K coincide.] 

Ex. 11. An ?«-ic has d nodes and no cusp. Show that the remaining 
intersections with the w-ic of a p-ic through the inflexions lie on a 
( — 3 w -f 2 6 -f 6)-ic which passes through the intersections of the w-ic 
with its nodal tangents other than the nodes. 
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[Suppose the w-ic and p-ic meet at the inflexions / and other points P, 
while the nodal tangents meet the w-ic at points Q and P, of which 
P coincide with the nodes. Then P+J~0, Q + R^O, y + P = 0 (since 
the points I and R lie on the Hessian), so that P+ Q = 0.] 

Ex. 12. An n-ic has a single node 0. Show that the remaining inter- 
sections with the 9 /-ic of a j?>-ic through the points of contact of the 
tangents from 0 and the intersections of the v/*ic with the tangents at O 
(other than 0) lie on a ( /> — n + 3)-ic. 

[As in Ex. 11, letting I be the points of contact of tangents from O, 
and replacing the Hessian by the first polar of O.] 

Ex. 13. The sixteen inflexions of a quartic with a biflecnode lie on 
another quartic, and the eight inflexions of a quartic with two biflecnodes 
lie on a conic. 

[Denote by I the inflexions and by R the intersections of the 4-ic with 
the nodal tangents. Then from the Hessian i + P — O, and from the 
nodal tangents P~0, so that /=0. See Ch XVIII, § 1, Ex. 6; 
§ 9, Ex. 6.J 


§ 10 . 

In § 9 we made use of the theorem that, if the curve 
f(x, y) = 0 passes through the intersections of (l>(x, y) = 0 
and ylr(x,y) = 0, then we can put / in the form Acp + Bxlr^ 
where A and B are polynomials in u:; and y. 

We are here using Cartesian coordinates, and taking/ <^, 
as the of § 9. 

We shall suppose that the intersections of = 0, = 0 

are ordinary distinct points of / = 0, = 0, \/^ = 0, and give 

a proof of the result with this limitation. We may suppose 
the axes of reference taken perfectly generally. 

Let (a, b) be an intersection of </> = 0 and ^ = 0. To 
eliminate y between <^ = 0 and \/f = 0 we may carry out the 
process of finding the highest common factor of </> and \//, con- 
sidered as polynomials arranged in descending powers of y^ 
till we reach a remainder R involving x but not y. Equating 
this remainder to zero we get the result of elimination required, 
which is an equation giving the abscissae of the intersections 
of (/) = 0 and yj/ = 0, The remainder B must have therefore 
x—a, but not (x—ay, as a factor. Moreover, it follows at 
once from the process of finding |»he highest common factor 
that each remainder found in the process, and in particular 
the last remainder R, is of the form k<f)+fx\jr, where K and fx are 
polynomials in x and y. 

Suppose that, when A/ is divided by the quotient is v 
and the remainder 0, so that 

A/= vxlf-^e, 

V and 0 being polynomials in x and y. 
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It only remains to show that 0 has 72 as a factor. For, if 
that is proved, we have 6 = AR or 0 == A (\0 + fx\/r), A being 
a polynomial. 

We should then have 

\f — v\l/ + A (X</) + fJLXj/) 
or "A (/— A </)) = {v + A fx) \j/. 

Now, since 72 = A</) + and 72 is independent of y, any 
common factor of A and would be independent of y. But, 
if we have cliosen the axes of rehu-ence generally, yff has not 
a function of x as factor. Hence A ami \j/ have no common 
factor, and therefore (i;H-Ajui)/A must be a polynomial Ji ; or 
/ = A </) + Eyfr, as required. 

To show that 0 has 72 as a factor, we prove that 6 has x — a 
as a factor. A similar argument will then apply to each 
factor of 72, and the result follows. 

Suppose xjr of degree 7i in x and y, and therefore 0 of degree 
n^l. The relation 72 = A</) 4* shows that every one of the 
n intersections of ^ = 0 with x == a lies on A = 0 or = 0, 
since 72 has x — a as a factor. But (the axes of reference 
being general) the only intersection of 0 = 0 and y]/ ^ 0 with 
abscissa a is (a, i). Hence the n—l intersections of yjr = i) 
and a; = a other than (a, b) lie on A = 0. 

Then d=^Xf—v\lr shows that all the 7i intersections of 
yjf =z 0 and = a lie on ^ = 0, for (rt, b) lies on / = 0 and 

= 0, while the other 7i — l lie on \j/ = 0 and A = 0. But 
0 0, being of degree n—l, cannot meet a; = a in more than 

n — l points unless x — ai&a factor of 0. 

For the case in which the intersections of / =-- 0, </> = 0, 
\//^ = 0 are multiple points of any of these curves the reader 
may refer to Noether’s paper in the MathematMie A^i'ndle^i 
xl (1892), p. 140,* from which the above proof has been 
adapted. We have applied the residuation theorem in the 
examples of § 9 to such cases, which was not strictly lawful 
without a more careful investigation. But the results there 
given can also be established in most cases by other methods. 

* The reader may consult the bibliography in the Mathematical Encyclopaedia, 
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UNICURSAL CUBICS 
§ 1. Types of Cubic. 

Since a line joining two double points of a curve meets it 
in at least four points, a cubic cannot have more than one 
double point. Hence there are only three types of cubic,* 
whose Pliicker’s numbers are given by the table 


Type 

» 

: wi 1 

5 

1 

1 /c 

1 


t 

1) 

(i) 

o 

0 1 

0 

! 0 

0 

if 

1 

(111 

! 

i ^ ' 

1 

1 j 

0 

8 

0 

(.111) 

i 

i ' 

0 

1 i j 

0 

1 

0 

1 


In this chapter we shall discuss the types (ii) and (iii) whose 
deficiency is zero. These are the nodal and cuspidal cubics. 
Thc}^ are unicursal, and the coordinates of any point on the 
curve may be expressed rationally in terms of a parameter by 
considering the intersection of the curve with any straight line 
through the double point. 

§ 2. Geometrical Methods applied to Unicursal Cubics. 

The properties of a unicursal cubic may be derived from 
those of a conic by projection and inversion. 

There are lines meeting the cubic in only one real point. 
For let any tangent meet the curve again at F, The point P 
must be real, since the tangent meets the curve at two real 
(coincident) points at its point of contact, and therefore meets 
the curve in three real points. If through P two lines are 
drawn adjacent to the tangent, one of them evidently meets 
the curve in three real points and the other in one (see Fig. 1). 

Suppose then that a real line meets the curve in unreal 
points ft) and ft)'. Project ft) and ft)' into the circular points at 

* By curves of Hhe same type’ we mean those with the same Plucker’s 
numbers. 
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infinity. Then, if the origin 0 is taken at the double point of 
the cubic, the curve is now a circular cubic with an equation 
of the form 

ax^ -f 2Itxy -h + 2 (gx -^fy) {x^ + y^) = 0. 

Inverting with respect to a circle with centre 0 and unit 
radius, we obtain the conic through 0 

ax^ -{-2hxy + hy^-\-2gx-^2fy = 0. 

This conic is a parabola, ellipse, or hyperbola, according as 
the cubic has a cusp, acnode, or crunode ; i. e. according as 
= , < , or > ah. 

The real asymptote of the cubic inverts into the circle of 
curvature of the conic at 0, and* the inflexional tangents of 
the cubic invert into the other osculating circles of the cubic 
which pass through 0. 



Ex. 1. A cubic with an acnode has three real inflexions, and a cubic 
with a crunode has one real and two unreal inflexions. 

[Take the case of the acnodal cubic. By a real projection it may be 
transformed into a circular acnodal cubic, and then inverting with 
respect to the acnode we get ; ‘ Through any point 0 of an ellipse three 
leal circles of curvature pass other that the circle of curvature at 0.’ 

Ill fact, if the eccentric angle of O is 0, the eccentric angles of the 
three points of contact of the circles of curvature are 

Since the sum of these is 27r — ^y the three points of contact are con- 
cyclic with O, and therefore the three inflexions are collinear (cf. 
Ch. VII, § 4). Similarly for the crunodal cubic.] 

Ex 2. The real asymptote of a cuspidal circular cubic is equally 
inclined to the tangent at the cusp and to the line joining the cusp and 
the focus. 

[Inverting with respect to the cusp and remembering that the focus 
inverts into a focus (Ch. Y, § 4) we have : ‘ Any tangent to a parabola is 
equally inclined to the axis and to the focal distances of the point of 
contact.’] 
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Ex. 8. The lines j oining the node of a nodal circular cubic to the real 
foci are equally inclined to the real asymptote. 

Ex. 4. A chord of a circular cubic with a node 0 subtends 90° at 0. 
Show that the middle point of the chord lies on a fixed straight line, 
and that the circles on such chords as diameter are coaxial. 

Ex. 5. If 0 is the node of a circular cubic with real foci S, S' and the 
circle OSS' meets the curve again at A and A'^ 

1 A.A'_^ 

so - s o - A O . A O ~ 

Ex. G. If 0 is the centre of a fixed circle touching two given circles 
externally, find the locus of the inverse of 0 with respect to any other 
circle touching the given circles externally. 

[Part of a circular cubic with a crunode at 0.] 

Ex. 7. Obtain properties of a nodal circular cubic by inverting other 
properties of the conic. 

Ex. 8. Any line meets the cissoid + = ay* with cusp 0 in 

Pj, Pj, Pg ; and any circle meets it in ^ 4 * Show that the 

sum of the cotangents of the angles which 

0I\, Ol\, 01\ or Og,, OQ,, OQ, 
make with the tangent at the cusp is zero. 

[Invert with respect to 0, The cissoid becomes a parabola with 
vertex 0.] 

Ex. 9. A cubic has three asymptotes and a node 0. If a line through 
0 meets the cubic in Q and the asymptotes in Pj, Pg, P,, show that 

0Pi4 0 p 2 + 0 P 3 = og. 

hlx. 10. The chord of a circular cubic with a node O subtending 90° at 
0 envelops a conic. 

[Expressing the condition that two of the lines joining the inter- 
sections of 

4 py + 1 = 0 and x -f y-) 4 ax^ 4 2 hxy 4 6y* = 0 
to the origin are perpendicular, we get the tangential equation of the 
envelope.] 

Ex. 11. The locus of the point of contact of a tangent from 0 to 
a family of confocal conics is a circular cubic through the foci with 
a node at O. 

Consider the case in which 0 is on an axis or at infinity. 

Consider the case of confocal parabolas. 

Generalize by projection. 

Ex. 12. The locus of the centre of a circle whose circumference passes 
through two given points and meets a given line not coplanar with the 
points is a nodal circular cubic. 

Ex. 13. A ray of light proceeds from a fixed point A, is reflected at P 
from any sphere with a given centre G, and alter reflexion passes through 
a fixed point P. Find the locus of P. 

[(i*J*4y®) {y (&4a) C0Ba4a7 (fc-a) sin a} = 2 abary, 2 ? s= 0 ; if O, A, B 
are the origin, (a cos a, a sin (X, 0), (h cos CX, - bsin OK, 0).] 
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§ 3. Cuspidal Cubics. 

A real cuspidal cubic has one cusp and one inflexion, and 
these must be real. Take the triangle of reference ABC so 
that B is the inflexion and G the cusp, while AB and AG are 
the tangents at B and C (Fig. 2).* Then there is no term in 
the equation of the cubic involving or ; and the only 
term involving z is zy^y since y^ = 0 are the tangents at C, 

//A 



Also, when we put z = Q, the equation must reduce to x'^ = 0, 
since 2 ? = 0 meets the curve three times at B. Hence the 
equation of the cubic is zy^ = ax K Putting az for 0 , we see 
that 

A cuspidal cubic can be put into the form zy^ = X'^ by a real 
choice of homogeneous coordinates. 

* The curves shown in Figs. 2, 3, 4 have the Cartesian equations 

+ Qiy^(x-i)-\-Ux^y + x^{6x-12) = 0, 

and X {x^-^xy + 4 ^ 2 ) + (2a; - </) = 0 respectively. 
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It follows from Ch. I, § 3 that any cuspidal cubic can be 
projected into the semicubical parabola 

Any point on the curve zy^ = may be taken as {t, 1, 
t being the parameter of the point. 

If the points with parameters lie on the line 

Xic + iiy -{‘vz 0, 

/j, the roots of the equation in t 

+ /i + = 0, 

so that <1 + L, + = 0. 

Hence : 

If th ree j)Otais of zy^ = X'^ are colli near, the sum of their 
parameters is zero, and conversely 

If the tangent to any cubic (unicursal or otherwise) at P 
meets the curve again at Q, Q is called the first tangential, or 
simply ‘ the tangential ' of P. The tangential of the first 
tangential is called the second tavgentied, the tangential of 
the second tangential is called the third tangential, and so on. 

If the parameter of P is t, the parameter of the first 
tangential Q is —2/, for the tangent at P meets the curve in 
the points P, P, Q whose paraijioters have a zero sum. 

The parameter of the 7i-th tangential of P is evidently 

If the points with parameters f^, t^fiz^ 
conic 

ax^ + hffi + + 2///v + 2 gzx + 'Zhxy = 0, 

these quantities are the roots of 

at^ + h-itct^ + 2ft^’[-2gl^ + 2ht = 0. 

Since the coefficient of P in this equation is zero, we have : 

If six 2 '>oints of zy^ = x^ lie on a conic, the sum of their 
parameters is zero, and conversely. 

Similarly : 

If nine p)oints of zy^ = x^ are the intersections of this cubic 
with another cubic, the sum of their parameters is zero, and 
conversely. 

Ex. 1. Any cuspidal cubic can be projected into 
a^y =: or into y./-® = a®. 

Ex. 2. The successive tangentials of a given point approach the cusp as 
their limiting position, 

[T * ( - 2)” f = Qo , and the parameters of the inflexion and cusp 

i-^n-»00 

are zero and infinite.] 
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Ex. 3. From a point P on a cuspidal cubic a tangent is drawn touching 
at Pj , from P, a tangent is drawn touching at Pj, and so on. Show thaA 
P„ approaches the inflexion as its limiting position. 

[The parameters of Pand P„ are in the ratio 1 : ( — 

Ex. 4. The conic of closest contact at P to a cuspidal cubic meets it 
again in P^, similarly Pj is derived from P^, and so on. Find the 
limiting position of P„ . 

[The parameters of P and Pj are in the ratio 1 : — 5.] 

Ex. 5. Through a point P of a cusjndal cubic a conic is drawn having 
5-point contact at similarly is derived from P, and so on. Find 
the limiting position of P<’*^ 

Ex. 6. A conic passes through two given points of a (‘uspidal cubic, 
osculates it at P, and cuts it again at P, . Similaily Pj is derived from 
Pj, Pg from Pg, and so on. Find the limiting position of P„. 

Ex. 7. The conic of closest contact at any point of a cuspidal cubic 
(other than the cusp or inflexion) meets the inflexional tangent in 
unreal points and the cuspidal tangent in real points. 

[The conic of closest contact at (/, 1, P) with is 

45 + 5 — 40 fyz 4 15 t^zx — 24 f'xy ~ 0, 

as is seen by putting d, 1, for a?, y, z in the general equation of 
a conic and comparing the resulting equation for 6 with 

=0. 

See also Ch. X, § 2, Ex. 16 (i).] 

Ex. 8. The loci of the poles of the inflexional and cuspidal tangents 
with respect to the conic of closest contact at any point of a cuspidal 
cubic are cuspidal cubics with the same cusp, inflexion, cuspidal tangent, 
and inflexional tangent. 

Ex. 9. A conic osculates a cuspidal cubic at P and Q, Show that the 
line PQ passes through the inflexion and is divided harmonically by the 
inflexion and the tangent at the cusp. 

Ex. 10. Find the locus of the intersection of the tangent at P to a 
cuspidal cubic with the tangent at the second tangential of P. 

Ex. 11. The tangent at P to a cuspidal cubic meets the curve, the 
inflexional tangent, the cuspidal tangent in Q, P, T respectively. Show 
that the cross-ratio of the range (PQBT) is 9/8. 

Ex. 12. If in Ex. 11 the cross-ratio of (PQHS) is any constant other 
than 9/8, find the locus of S. 

[A cubic with the same cusp, inflexion, cuspidal tangent, and in- 
flexional tangent.] 

Ex. 13. The tangents from P to a cuspidal cubic meet the curve again 
in three points. Show that the tangents at these points meet in a 
point Q ; and that, if P moves along a straight line, so does Q, 

Ex. 14. Obtain theorems from Ex. 7 to 13 by reciprocation. 

Ex. 15. Find the locus of the intersection of tangents to the semi- 
cubical parabola ay^ = at points subtending 90° at the cusp. 

[A parabola having double contact with the given curve.] 

Ex. 16. The locus of the intersection of two perpendicular normals to 
a semicubical parabola is a nodal cubic. 
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Ek. 17. The locus of a point P, which moves so that the sum of the 
angles made with a fixed line by the tangents from P to a semicubical 
parabola is constant, is a straight line. 

Ex. 18. The chord PQ of the cissoid = ay^ subtends 90° at 

the cusp. Show that 

(i) The locus of the middle point of PQ is a straight line. 

(ii) The locus of the intersection of the tangents at Pand ^is a circle. 

(iii) The locus of the intersection of the normals at P and Q is 

a straight line. 

fAny ])oint on the curve is a; = <i/(l-4 Pj, y = rt/^(l-f P). See ^ 2, 
Ex. 8, and Ch. XI, § 8, Ex. 10.] 

Ex. 19. Find the envelope of the common chord of a cissoid and its 
circle of curvature. 

[If four points on the curve are concycdic, their j)ariimcters have zero 
sum. The chord joining the points with parameters r, -3 Ms 
(1 4 7/^) a; = 6 u enveloping 3^ >/* (a — j*) = 

Ex 20. The locuK of the focus of a parabola passing through fixed 
points P and Q, and having PQ as normal at P, is the cissoid of Ex. 18. 

[If the i>arabo]a is = A ax and P is {aP, 2«0, while SZ is the 
perpendicular from the focus S on PQy 

SZ ^ PZ=a (14 PQ ^ p Aa + 

Now eliminate a and /.] 

Ex. 21. The sum of the abscissae of the feet of con(*urrent normals of 
a (x — y)'^ = is constant. 

Ex. 22. The equation of any ;/-ic- with a tangent of /epoint contact 
and a, supcrlincar branch of order a -1 may be put in the form 

§ 4. ISTodal Cubics. 

The equation of any acnodal cubic can be imt in the form 
six^ + y^) = y{Sx^-y^) 

by a suitable choice of homogeneous coordinates. 

A real nodal cubic has a real node and three inflexions, of 
which one at least must be real. Take the triangle of refer- 
ence ABG BO that C is the node, ^ is a real inflexion, and GB 
is the harmonic conjugate of GA with respect to the tangents 
at (7, i. e. GB is the harmonic polar of the inflexion A. 

Since (7 is a node, and the tangents at C form a harmonic 
pencil with xy = 0, the coelficientB of xz^, xyz in the 
equation of the cubic are zero. Since A is an inflexion, the 
coefidcients of and xy^ must be zero, remembering that the 
tangent at A meets the curve thrice at A. 

Moreover, since G is an aepode, the coefficients of x^z and 
y^z have the same sign. Choosing suitable .homogeneous 
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coordinates, we may make these coefficients the same, and the 
equation takes the form 

c (x^ -h 4- y {ax^ + = 0. 

In this replace 2 : by ^(b — a)z~\{Zh’\-a) ?/, which by 
Ch. I, § 1 is ei^ui valent to choosing the line 
z + \ {^h-\-u)y = 0 

as the side AB oi new triangle of reference, and the equation 
reduces to , . 

( 0 * 



The Hessian of (i) is 

z{x^^y^) ^ .... (ii). 

It meets the curve (i) where z = 0. Hence the line 5 = 0 
passes through the three inflexions (1, 0, 0), (1, + >/3, 0) of 
the cubic (i). 

Any point on the cubic (i) is 

(cos </), sin sin 3<^). 

The whole curve, except the acnode, is obtained by giving 
(f) all real values between 0 and tt (Fig. 3). 
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If the points with parameters <^2» ^3 

Xx + /ly-hvz = 0 , 

tan <#>1, tan <^2> ^3 roots of 

(cos^ <#) + sin*-^ <f)) (X cos ^ sin </>) 

-f 1/ sin (/) (3 cos- (fy — sin^ </>) = 0 , 

considered as an equation in tan (f). Therefore 

tan (f)^ + tan (l>,j + tan <^3 = tan </>! tan c/>^ tan (f)^. 

H ence : 

If three points ott the cwhlc (i) with parameters (f)^, <^3 

are collinear, </q + </).2 + <if>3 = (mod. tt) ; and conversely. 
Putting (f)^, (^>25 ^3 etiual, we obtain the parameters of the 
inflexions, namely 0, ^tt. The sum of those is tt. Hence : 

A n acnod(d cuhic has three re<d colli near inflexions ; 
as found ])eforc l)y means of the Hessian. 

Similarly we may show that : 

If six points on the cubic, (i) v^Uh parameters , </)2, <#>3, <#>4, 
(/),,, </),. lie on a conic, </>! + -t f/>3 -h <^4 + ^/v, d (mod. if) ; 

and conversely. 

The eqfiation of auy crunodal ciihic can. be put in the form 
z (.H — ;(/“) = // + v/*^) 

by a suitable choice, if homogeneous cinmli nates. 

The proof is almost exactly the same as that given for the 
acnodal cubic, except that the coefficients of x^z and jfz have 
opposite signs. 

The Hessian of 

z{x^-y^) = y(^x- + y-) (iii) 

is z{ir^ — if)——^y{^x:^-\-y-) .... (iv). 

As before, :^ = 0 is the line of inflexions. 

The coordinates of any point on (iii) are 

(cosh (|), sinh </), sinli 3 (/>). 

The condition for three points on a line or six points on a 
conic is the same as that given for the acnodal cuUc, sub- 
stituting (mod. TT i) for (mod. tt). 

Tlie inflexions have parameters 0, Jtt/, f 7ri, 

Hence : 

A crunodal cubic has three colUnear inflexions of which 
only one is real. ^ 

If we suppose that the points of (iii) at the two ends of an 
asymptote are the same, we may say that the whole curve is 
divided into two portions by the crunode. One contains the 

P 


2316 
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real inflexion, an(J is obtained by giving ^ all real values from 
— 00 to -I- Qo . The other portion, which we shall call the 
loop, is obtained by giving </> the value d + where 0 takes 
all real values between — oo and + QO (Fig. 4). 

The coordinates of any point on a nodal cubic can be 
expressed rationally in terms of a parameter t, by putting 
cot <f) or coth (f) = t 

Many convenient standard forms of the equation of a nodal 
cubic exist, other than (i) and (iii). 



Fig. 4. 

We may mention the form 

x(z-±9f) = (v) 

obtained by taldng A as the node, C as an inflexion, as 
the harmonic polar of (7, and CB as the tangent at (7. Any 
point on the curve is 

(sin'^ <^), sin (\>, cos </>) or (sinh^ sinh </>, cosh (jb). 

The condition for three points on a line or six points on a 
conic is the same as that given above. The line of inflexions 
is 4a: = ±3j/. 

The form (v) is suggested by that given in Ch. XVI, § 1 for 
the non-singnlar cubic. 
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Ex. 1. A nodal cubic can be projected into 

a {x^ ± t/) = 0?® or into y (x^ ± a^) = 

Plx. 2. Show from the form y {x^ ±a^) — that a nodal cubic has three 
or one real inflexions according as it has an acnode or crunode. 

= 2 a® (3 a:* + a’*) /(a;^ ± a^f vanishes at an inflexion.] 

Ex. 3. Show that the tangents at two inflexions of a nodal cubic meet 
on the harmonic polar of the third inflexion. 

[The tangents at the finite inflexions of y (x^ + a^) = a® meet on a; = 0, 
which is the harmonic polar of the inflexion (oo, 0).] 

Ex. 4. Show that the equation of any crunodal cubic can be put in 
the form ^ 3a:i/c. 

Show that, if any point on the curve is taken as (3 3 1 + the 

product of the parameters of three collinear points is — 1 and the product 
of the parameters of six points on a conic is +1. 

.Show that any (trunodal cubic can be projected into the folium of 
Descartes a^ + y^ =3 axy. 

Ex. 5. A line meets a nodal cubic in P, Q, P, and the lines joining 
these points to the node make angles d, and ^ 2 ? 
with the tangents at the node. Show that 

(sin . sin (j)^ . sin \lri) -r (sin . sin </).2 . sin 

is constant. 

[Use the fact that in Ex. 4 the product of the parameters of three 
collinear points is — 1.] 

Ex. 6. Show that no real tangent can be drawn to a crunodal cubic 
from a point on the loop ; and that from any other point of the curve 
two real tangents can be drawn, one point of contact being o» the loop 
a^d the other not. 

[If </;, \/r are the parameters of a point and its tangential, 

2 </) + >/^ = 0 (mod. TTi).] 

Ex. 7. Considciing an acnodal cubic (supposed continuous at the two 
ends of an asymptote) as divided into three pai-ts by the three real 
inflexions, prove that from any point on one part two real tangents can 
he drawn to the curve, one point of contact lying on each of the other 
two j>arts. 

Ex. 8. The conic of closest contact at P with a crunodal cubic meets 
the line of inflexions at unreal or real points according as P does or docs 
not lie on the loop. 

[See Ex. 4 and Ch. X, § 2, Ex. 16 (ii).] 

Ex. 9. The line of inflexions of 

(aoX^ + 2ajXy + a2y^)s^ + ^„x^-t-3AiX^y-i^ 3y<jry^ + yla//® — 0 
is 4(aor^2 — ^q*)^'b3 (rtQ.^a't « 2 ^o~ 2 aj v4j)a? + 3 0- 

I It is the (n - 1) = - (» — 2) of Ch. VII, § 7, Ex. 14 (v) in the 

case n = 3. For another proof see Bromwich, Metisefiyer Math,, xxxii, 
p. 113. Or again, we may use the theory of covariants, verifying the 
result for any special form of the equation of the cubic.] 

P 2 



212 


NODAL CUBICS 


XIII 4 


Ex. 10. A family of nodal cubics has given inflexions and the tangents 
at two of the inflexions are also given. Show that the locus of the node 
is a straight line. 

[The harmonic polar of the third inflexion by Ex. 3. Or put the 
equation of the family in the form 

= (a? 4- y + ^hz) xy.] 

4 

Ex. 11. The line joining two points of the cubic of § 4 (i) with 
parameters CX, /3 is 

z = (sin 2a + sin 2/3 -sin 2 (a 4 ^)} x+ {cos 2a 4- cos 2/3 + cos 2 (a +/3)] y. 

For the cubic of § 4 (iii) replace sin and cos by sinh and cosh. 

Ex. 12. The other intersections with the curve of any line through 
a fixed point of a nodal cubic subtend an involution at the node. 

Ex. 13. The tangents at Q and i? to a cubic with node 0 meet on 
th(' curve at P. The line QP meets the (iurve again at *S’, and OP meets 
QR at E and the line of inflexions at F. Show that 

(i) OQ and OR are hannonically conjugate with respect to the tangents 
at 0 and also with respect to OP and OS, 

(ii) (OF, KP) is harmonic. 

(iii) As P varies QR envelops a conic touching the tangents at the 
node, the line of inflexions being the cdiord ot contact. 

[Take the cubic of § 4 (i) ; the case of the cubic (iii) is similar. The 
parameters of P, Q, R, S are re8i)ectively </>, -^-0, l(7r -</)), (/)~j7r. 
The line QR is c4 8m2(f)X-\ co8 2</)y = 0, whose envelope is y*.] 

Ex. 14. The tangents at Q and R to a cubic with a node O meet on 
the curve at P, and the tangents at Q' and i?' meet on the curve at P\ 
Show that 

(i) The conic OQRQ'R' meets the line of inflexions on OP and OP\ 

(ii) 'J'he conic through O touching the cubic at Q and R touches the 
line of inflexions at a point on OP. 

(iii) If the tangents at 7* and P' meet on the curve, QR and Q'R' 
meet on the line of inflexions. 

Ex. 15. A nodal cubic and its Hessian arc in plane perspective, the 
node being the vertex of perspective, and the line of inflexions the axis 
of perspective. 

Ex. 16. The points of contact of the four tangents from P to a nodal 
cubic subtend a pencil of constant cross-ratio at the node. Find the 
locus of P. 

[Eliminating z between the equation of the cubi<‘> and the polar conic 
of P, we get the rays of the pencil. Now use Ch. I, § 11. 

If the pencil is equianharmonic, the locus is the line of inflexions. If 
it is harmonic, the locus is a cubic.] 

Ex. 17. A conic touches the tangents at the node of a cubic. Prove 
that the points of contact with the cubic of the six oth^ common 
tangents of conic and cubic lie on another conic. 
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Ex. 18. A straight line cuts a{x^-^y^) = in P, Q, IL Show that 
the lines joining P, Q, R to the node make angles with any fixed line 
whose sum is constant. 

[Any point on the curve is (a(l-hPh + It ^ 2 , fs are the 
parameters of three collinear points, / 2 ^ + .^s^ + ^^ 2 = L which shows 
that the lines joining the points to the origin make angles with ic = 0 
whose sum is ^tt.] 

Ex. 19. Prove a similar theorem for the six points in which the eubic 
of Ex. 18 meets any conic. 

Ex. 20. Show that the iioints of contact of tangents from any point on 
3iP = 2a to a lie on a circle through the origin, and that 

the centre of this circle lies on a fixed line. 

Ex. 21. A circle through the nod(‘ cuts a — = .r^ again in four 

points, and the sum of the angles which the lines from the node to these 
points makes with a fixed line is constant. Show that the locus of the 
centre of the circle is a fixed line. 

Ex. 22. If a chord of // = subtends 90° at the node, the 
chord meets the cubic again at a fixed point. 



CHAPTER XIV 
NON-SINGULAR CUBICS 
§ 1. Cubics with Unit Deficiency. 


A 



B. 

Fig. 1. 

9 (x -f 4) 2 /* + 24a*?/ 4 X (x* + 2x — !(>) = 0. 


In this chapter and the two following we shall consider the 
propeHies of non-singular cubics, i. e. cubics without a double 
point and of unit deficiency. 

As in Ch. XIII, § 2, we see that there are lines meeting the 
curve in only one real point. Project such a line to infinity, 
and the curve will have one and only one real asymptote. 

Place the asymptote vei-tical (Fig. 1), and suppose a line I 
starts from coincidence with the asymptote and travels to the 
right, remaining parallel to the asymptote. 
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At first I meets the curve in two real finite points, for the 
curve in general approaches the asymptote on opposite sides 
at the two ends. As I travels, eventually these two points 
coincide and Z is a tangent. Similarly if I travels to the left. 
Hence there is a continuous portion of the cubic called the odd 
o/rcaiZ* approaching the asymptote at its ends, meeting the 
asymptote in a finite point, and contained between two lines 
Zj , Z.^ parallel to the asymptote. 

It may happen that, when Z travels still further to the right 
(or left), it touches the cubic again. As Z travels yet further 
it must again become a tangent, since the curve^ has only one 
asymptote. The curve will then have a portion called the 
even CLTCuit * or oval contained between two lines Z 3 , Z^ parallel 
to the asymptote. The curve can have no other portion ; for, 
if two ovals existed, a straight line cutting both would meet 
the curve in four points. 

If a cubic has three real asymptotes, the term ' even circuit’ 
is applied to that part of the curve (if any) which can be pro- 
jected into an oval, the rest of the curve being the ‘odd 

circuit ’. 

Hence cubics can be classified into two main divisions : 
O'ne-circidted cubics having a single odd circuit, and Imn 
circuited cubics having an odd and an even circuit. f 

From a point P on the even circuit of a cubic, no real 
tangent can be drawn (other than the tangent at P). For any 
line through P must evidently meet the odd circuit and must 
meet the even circuit in a point other than P (see fig. 1 ). Of 
the three points thus obtained no two can coincide, unless the 
line is the tangent at P. 

From a point P on the odd circuit two real tangents can 
evidently be drawn to the even circuit (if any). Moreover, 
two real tangents can be drawn from P to the odd circuit. 
For this is true of one point of the circuit, namely the 
distant point A ; and as a point travels along the curve from 
A to P, a real tangent from the point remains real and an 
unreal tangent remains unreal. 

The cubic has nine inflexions, namely the nine intersections 
of the cubic with its Hessian (Ch. VII, § 7). Of these an odd 
number must be real, since bofch cubic and Hessian are real. 
We shall show that exactly three are real, that they ai-e col- 
linear, and that they lie on the odd circuit of the cubic. 

* The names *odd^ or ‘even' circuit emphasize the fact that the circuit is 
met by any straight lino respectively in an odd or even number of points. 

t The names ‘ unipartite ’ and ‘ bipartite ’ are also used instead of ‘ one- 
circuited ’ and ‘ two-circuited ^ 
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Firstly, no iDflexion can lie on the even circuit. For the 
tangent at such an inflexion would meet the cubic at three 
points coinciding with the point of contact. But every straight 
line must evidently meet the odd circuit in at least one point, 
and therefore no straight line can meet the even circuit in 
more than two points. 

Secondly, suppose A and B very distant points on opposite 
ends of the odd circuit. It is evident from fig. 1 that, since 
the odd circuit does not cross itself* between A and its inter- 
section O with the asymptote, the circuit has at least one 



Fi-. 2. 

inflexion between A and C. Similarly it has an inflexion 
between B and G. 

The circuit has then two real inflexions. The line joining 
them meets the circuit again in a real point which is also an 
inflexion (Ch. VII, ^4). 

To show that the curve has no more than three real inflexions, 
suppose that 1^, /o, are the inflexions just found and that 
1^ is a fourth real inflexion (Fig. 2). Then 1^1^, ^ 3^4 

meet the curve again in real inflexions 7^, ig, 7^; while /j/^ 
and 7 jj 75 meet tlie curve again in real inflexions /g and /g, 
which we may suppose to be their intersections with 1^1^ and 
since these latter lines also meet the curve again in 
inflexions. Then 7^7,, 7^7.,, 7^ 7g, /g/g, &c., meet the curve 


* Contrast the case of the cinnodal cubic in Cli. XIII, fig. 4, 
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again in real inflexions ; contrary to the fact that the curve 
has no more than nine inflexions real or unreal.* 

Ex. 1. Obtain the results of § 1 by proving that at least one line can 
be drawn through an inflexion meeting the curve in only one real point, 
and projecting that line to infinity. 

Ex. 2. Obtain the results of § 1 by projecting a real inflexional 
tangent to infinity. 

Ex. 3. Show that the locus of the centroid of the three intersections 
with a given cubic of straight lines drawn in a fixed direction is a straight 
line ; and that, as the direction varies, the locus envelops a conic. 

Ex. 4. Through a point 0 of a cubic any line is drawn meeting the 
cubic in P and Q. Show that the locus of the middle point of PQ is 
a cubic with a node at 0 and asymptotes parallel to those of the given 
cubic. 

[Use i)olar coordinates with 0 as pole; or see Ch. XI, § 8, Ex. 3.| 

Ex. 5. The locus of a point P, such that the lines joining P to three 
fixed points meet three fixed lines in collinear points, is a cubic through 
the fixed points and the vertices of the triangle formed by the fixed 
lines. 

Ex. 6. If OA, OB, OC, 01) are the tangents from a point O of a cubic 
to the curve, the cubic is the locus of the [)oint of contact of a tangent 
from O to any conic through A, B, C, D, 


§ 2. Circular Cubics. 

We pointed out in § 1 that wc can always find a line meeting 
a real cubic in only one real point. We may project the unreal 
intersections of the line and cubic by a real projection into the 
circular points o), o/. Hence we can always project a cubic 
into a civeuluT cubic, i. e. a cubic passing through the circular 
points o), co\ 

From the real point at infinity on a circular cubic two or 
four real tangents can be drawn according as the cubic has 
one or two circuits (§ 1). They are parallel to the real 
asymptote. 

Take the point of contact of one of these tangents as the 
origin, and the tangent as the axis of y. Then the cubic takes 
the form 

x{x^A'y^) + (fO[^‘^ + 2hxy+by^'\-kx:=0 . . . (i). 

The inverse of this with respect to the circle with centre the 

0 

* We may apply the above proof to show that an acnodal cubic has exactly 
three inflexions which are real and collinear. 
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origin and radius is obtained by writing kx/(x^ 4- y^) for x, 
hy/(x^-\-y^') for t/, and is found to be the cubic itself. Hence : 

A circular cubic is self-inverse * with respect to four circles. 

This system of circles is obviously self-inverse with respect 
to any one of the circles, since the cubic is. Therefore the 



Fig. 3 (i). 


circles are all mutually orthogonal. It follows that the radical 
axis of any pair of the circles must pass through the centres 
of the other two, and thence that any one centre is the ortho- 
centre of the triangle formed by the other three. 

If the circular cubic has two circuits, three of the circles 
with respect to which it is self- inverse are real. The remaining 


♦ The word anallagmatic is sometimes used in the sense of * its own 
inverse ’ or ^ self-inverse \ 
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circle is unreal, but it has a real centre on the side of the oval 
near to the odd circuit. 

If the circular cubic has one circuit, two of the circles are 
real, and the other two have unreal centres. This will be clear 
from Fig. 3. 



Ex. 1. The two circles with respect to which a circular cubic is self- 
inverse and which have their centres on the odd circuit meet the cubic 
at two or four real points according as the cub^c has one or two circuits. 
The other two circles do not meet the cubic in real points. 

[The points are the points of contact of tangents to the cubic from 
the centres of the circles.] 

Ex. 2. The tangents to a circular cubic from a point where the 
tangent is parallel to the real asymptote are all equal. 
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Ex. 3. The inverse of a circular cubic with respect to a point on it 
is a circular cubic. Its inverse with respect to any other point is a 
bicircular quartic. 

Ex. 4. Any circular cubic can be inverted into a circular cubic sym- 
metrical about a line, or into a bicircular quartic symmetrical about two 
perpendicular lines. 

[The pole of inversion is (i) the intersection of the cubic with a circle 
for which it is self-inverse, (ii) the intersection of two such circles.] 

Ex. 5. A nodal circular cubic is self-inverse with respect to two circles, 
and a cuspidal circular cubic with respect to one circle. 


§ 3. Foci of Circular Cubics. 

Suppose j is one of the four circles with respect to which 
a circular cubic is self-inverse. Let a tangent from the circular 
point 0 ) to the cubic meet j at Then the inverses of the 
cubic and the line o)>S with respect toy are the cubic and co'N 
respectively. Hence also touches the cubic, and is a 
focus. Now four tangents can be drawn from m to the cubic, 
other than the tangent at m, for the cubic is of class 6. Hence : 

Any circular cubic w self-itiverse with retyped to each of four 
•mutually orthogonal circlets, ami the i^ixteen fact lie by fours 
on these f oar circles. 

If 1\ Q, It, H are the foci on y, the pencils co {PQES) and 
co' (PQRS) have the same cross-ratio, since o), co\ 1\ Q, R, S are 
all on the circle y. Therefore the pencil oi‘ tangents from co to 
the cubic has the same cross-ratio as the pencil of tangents 
from 0 )'. If wc allow the use of unreal projection, any two 
points of a cubic may be projected into co and co , the cubic 
being thus projected into a circular cubic. Hence we have 
the important theorem : 

The tangents to a cubic from any point of the curve {other 
than the tangent at the point) form a i^encil of constant cross- 
ratio. 

The cross-ratio is real, if the cubic has two circuits ; unreal 
or equal to — 1, if the cubic has only one circuit. This is 
evident on considering the pencil of tangents from a real point 
at infinity on the cubic (see Fig. 1). For the cross-ratio of 
a pencil fonned by tw6 real and two conjugate unreal lines is 
unreal, unless the pencil is harmonic ; while the cross-ratio of a 
pencil formed by four real lines is real. 

It will be seen in § 5 that, if the cross-ratio is —1, then 
with the notation of that section, = 0. There 
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exist both one-circuited 3+v^3) and two-circuited 

(fc = ~3---v/3) cubicsj for which the cross-ratio of tangents 
is —1. 

If a real focus S of a two-circuited circular cubic lies on 
a circle j for which the cubic is self-inverse, the other real foci 
are obtained by inverting S repeatedly with respect to the 
other circles for which S is self-inverse. These inversions 
leave y unaltered, and therefore all four real foci lie on^. The 
cross-ratio of the pencil of tangents from any point of the 
curve is the cross-ratio of the pencil subtended by the four real 
foci at o) or at -any point of the circle j. 

Similarly we show that, if the cubic is one-circuited, two 
real foci lie on each of the two real circles with respect to 
which the cubic is self-inverse.* 

Take now the origin at the singular focus of the circular 
cubic and the axis of y parallel to the real asymptote. Then 
the terms of the highest degree in the equation of the curve 
arc X + 7/^), and the lines 4 = 0 meet the curve in only 

one finite point apiece. It follows at once that the equation 
of the cubic is 

{x H- p) + if) + ax -f fey + (• = 0 . . . . (i) , 

where x-hp = 0 is the real asymptote. 

Consider the circh‘, whoso centre {tw?- t, 2mt) lies on the 
parabola with focus at the origin 

y^ = it{x + t) (ii), 

and which cuts orthogonally the circle 

x^-^y^ + 2(p’-2i)x-{-hy/2t — {St^--4tp + a)=0 . (iii). 

Its equation is 

2tm^ (2t — x—2)) — m{4fty + b)’^x^-j-if + a-\-2t (j/*— ^>) = 0 

.... (iv). 

Its envelope is found by writing down the condition that 
(iv) should have equal roots in m. It coincides with (i) pro- 
vided 

— 64pt^ + 16 ^^ + 8 {c^ap) i — h^ = 0 . (v). 

The circle (iv) is orthogonal to the circle (iii), and therefore 
it is self-inverse with respect to (iii). Hence its envelope 
(i) is self-inverse with respect, to (iii). If t is any given root 

of (v), (iii) is one of the circles with respect to which (i) is 
self-inverse. 

* As just pointed out, if all four real foci lie on j, the cross-ratio of tangents 
is real, which is only possible for a one-circuited cubic, if the pencil is 
harmonic. This case requires further investigation ; see § 3, Ex. 1, and 
§ 4, Ex. 3. 
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The centres of those four circles of the family (iv) which 
degenerate into line-pairs (circles of zero radius) lie both on 
(iii) and on the parabola obtained by putting ^ in (ii). 
They are by definition foci of (i). 

It will be noticed that the distance of the centre of (iii) 
from the asymptote = 0 is 2f. Summing up, we have : 

A circular cubic may he considered in four ways as the 
envelope of a circle vddch is orthogonal to one of the circles j 
with respect to which the cubic is self-inverse, and whose centre 
lies on a fixed parabola with its focus at the singular focus of 
the cubic and with its axis perpendicular to theWeal asymptote 
of the cubic. The intersections of the 'parabola with the circle j 
are foci of the cubic, and the distance of the centre ofj from the 
asymptote is equal to the semidatus-rectum of the parabola. 

The parabolas are called ‘ focal parabolas ’ or ‘ deferent para- 
bolas* of the cubic. 

In Fig, 3 (i) the singular focus of the cubic is (0, 0) and the 
real ordinary foci are 


(0,^.5), (.75,1), (2.31,1.6), (4.16, -2.1). 


The points at which the tangents are parallel to the fcal 
asymptote 20().r = 361, i.e. the centres of the circles with 
respect to which the cubic is self-inverse, are the centre 


(2.305, —.715) of the circle through the real foci, and the 
harmonic points (||, 
rangle whose vertices are the real tocL* 


(~|^, xV 4 )» ih if) of the quad- 


The focal parabola through the real foci is 4^/^ = 4ro-|- 1. 
The other focal parabolas are at once obtained from the 
fact that their latera recta are twice the distance from the 
asymptote of the centres of the circles for which the cubic is 
self-inverse. 

In Fig. 3 (ii) tlie circles for which the cubic is self-inverse are 


4a;2 + 42/2 -40^^ + 287/ -99 = 0 
and 4x^ + 4 y^ -f 40a: -f- 12?/ — 59 = 0, 

while the corresponding local parabolas are 

(22/ + 5)2 = 40(a:^+'3} and (2?/ + 5)^ = --40(.r-~2). 

The asymptote is a: = 0, and the origin lies on the curve. 

In Fig. 3 (i) and (ii) the foci are shown by the small 
circles o, the singular focus by a cross x , the points of con- 
tact of tangents parallel to the asymptote by the dots . . 


* This follows from the fact that foci invert into foci when the cubic is 
inverted into itself. 
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Ex. 1. Let rt, ft, c, d be tangents from co to a circular cubic, and let 
a\ b\ c'f d' be tangents from w', so that the foci aa\ bh\ cc\ dd' lie on the 
circle j of § 3. Then the foci 

(i) aa\ bh', cc\ dd\ (ii) ba\ ah\ dc\ cd\ 

• (iii) ca\ db\ ac\ hd\ (iv) da\ cb\ lc\ ad' 

are such that the groups (i), (ii), (iii)» (iv) each lie on one of the circles 
for which the cubic is self-inverse. If aa' and hh' are real, the circle (i) 
contains four real foci, or else the circles (i) and (ii) contain two real 
foci apiece. No other circle passes through four foci, unless the pencil 
of tangents from a point on the curve is harmonic. 

[The pencil (a'b'cUV) has the same cross-ratio as (abed), {bade), (edab), 
{deba). If (abed) is harmonic, {a'b'c'd') and (chad) have the same cross- 
ratio, so that ca\ bh\ ac, dd' are also concyclic.] 

Ex. 2. In Ex. 1 the centres of the circles with respect to which the 
cubic is self-inverse are the centre of the circle (i) and the intersections, 
of the pairs of lines joining aa', hh', cc, dd\ 

Ex. 3. The radius of curvature of a circular cubic is a maximum or 
a minimum at its intersections with the circles for which it is self- 
inverse. 

Ex. 4. The equation of any circular cubic can be put in the fofm 
x{x^ + y'^)-{^ax‘^-^2hxy’\ 2<j.r + 2ftj = 0. 

[Take the intersection of the cubic with the real asymptote a? = 0 as 
origin.] 

Ex. 5. Through the intersection () of a circular cubic with its real 
asymi)tote any chord OFQ of the cubic is drawn. Show that /*, Q are 
equidistant from the singular focus. 

[The singular focus of the cubic of Ex. 4 is ( — 2 ®) ""^)-J 

Ex. 6. The normals to a circular cubic with singular focus O at its 
intersections with a circle for which it is self-inverse touch a parabola 
with focus O and axis perpendicular to the asymptote. 

[The corresponding focal parabola; see Ch. XI, § 11, Ex. 3. Many 
properties of these normals can be deduced ; for instance, the four 
circles circumscribing the triangles formed by any three of them pass 
through 0 and their centres lie on a circle through O, &c.] 

Ex. 7. Find the focal parabolas of 

S X -i- 1/) + 2x^ -{- Gxy + 61/ = 4a? 
and the circles with respect to which it is self inverse. 

[The circles have centres (—1,1), ( — §, —4), (1, — J), (0,0) and radii 
5/30, 5^220, 5/22, s/(-3).J 

Ex. 8. In a ono-circuited circular cubic the two real focal parabolas 
have concavities in opposite directions. In a two-circuited circular 
cubic the focal parabola through the real foci has its concavity in a 
direction opposite to that of the other focal parabolas. 

Ex. 9. The centres of three circles for which a circular cubic is self- 
inverse are the vertices of the common self-conjugate triangle of the 
fourth circle and its focal parabola. 



224 FOCI OF CIRCULAR CUBICS XIV 3 

Ex. 10. Two circular cubics can be found with four given concyclic 
foci, and their real asymptotes are perpendicular. 

[Parallel to the axes of the two parabolas through the foci.] 

Ex. 11. The lines joining four concyclic foci of a circular cubic in 
pairs are equally inclined to the real asymptote. 

Ex. 12. The centroid of any four concyclic foci of a circular cubic is the 
foot of the perpendicular from the singular focus on the real asymptote. 

[Eliminating y ox x from § 3 (ii) and (iii) we get the abscissae or 
ordinates of the four foci on (iii).] 

Ex. 13. The directrices corresponding to four concyclic foci of a 
circular cubic form a pencil of the same cross-ratio as the pencil sub- 
tended by the foci at any point of the focal parabola through them. 

[The directrices are found by differentiating (iv) with respect to m, 
and choosing m so as to make (iv) a line-pair.] 

Ex. 14. The centres of the four circles for which a circular cubic is 
self-inverse lie on a rectangular hyperbola whose asyni])totes are the 
real asymptote of the cubic and the perpendicular from the singular 
focus. 

[The locus of the centre of (iii) is 2{x-\ p) y + h = 0, if t is taken as 
a varying parameter.] 

Ex. 15. Show that the cubic (i) of § 2 is self-inverse with respect to 
and that the corresponding focal para])ola is 
(y + hf = h (2x + a), 

Find an equation giving the other focal parabolas. 

Ex. 16. Show that all circular cubics having the same real asymptote 
and singular focus, and self-inverse with respect to the same point, have 
a focal parabola in common. 

[Sec Ex. 15.] 

Ex. 17. Show that the circle through the real loci ol* a two-circuited 
circular cubic meets it in four real points, and that the inverse of the 
cubic with respect to any one of these points is a circular cubic with an 
axis of symmetry on which the four real foci lie. 

[The corresponding focal parabola meets the circle at the real foci, 
and the required points arc the points of contact with the circle of the 
common tangents to circle and parabola. The circle inverts into the 
axis of symmetry.] 

Ex. 18. Show that a real circle with respect to which a one-circuited 
circular cubic is self-inverse meets it in two real points, and that the 
inverse of the cubic with respect to either of these points is a circular 
cubic with an axis of symmetry passing through two real foci and 
bisecting at right angles the line joining the other two real foci. 

Ex. 19. A two-circuited circular cubic has a? = 0 as asymptote and 
three real foci A (CX, 0), B 0), C (y, 0). Show that its equation is 
(^ + y)(y-hOC){OC + ^) [Hx{x'^ + y^) 

■^4((X^ + fi'^-\-y'^ + ^y-hyOC + (X(i)x-{fi + y){y-\ OC)(OC + p)} 

= 4 { (CX* -f y® -f iSy -f >a -f- fX0)2 -f 4 CX/3y (a -f ^ + y)} 

[Find the foci of x {x"^ 1 /) ax hy-\ c = 0 in the usual manner, and 
identify lihem with ((X, 0), (^f, 0), (y, 0), ((^,0). We have 
a + /3-l-y-fS = 0, &c.] 
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Ex. 20. A circular cubic ha« three real foci A, B, C on a, line meeting 
the asymptote in H. Prove that 

. PA±(HCfl-HA') . PB±(HA^-nB^) . PC = 0, 
where P is any point on the curve. 

[O'i _ yt) (ar* + - 2aie + a*) i + {y ’- - «*) (.r^ + + 

+ (a'-3»)(a!* + y’-2ya:+y’)i = 0 
becomes the equation of Ex. 19 when rationalized.] 

Ex. 21. Show that, if in Ex. 19 O is the singular focus, 

0 ^ = -(-a“+/3® + y®+/3y + >a + a^)'-^ 4 0+7)(y+a)(a4-^), &c.: 
and that 

(OB^-OCi) . FA±(OCi-OAi) . FB ± (OAl OBi) .FC=0. 

Ex. 22. Show that, if in Ex. 20 ABC meets the cubic in U, V, W, 
SHU. HV, IIW = {HB + HC) {HC + HA) {HA + HB). 

Ex. 23. A two-circuited circular cubic has real foci A, B, C and the 
circle ABC meets the cubic in K. The circle of curvature at K meets 
the circle ABC again at H. Prove that 

(HB^. KC^-nCK KB^)KA . PA± ... ± ... = 0, 
where P is any point of the curve. 

[Invert with respect to K. and we have Ex. 20. Similarly we may 
invert the results of Ex. 21, 22.] 

Ex. 24. A one-circuited circular cubic has a? = 0 as an asymptote and 
three real foci E ($, i?), F(^, C(y, 0). Show that its equation is 

H-2(3^»-,?*-fy» + 2fy):r-n^“ + 7^ + y^ + 2gy)} 

- 1 (3 1 " - + yM 2 f y)* + 4 y ($ * + (2 ^ + y)} 

[(^±« 7 , 0) are foci. Therefore replace (X, /3 by ^± iri in Ex. 19.] 

Ex. 25. Show that the distances of any point F from the points 
A{^^in,X-yiY), B{$-irj.X--tY), E{^ + Y,X-rjh X+r;) 

are connected by the relation 

(p + iir) PA + (p - ia) FB = p {FE^ + FF^ - EF^ + 2 PE. PP)^ 

- tr (EF^ -PYP-P1'^ + 2PE. PF)i, 

p and cr being any real constants. 

Ex. 26. Obtain a relation connecting the distances of any jioint P on 
the cubic of Ex. 24 from the foci E, P, C by substituting for PA±PB, 
&c., from Ex. 25 in Ex. 20 or 21. . • j i • • v 

By inversion obtain a property of any one-circuited cubic, as in Ex. 23. 

Ex. 27. The locus of the foci of a conic through four given concyclic 
points is a pair of circular cubics with the given points as foci. ^ 

[Write down the conditions that the pair of tangents from any point to 
k (x* -f- 2fy -f a) *= + 2gx h 

should be a circular line-pair, and eliminate h. 

The asymptotes of the cubics are parallel to the axes of reference.] 

Q 


2216 



226 FOCI OF CIRCULAR CUBICS XIV 3 

Ex. 28. Any circular cubic passing through its own singular focus O 
may be considered as the locus of the intersection of any member of 
a given family of coaxial circles with its diameter through 0. 

[Take 0 as origin and the circles as 

+ = t(pij-b).] 

Ex. 29. Any circular cubic passing through its own singular focus may 
be considered as the locus of a point P such that PA . PB = PC . PD, 
where A, B, C, D are fixed points. 

Ex. 30. Find the locus ot* P if 

(i) The tangents of the angles APB, CPD have a constant ratio, 
A, By Cy D being fixed points. 

(ii) The product of the tangents from P to two fixed circles is equal 
to the jiroduct of the tangents from P to two other fixed circles. 

(iii) The square of the distance of P from a fixed point multiplied by 
the distance of P from a fixed line varies as the distance of P from 
another fixed line. 


§ 4. Pencil of Tangents from a Point on a Cubic. 

The theorem that the four tangents to a cubic from any 
point of the curve (excluding the tangent at the point) form 
a pencil of constant cross-ratio was proved in § 3 by means of 
unreal projection. The theorem is so important that a straight- 
forward proof is given here, only involving l eal quantities. 

It is sufficient to show that, if A and B are any two points 
on the cubic, the cross-ratio of the pencils of tangents from 
A and B are the same. Let the tangents at A and B meet 
at G ; and take ABC as the triangle of reference. Since GA , GB 
are the tangents at A and B, the coefficients of x\ 'i/, y^z 
in the equation of the cubic are zero. 

Hence, choosing suitable real honiogencous coordinates, the 
equation of the cubic becomes 

-h (aj + j/) + xy {ax + ^ 2 / + 3 cz) = 0. 

The line x = tz meets this cubic where 

{t+l)z^+ {at- -i- 2ct + 1) 2 / 2 ; -h bti/ = 0, 
and therefore touches it, if 

{at^ + 2c^ + 1)2 - 46^ 4- 1) = 0. 

Hence the tangents from B to the cubic are 

-|- 2 c(cz + 2 ; 2 ) 2 — 4 bxz^ {x^z) = 0 . 
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By CI 1 . 1, § 11, the cross-ratio <f> of these tangents is given by 
(0 + 1 )2 (0 - 2)2 (0 - = 27 J ^ (0-^ - 0 + 1 

where 

7=12 {a^ — ab + 6^ + Sabo — 2 {a 4 - b) c- + c *] , 

J = 4 (2 a2 - 5 + 2 />2) (a + 6) - 27^2/;*^ + 36 ah (a + b) 0 

— 12 (2a2 + a& + 262) c^^S6ah‘‘^ + 24 (a + b)c^ — 

Since these expressions lor I and J are symmetrical in a 
and 6, the cross-ratios of the pencils of tangents from A and B 
are the same. 

Another proof of the theorem is given in Ch. XVI, § 7 , Ex. 1. 

Ex. 1. Discuss the case tacitly excluded in § 4 in which the tangent 
at A goes through or vice veisa. 

[Compare the pencils of tangents from A and B with the pencil 
drawn from any other point of the curve.] 

Ex. 2. Show that the pencils of tangents from two adjacent ])ointR 
Pand 7^ of the cubic have the same cross-ratio, by using the fact that 
the polar conic of P touches the cubic at P and passes through the points 
of contact of the tangents from P. 

Can the theorem of § 4 be deduced ? 

[Strictly si^caking, only if A and B lie on tht; same circuit of the 
cubic.] 

Ex. 3. If a circular cubic is inverted with resjx'ct to a point O on the 
curve, the cross-ratio of tangents is the same for the curve and its inverse. 

By taking O as the intersection of the curve with a real circle for 
which it is self-inverse, prove that the intersection of two such circles 
cannot be a focus; and that the four real foci of a harmonic one- 
circuited cubic lie on a circle for which the cubic is not self-inverse. 

[The four tangents from w invert into tangents from to', forming a 
pencil with the same cross-ratio. 

The equation of the inverse curve is § 2 (i) with /i == 0 and k>0. 
The real foci are readily found. The curve is harmonic if ah = 2^% and 
one-circuited if 4A->a®.] 


§ 6. The Cubic {x + y + zy "" = 0 . 

We proved in § 1 that a non-singular or acnodal cubic has 
three real collinear inflexions. Choose the tangents at these 
inflexions as the sides of the triangle of reference, and choose 
real homogeneous coordinates such that the line of inflexions 
is ic + 2 / + S' = 0. 

The most general equation of a cubic is 

xyz = ax^ + by^ + cz^ + Bys? {fy +7?^) -^^zx (gz -f qx) 

+ Sxy {hx-\-ry). 

Q 2 
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THE CUJ3IC (a? + 2/ + + Qhxyz = 0 

With our choice of coordinates a? = 0 meets this where 
(y + 6 = r = / = Similarly for j/ =i 0 and 

2 ? = 0. Hence : 

Any cubic (other than a cmnodal cuhic^ a cuspidal cubic^ 
or a cubic with three concurrent real inflexional tangents) can 
he put in the form 

{x + y-{-z)^-\-^hxyz = 0 
by a real choice of homogeneous coordinates. 

Conversely, the cubic 

/ = (aj + 2/ + ^)^ + ^kxyz =0 (i) 

has three and only three real inflexions (0, 1, —1), ( — I, 0, 1), 
(1, — 1, 0), the real inflexional tangents x = 0, 2/ = 0, z = 0 
being not concurrent. Hence we cannot put the equation 
of a cubic with three real concurrent inflexional tangents or of 
a cubic with a cusp or crunode into the form (i). 

The curve (i) has a double point when 

^y ^z 

This gives, on excluding a? = ?/ = s? = 0, 

/ij = — I and a; = 2/ = c. 

Hence : 

An OjC nodal cubic can he put in the form 
(x-^-y + zy = 27xyz 

by a real choice of homogeneous coordinates, the acnode being 
the pxnnt (1, 1,1). 

To find the cross-ratio 0 of the pencil of tangents drawn to 
the cubic from any point of the curve, it is sufficient to con- 
sider the tangents drawn from the point (1, —1, 0). 

Now t(x’jry) = z meets the curve where 

(x 4- y)^ -h 6Jctxy = 0, 
and therefore touches it if 

U^^l2t^ + e(2 + k)t^-+U = 0 . 

Proceeding now as in § 4 we have 

kik + 4y{(<f> + l)(<f>^2) (0--^)}2 = (ifc2 + 6/j + 6)2 + 

The tangential equation of the cubic, found as in Ch. IV, 
§ 3, is 

9(/r — i/)- (i/ — A)^(\ — /z)^-f-4&{— 2)[4 j/ + rX-f-A/x) 

(fiv — 2 1 'A + Xfj.) ipv 4- rA - 2Xp) - 12P A^/zV = 0. 
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Ex. 1. For what value of h is the pencil of tangents from any point of 
the cubic (rr + y + 2 ?)® + = 0 (i) harmonic, (ii) equianharmonic ? 

[(i) jk2 4-6A* + 6 = 0, (ii)^• = ~4.] 

Ex, 2. Find the inflexions of the cubic 

/= {x + y-k-sf + ^kxyz = 0 . 

[The Hessian is 

U={x-^y + z) {2yz-\-2zjc-\-2xy-x^ — i/-z^]-k-2kxyz = 0 . 

The inflexions lie on the lines 

/— 4 (j7 + y 4- z) (./* + coy + a)*v) {x + ury + <az) = 0.] 

Ex. 3. Show that in geneml two cubics with given inflexional tangents 
at three given collinear inflexions touch a given line. Mention any 
exceptions. 

[Jf the line passes through an inflexion or the intersection of two of 
the given tangents, there is only one cubic. | 

Ex. 4. Given the tangents at three given collinear inflexions of a 
cubic, the locus of the remaining inflexions is two straight lines. 

[See Ex. 2.] 

Ex. 5. Show that nine cubics can be drawn in general to pass through 
three given points, given three inflexional tangents and the fact that the 
three corresponding inflexions are collinear. 

[If l^x + m^y^¥n^z = 0 (/ = 1, 2, 3) are the inflexional tangents and 
the three given points are the vertices of the triangle of reference, the 
cubics are 

any value of the cube roots being taken.] 

Ex. 6. Under what circumstances is the triangle formed by the real 
inflexional tangents of a cubic self-conjugate with respect to one of the 
polar conics of the cubics V 

[The polar conic of (1, 1, 1), when h = — 3.j 

Ex. 7. The point and tangential equations of an acnodal cubic can be 
put in the form 

x'-'i + //' + c* = 0, 4 4- = 0. 


§ 6. Symmetry of Cubics. 

A curve of the second degree has always symmetry, but this 
is not true of a curve of the third degree. However, a cubic 
may always be projected into a symmetrical curve. 

Firstly, we have: 

A cubic can be 'projected so as to he its own reflexion in 
a line. 

For suppose 1 is any real inflexion and i its harmonic polar. 



230 


SYMMETRY OF CUBICS 


XIV 6 


Let any line through I meet the cubic again in P, Q and I in R. 
Then {lU, PQ) is harmonic. 

Hence, if we project 1 to infinity and the angle between 
I and IR into 90'", PQ will be bisected at right angles at R. 
Again, 

A cubic can he jyrojerted so as to he symTnetTkal about a 
centre. 



2.1 

Fig. <*>. 


For if we pi’oject I to infinity, / will be the middle point 
of PQ. 

These two theorems hold for nodal and cuspidal cubics also. 

More interesting, perhaps, is the result due to Clifford 
{Collected Works^ p. 412) : 

Any cubic {other than a crunodal or cuspidal cubic) can he 
projected so as to have the symmetry of an equilateral tHangle. 

In fact project the cubic so that the line of real inflexions 
is at infinity, and the triangle formed by the real inflexional 
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tangents is equilateral. Then, taking areal coordinates, we 
proved in § 5 that the equation becomes 

(a?-f y + zy'^’\-^lcocyz — 0, 

from which the symmetry is obvious. 




9n = -l, 

Fig. 10. 


The case in whicji the inflexional tangents are concurrent 
wants separate discussion. 

In this case project the curve so that the line of real 
inflexions is at infinity and the angles between the inflexional 


XIV 7 THE CUBIC + = 0 233 

tangents are 120°. Take their intersection as origin and one 
of them as the axis of x. Then the asymptotes of the curve 
are 2 / = 0, 2 / = ± since the asymptotes meet the 

curve in no finite point the equation of the curve is of the form 

y(Zx^-if) = 

or in polar coordinates 

sin 3 0 5 = 

from which the symmetry is obvious. 


The cubic lias one or two circuits according as 1 / = ^ meets 
the curve in one or three real points, i. e. according as k is 
greater than or Jess than — | . 

Diagrams of the cubic for various values of k are given in 
Figures 4 to 10. The m and the dotted lines are explained 
in § 7. We have — 2m+ l)i = 4(m— !)■’. 


§ 7 . The Cubic + = 0. 

Every real non-singular cuhw can he jnit in the form 
+ 2/*' + + Gmxyz = 0 

by a retd choice of honiogeneons comdinates. 

We proved in § 5 that a cubic can be put in the form 

(ic + 2/ + ^ hxyz = 0 (i) 

by a real choice of homogeneous coordinates. 

In this equation put 

a; = — 2mZ + F+Z, y = X— 2mY + Z, z = X ’-2mZ, 
where 4(m — 1)'^ = fc(4m^— 2m-f-l) .... (ii) 

i. e. 2(1— m)(2m + l)X = (2m-f l)a;4-2/ + c, &c. 

This will be lawful except in the cases 

m = 1 when k = 0, and m = — | when A; = — 

Then straightforward reduction gives 

(* + S + »)* + 6te!,* = (r+ r> + ^= + 6mjrre). 

. Hence if we choose m as the real root of (ii), i. e. 

m = {2(2A- + 9)^ + (2^!:)^} -r [2 (2fr + 9)1 - 2 (2A:)^ ], 
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THE CUBIC ay^ + y^-^ z'^ + Gmxyz = 0 

and replace Z, F, Z by x, y, ^ * we have the cubic in the 
required form. 

We now consider the cases m = 1 and m = — 

Firstly, we note that, if 

/ = + 2/^ + z^ + 6mxyz = 0 . . . . (iii) 

has a double point, ^ ^ ^ = 0 at the double point, 

^ * €ix oy dz 

which gives on elimination of x:y:z that 8m** + 1 = 0. But 
a value of m satisfying this equation makes f split up into 
three linear factors.f Hence (iii) cannot be a unicursal cubic 
unless it is three straight lines. This explain^ the failure of 
the above argument when k = — |, which gives us an acnodal 
cubic (§ 5). 

Secondly, wo note that our argument does not apply to the 
cubic for which the tangents at the three real collinear in- 
flexions are concurrent ; for such a cubic cannot be put in the 
form (i). We showed in § 6 that it can be put in the form 
y(Sx^-y^) = a**; 

and putting 

X = —i^a-^S^x + y, F = — 2‘^a~3'2a3-i-2/, Z=—2^a—2yf 

we have 

+ F*** + Z^ + 6XYZ = - -IS'if + 54aj2y = 0. 
Hence the case 7n = 1 gives us the cubic in which the 
tangents at three real collinear inflexions are concurrent. 

The sides of the triangle of reference for the cubic (iii) are 
given by the dotted lines of Figures 4 to 10. 


§ 8 . 

The inflexions of 

x^ + y" + z^ + 6 mxyz = 0 ( i) 

are its intersections with the sides of the triangle of reference. 
In fact the equation may be written 

( — 2mx + 2/ + ^) { — 2nix -h (o^y + co^) ( -- 2mx + oay + (o^z) 

+ (8m=*-hl)a;'* = 0; 

which shows that 

— 2mx + 2/ + ^ — 2m.r + co^y + a);s = 0, 

— 2mx -\-<oy + Q)^z ^ 0 

are inflexional tangents whose points of contact lie otl x 

* By Ch. I, § 1, tliis is equivalent to choosing fresh homogeneous co- 
ordinates with (2m + l)x + y + s = 0, &c., as the sides of the new triangle of 
reference. 

See the beginning of § 8. 
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Another proof is obtained by writing down the polar conic of 
any intersection of the cubic and ic = 0, for instance (0, ~ ] , 1). 

It will be found to be 

(--2mx-¥y-^z){y-z) = 0. 

Since this degenerates, (0,-1, 1) is an inflexion, 

— 2mfl? + 2/ + 0 = 0 

being the inflexional tangent and ^ = c the harmonic polar of 
the inflexion. Another proof is given in § 9. 

The nine inflexions of (i) are given by the scheme 

(0, -1, 1), (0, -o)^6)), (0, ~(i), o)-)' 

(1,0, ~1), (a),0, -0)2), (0)2^0, -CO) •. 

(-1,1,0), (-co2, CO, 0), (~C0, co2, 0) 

The inflexional tangents are 

^mx-k^y-k-z = 0, — 2ma3 + co?/ + co22; = 0, — 2mx + co22/ + co0 = 0| 

x — ^Zmy-\-z = 0, co2a; — 27)t2/ + co0 = 0, wx — 2my-\-(o^z = ol 

03 + 2/— 2m3? = 0 , coo3 + co 22/ — 2m0 = 0, co2o3 + co2/ — 2?/^5? = o] 

The harmonic polars of the inflexions are 

y^z, y = a>z, y = m^z\ 

Z z=. Xy J = <003, 0 = <o2fl3V . 

X = 2/, = 0)2/, X = co^i/j 

The inflexions lie by threes on twelve lines 

03 = 0| o; + y + ;3 = 0| <003 + 2/ + ^:^ = O' co2o3 + 2/ + ^ = 0| 

2/ = 0 -, 03 + a)2/ + a)“2: = 0 ■ 03 + co2/ + ^3; = 0 • , 03 + co22/ + ;s = O'r • 

z = {)) O3 + a)22/ + co0 = 0) x + y-^a>z = 0) 03 + 2/ + 0)25; = Oj 

Three inflexions are collinear if (1) they lie in the same row 
of the inflexions-scheme, (2) they lie in the same column, 
(3) no two of the three inflexions lie either in the same rovr 
or in the same column. 

The twelve lines intersect in twenty-one points, namely the 
nine inflexions and the twelve ‘ critic centres * of the cubic 

(1,0,0), (1,1,1), (co2,l,l), (co,l, 1)) 

(0,1,0), (l,co2,(o), (l,c»^l), ( 1 , 0 ), 1). 

(0, 0, 1), (1, CO, co2), (1, 1, co2), (1, 1, co)) 

If <^ is the cross-ratio of the pencil of tangents from any 
point of (i) to the curve, 

64m2 (m2 - 1)^ { (</> + 1) (<#> — 2) (<|) — |) }2 

= (8m« + 20m2-l)2(<|>2-(/> + l)^ 
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This may be proved as in § 5 by considering the pencil of 
tangents from ( — 1, 1, 0) to the curve ; or by putting 

4(m~l)^-r (4m‘^~2m+l) . . . (ii) 

in the expression for the cross-ratio found in that section.* 

The tangential equation of the curve is 

X6 + _ (32m^ + 2) (/i" 1/-^ + + X >2) 

— 24'm-X/xr (X‘^ -f + v") — (48A/i,^ + 247?t) = 0. 

The curve has two circuits if m< — and one circuit if 
— as may be deduced from § 6 by means of equa- 
tion (ii) above. 

As an exercise the reader may obtain this result from the 
expression just obtained for noting that (/> is only real (and 
not — 1, or 2), if the cubic has two circuits. 

Ex. 1. Show that the equation of any cubic, not crunodal or cuspidal, 
can be put in the form 

Find the cross-ratio of the tangents from any point of the curve. 

[Consider the tangents from (1, 0, 0). The cubic is acnodal, if 7= - 1.] 

Ex. 2. Find the cross-ratio of the tangents from any point of 
y^z-\ x^y + z^x -f ^pxyz = 0. 

[Consider the tangents from (0, 0, 1). The pencil of tangents is 
harmonic if 216^-1- 36 1 = 0, and equianharmonic if ^> = 0 or 
1 = 0. We show in Ch. XVI, § 6, Ex. 15, that the equation of a 
cubic can be put into this form in twenty -four ditt’erent ways.] 

Ex. 3. Show that the equation of any cubic, not crunodal or cuspidal 
or having three real concurrent inflexional tangents, can be put in the 
form 

+ = h{x-\-y^-zf, 

[Replace x, y, s? by y+z, z + x, x^y in § 7 (i).] 

Ex. 4. The inflexions of the cubic of Ex. 3 lie on 

(ar-fy + ;?) (x + wy-fw^c) (a;4 w^y-fwx?) = 0. 

The lines a: = 0, y=0, c; = 0 each pass through a real inflexion, the 
inflexional tangents being y -f .r = 0, &c. 

Ex. 5. Find the cross-ratio of the pencil formed by the tangents from 
any point of the cubic of Ex. 3. 

[Consider the tangents from (-1,1, 0).] 


* For the case of any cubic, bee Elliott’s Algebra of Quantics, § 291, &c. 
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§ 9. Syzygetio Cubios. 

The Hessian of 

x^^y^-{-z^-\-&mxyz^O (i) 

is at once found to be 

+ 2/^ + 3^^ + GMocyz = 0 

where Jf = — (2m‘* + l)/6m2 

The curve and its Hessian meet where xyz = 0 ; i. e. the 
inflexions of the cubic lie on the sides of the triangle of 
refei ence, as proved before. 

We see that : 

A cubic Itas the same inflexions as its Hessian. 

The family of cubics found by varying m in the equation (i) 
all have the same inflexions ; they are called a family of 
syzygetic cubics. The Hessian of any member of the family 
belongs to the family. 

The harmonic polars of the inflexions are the same for all 
the syzygetic cubics of the family. 

Since (ii) is of the third degree when considered as an 
equation in m, 

Any non-sing nlar cubic is the Hessian of three syzygetic 
cubics. 

Ex. 1. A real cubic is the Hessian of one or three real cubics according 
as it has one or two circuits. 

[The roots of the equation + + l = 0 in m are all real, if 

83/3 + i<0.] 

Ex. 2. All cubics through eight given inflexions of a cubic pass 
through the ninth inflexion and are syzygetic with it. 

[If / = 0 is the cubic and = 0 its Hessian, any cubic through 
eight inflexions is /4-^ir = 0]. 

Ex. 3. The polar line of a point P on a cubic with respect to any 
syzygetic cubic passes through the tangential of P. 

[ifp is (a?, y, z), the tangential of P is 

{xy^-xz^, z3?-zf).] 

Ex. 4. The polar conic of a point P with respect to any cubic of 
a syzygetic family goes through four fixed points lying on that cubic 
of the family which passes through P. 

[If P is (f, f), the polar conic passes through the four intersections 

of 1^7* + ruf + = 0 and ^yz + rizx + fry = 0.] 

Ex. 5. If the pencil of tangents from any point of a cubic is harmonic, 
the cubic is the Hessian of its Hessian. 

[8 m® + 20m3 - 1 = 0, We may call the cubic ‘ harmonic ’,] 
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Ex. 6. If the pencil of tangents from any point of a cubic is equi- 
anbarmonic, the Hessian degenerates. 

[m® (m® — 1) = 0. We may call the cubic ‘ equianharmonic *.] 

Ex, 7. There are two species of equianharmonic cubic. One species 
has a Hessian consisting of three real lines. Each real inflexional 
tangent meets two unreal inflexional tangents at a critic centre which is 
a vertex of the triangle formed by the Hessian. 

The other species has a Hessian consisting of one real and two unreal 
lines. Its real inflexional tangents are concurrent at a critic centre. 

[m = 0 and m® = 1 in the two cases. The critic centres are (1, 0, 0), 
(0, 1, 0), (0, 0, 1) and (1, 1, 1) respectively.] 

Ex. 8. Under what conditions is the polar conic of a point P for a 
cubic a coincident line-pair ? 

[Either (1) the cubic is cuspidal, and Pis the cusp or the intersection 
of the cuspidal and inflexional tangents, or (2) the cubic is equi- 
anharmonic, and P is one of the critic centres referied to in Ex. 7.] 

Ex. 9. If all polar conics for a cubic have a common self-conjugate 
triangle, the cubic is equianharmonic. The sides of the triangle are 
the degenerate Hessian. 

Obtain the equations of the sides of the triangle for the cubic of 
§ 8, Ex. 2, in the cases p = 0 and p = — ; show that the cubic is 

equianharmonic of the second and first species respectively. 

Ex. 10. The tangjents at two inflexions of a cubic meet on the har- 
monic polar of the inflexion collinear with the two given inflexions. 

Ex. 11. The intersection of the tangent at an inflexion of a cubic 
with its harmonic polar lies on the Hessian. 

[If (0, —1, 1) is the inflexion, the intersection is (1, ?//, m).]^ 

Ex. 12. The polar I of P with respect to the polar conic of Q for a 
cubic is the same as the polar of Q with respect to the polar conic of P. 

If P and Q are fixed and the cubic is any member of a syzygetic 
family, I goes through a fixed point. If this point is on Pp, P and Q lie 
on the same cubic of the syzygetic family. 

If R is any point on the relation between P, Q, R is symmetric. 

{PQR is an ‘apolar’ triangle of the 3-ic. If it is taken as triangle of 
reference, the coefficient of xyz in the equation of the 8-ic is zero.] 

Ex. 13. If any line meets 

07® 4 y® 4 c® -I 6 mxyz = 0 

in (^1 . Vi » -i)» y2 , - 2 ). (^ 3 . Vz » -s)> 

then 4 yiyg^s - 1 - 2-3 = 0, 

[See Ch. I, § 6, Ex. 8, and Ch. VII, § 3, Ex. 15. Note list of ‘ En-ata’.] 

Ex. 14. The inflexions of a cubic lie by threes on the lines a, 5, c. 
The tangents at the inflexions on b and the tangents at the inflexions 
on c form two triangles whose vertices lie on a conic and whose sides 
touch a conic. Both conics touch b and c at their intersections with a, 

[If a, by c are a? = 0, y = 0, 2 ; = 0, the conics are 

+ 2myz = 0 and 0 ?® + Smyz = 0.] 
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Ex. 15. Two triangles are such that each side of either triangle 
passes through three inflexions of a cubic, and no two sides of the same 
triangle pass through the same inflexion. Show that the two triangles 
are in perspective in six ways, and that the axes of perspective each 
pass through three inflexions. 

[If the sides of the triangles are a? = 0, y = 0, - = 0, and 

a? + y 4 2 ? = 0, a? + ajy 4 Clips' =0, a? 4 4 cos; = 0, 

the axes of perspective are a)a;4y 42 ^ = 0, &c.] 

Ex. 16. The pencil of four lines joining an inflexion of a cubic with 
the other eight inflexions is cquianharmonic. 

[If the inflexion is (0, -1, 1), the lines meet 2 = 0 at 

( 0 , 1 , 0 ), (- 1 , 1 , 0 ), 1 , 0 ), (- 0 ), 1 , 0 ).] 

Ex. 17. Two lines each passing through three inflexions of a cubic 
meet at 0. Show that the points of contact of the tangents from 0 lie 
by pairs on three lines through the remaining inflexions. 

[a:® ^ 4 cN 6 mxyz 4 kx {xP- 4 2 myz) =-- 0 is a line-trio, if 

8^//3(A;4 3f 4 27(^-4l) = 0.] 

Ex. 18. The three intersections of the line through three collinear 
inflexions with their harmonic polars form an involution with those 
inflexions. 

[If the inflexions are (0, -1,1), (1,0, -1), (-1,1,0), the inter- 
sections ofa;4y4cs=0 with their harmonic polars are 
(- 2 , 1 , 1 ), ( 1 , - 2 , 1 ), ( 1 , 1 , - 2 ). 

The double points of the involution are (a>, a)^ 1), (<*>*, w, l).l 

Ex. 19. The harmonic polars of three collinear inflexions of a cubic 
pass through the same critic centre A, and the remaining inflexions lie 
on two lines thiough A, 

The line joining A to any one of the collinear inflexions is divided 
harmonically by the cubic. 

[Take the collinear inflexions as those on a? = 0. Then A is (1, 0, 0).] 

Ex. 20. The three real lines each passing through one real and two 
unreal inflexions of a two-circuited cubic form a triangle. Show that 
from each vertex of the triangle two real tangents can be drawn, that 
the six points of contact lie on a conic, that the tangents meet the cubic 
again in six points on a conic, and that the six tangents touch a conic. 

I Ex. 20 to 24 are obvious from Fig. 4 to 10.} 

Ex. 21. From each intersection of two real inflexional tangents of a 
two-circuited cubic two real tangents can be drawn to the oval. Show 
that these six tangents touch a conic, that their points of contact lie on 
a conic, and that the intersections of each pair of tangents with the 
third inflexional tangent lie on a conic. 

Ex. 22. The three lines joining two real critic centres and passing 
through a real inflexion meet the real inflexional tangents at those 
inflexions and at six points lying on a conic. 

[All the conics of Ex. 20, 21, 22 pass through the same two unreal 
points on the line of real inflexions.] 



240 


SYZYGETIC CUBICS 


XIV 9 


Ex. 23. The six tangents drawn to a cubic from a point on the 
harmonic polar of an inflexion I form an involution, and the chords of 
cpntact of conjugate pairs of the involution pass through I. 

[There are also twelve cubics such that the tangents from any point on 
one of them to the given cubic form an involution. Each such cubic 
has three collinear inflexions and corresponding inflexional tangents in 
common with the given cubic. See Roberts, Proc, London Math. Soc., 
xiii (1882), p. 26.] 

Ex. 24. It is possible to project a family of syzygetic cubics so that 
each curve has the symmetry of an equilateral triangle. 

Ex 25. The ‘ polo-conic * of the lines I and V with respect to a cubic is 
the locus of a point whose polar conic has I and I' as conjugate lines. 
The ‘ polo-conic ’ of Hs the locus of a point whose polar conic touches 
I (V = ^). Show that 

(i) The polo-conic of I and V is the locus of the pole of 1 with respect 
to the polar conic of any point on l\ and vice versa. 

(ii) The polar line of any point on I touches the polo-conic of /. 

(iii) The polo-conic of I touches the Hessian at three points, which lie 
on the polo-conic of I and V, 

[The polo-conic of 

+ + — Q and X'a; -f yfy 

is W {nrx^-tjz)^ ... -f ... 4 (/Lti/'4 pV) (ma;®- -f- ...4 ... = 0.] 

Ex. 26. The configuration formed by the nine inflexions and the twelve 
lines joining them is dualistic to the configuration formed by the nine 
harmonic polars of the inflexions and the twelve critic centres.] 

Ex. 27. If the equation / = 0 of a cubic is given, prove that the in- 
flexions can be found without solving any equation of degree higher than 4. 

[Let //= 0 be the Hessian of /= 0. Find h such that /-f = 0 

coincides with its Hessian ; then it will be a line-trio on which the 
inflexions lie.] 

Ex. 28. A quartic through the twelve critic centres of a cubic has an 
inflexion at each critic centre. 

[The quartic is ax — r'’) 4 ( 2 ^ — a?®) -f cz (x^ - y^) = 0.] 

Ex. 29. A doubly infinite family of quintics passes through the nine 
inflexions and the twelve critic centres of a cubic. Each such quintic 
has an inflexion at every inflexion of the cubic, and the nine inflexional 
tangents are concurrent at a point of the quintic. 

[The quintic is 

ayz (y^ 4 sr* - 2a:S) 4 hzx (z^ + x"^- 2y^) 4 cxy (x^ 4 ~ 2s^) = 0. 

The inflexional tangents are 

(54c)a;= a(y + z), (fe4ca))a; = a(y + a)z), {b + c<o^)x ^ a(y + m^z), 

&c., meeting at (a, 5, c).] 

Ex. 30. Defining a syzygetic family of cubics by the equation 
f+kH = 0, 

where / » 0 is a cubic and H = 0 its Hessian, show that 

(i) A syzygetic family of nodal cubics may be projected so as to be all 
similar and similarly situated with the node as centre of similitude, and 

(ii) A syzygetic family of cuspidal cubics may be projected so as to 
be all congruent and have a common asymptote which is the cuspidal 
tangent of each curve. 

[(i) See Ch. XIII, § 4, Ex. 15, (ii) Project into (x-k) y» = 1.] 
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§ 1. Jacobian of three Conics. 


Suppose that U=0, F = 0, Tf = 0 are the equations in 
homogeneous coordinates of three conics not passing through 
the same four points. The polars ot the point P {x , y , s ) 
with respect to the conics are 


X ^ + V C— > + 


7s IT 
Tsz' 


= 0 


and two similar equations ; 


where 


means the result of 

Tsx 


putting x' for X, y' for y. 


lor o in - - , (VC. 
cx 


These polars are concurrent (at Q say) if 

I TsU TsU c^r 
Tsif Tsz' 

W 

yx' y/ Tsz' ■ 
TsW TsW TsW 
I Tsx' y/ yz' 


Dropping the dashes we have the equation of the locus of 
a point whose polars with respect to the three given conics are 
concurrent. It is evidently a cubic curve, called the Jacobian 
of the conics.* Its equation is usually written 

TsjU.V^W) ^ ^ 

7s {x, y, z) 

Sin( 5 e the polar of P with respect to each conic passes 
through Q, the polar of Q passes through P . Hence Q is also 
on the Jacobian. We call P and Q conjugate points on the 
Jacobian. 


* For the more general case see Ch. VII, § 10, 
R 


2216 
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The Jacobian of the conics 


\U fi^V \U V2^W 0, 

A3 ? 7 *+ /^3 F + j/3 TF = 0, 

where the A’s, /z’s, i/’s, are constants, is 

^ (A, ?7 + /X, F + TV. Ag + /X2 1 "^+ V2 TV, A3 U + + v^W) 

i{x,y,z) 


0 = 


i /^i 
I ^2 H ^2 
I /^3 ^'a 


V^W) 

^{x, y, z) ’ 


as is at once verified by the rule for multiplying determinants. 
If these conics all pass through the same four points, 

f^x 

A2 = 0. 

^a /"a ^'a 

In this case the equation of their Jacobian vanishes identically ; 
as is geometrically obvious, for the polars of any point with 
respect to all conics through four given points are concurrent. 

If the conics do not pass through the same four points, 
their Jacobian is identical with the Jacobian of the original 
conics 17 = 0, F = 0, TF = 0. Hence : 


The Jacobian of any three conics of the family 

X[7+/zF+x/TF = 0 

{vjhich do not pass through the same four points) is identical 
with the Jacobian of ?7 = 0, F = 0, TF = 0. 


The conic A?74-/xF+i'TF=() has a node at (X, F, Z), i. e. 
is a line-pair meeting at (X, F, Z), if 

'dV 


TiV ^)TF ^ 


, HIT HV 
^ HZ'^ HZ 


hy^^hy'^''hy 

HW 


= 0 , 


= 0 . 


Eliminating between these equations, we see that 

(X, F, Z) must lie on the Jacobian ; and if this is the case, 
the equations give one and only one value of the ratio fjL iv. 
Hence : 


Any point on the Jacobian of a family of conics is the centre 
of one and only one degenerate conic of the family, and the 
centre of any degenerate conic must lie on the Jacobian. 

If P, Q are conjugate points on the Jacobian, and A is any 
other point on the Jacobian, the lines AP and AQ are har- 
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monic conjugates with respect to the degenerate conic with 
centre A. For AQ is the polar of P with respect to tlie 
degenerate conic. 

Ex. 1. If three conics have a point A in common, their Jacobian has 
a node at A. 

[Take A as (1, 0, 0).] 

Ex. 2. If three conics have iDoints By C in common, their Jacobian 
degenerates into the line BC and a conic through B and C, 

Ex. 3. The Jacobian of three circles is the line at infinity and the 
circle orthogonal to them all. 

[Take the circles as 

+ 2r/,a:4-2/,y + c = 0, (? = 1, 2, 3).] 

Ex. 4. Find the circle orthogonal to 

0?^ + ?/ + 8aj 4- 15 = 0. a;* 4 y* -h 2 .r — 12 y -f 21 — 0, 

4 ,y2 _ 2.r + 4y + 1 =0. 

[a;2 + yH2.r-2y-7 = O.J 

Ex. 5. If three conics pass through the points A, By C, their Jacobian 
degenerates into the lines BCj CAy AB. 

Ex. 6. If throe conics pass through A tand two touch at A, their 
Jacobian has a node at A and one branch of the Jacobian totiches the 
two conics at A. 

Ex. 7. If three conics have a common pole and polar, their Jacobian 
degenerates. 

[Into the common polar and two lines through the pole.] 

Ex. 8. If three conics have a common self-conjugate triangle, their 
Jacobian degenerates into the sides of that triangle. 

[See Ex. 7.] 

Ex. 9. The sides of the common self-conjugate triangle of any two 
conics may be obtained by forming the Jacobian of the two conics and 
their harmonic locus. 

[The two conics and their harmonic locus have a common self-conjugate 
triangle. See Ch. TV, § 4, Ex. 4.] 

Ex. 10. The Jacobian of two conics and a coincident line-pair 
degenerates. 

[Into the line and a conic.] 

Ex. 11. The Jacobian of a conic, a circle with centre P, and a co- 
incident line-pair at infinity is the rectangular hyperbola through the 
feet of the normals from P to the conic together with the line at infinity.] 

[The Jacobian of 

ax^ -f- ar® -f y'* — 2 |a?y — 2 riyz + cz^ = 0, 2^* = 0 

is hy{x-^z) = ax{y-riz). 

Now put « = 1.] 

r2 
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Ex. 12. The axes of a conic (usinff any coordinates) may be obtained 
by writing down the Jacobian of the conic, its director circle, and a 
coincident line-pair at infinity. 

[We suppose that we know the equation of one circle and of the lino 
at infinity. We thus obtain the tangential equation of the circular 
points. Then, forming the harmonic locus of the conic and the circular 
points, we have the director circle. The Jacobian degenerates into the 
axes and the line at infinity by Ex. 11.] 

Ex. 13. The Jacobian of two conics having double contact and any 
third conic degenerates. 

[Into the chord of contact and a conic dividing the chord of contact 
harmonically.] 

Ex. 14. The Jacobian of two concentric* circles and any conic is a 
rectangular hyperbola and the line at infinity. 

[See Ex. 13. Discuss the case in which the conic is a circle.] 

Ex. 15. If the Jacobian of three conics passes through the intersection 
A of two of them, the two (ionics touch at A. 

[Take A as the point (1, 0, 0).] 

Ex. 16. The locus of the point of contact of two nieinbor.s of the 
family Xf7-f = 0 is their Jacobian. 

[Sec Ex. 15.] 


§ 2. Any Cubic as a Jacobian of three Conics. 


Suppose /(ic, 7/, 5 ) = 0 is the equation of a cubic. Then the 
polar conic, i. c. the first polar curve, of the point F (^, ry, is 




i s ^ 

® <>x vy 




(i). 


The Jacobian of any three polar conics is the same as the 
Jacobian of 

y 


¥ 


= 0, 


¥ 


jiiid is therefore 






yy 

jy 


iixdy 





iix 


iSy'fSz 

yf 


cV/ 

'bz 

^z iy 



= 0, 


which is the Hessian of /{cc, y, z) = 0. Now any cubic * is 
the Hessian of three different cubics by Oh. XIV, § 9. Hence: 


i non-singular cubic. See § S, Ex. 9. 
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Any cubic may he considered as the Jacobian of a famUy 
of conics^ and that in three different ivays. 

Suppose now that the polars of P with respect to 
dx oy dZ 

are concurrent at the point Q (X, F, Z), so that P and Q are 
conjugate points of the Jacobian. Then 






AA 5F“^ 

^ =0 


= 0 , 


}>Z<)X 


+ v 


i>Zd¥ ^'dZ'^ 


(ii). 


But equations (ii) are the conditions that Q should be 
a double point of the conic (i). Hence : 

The polar conic of a point on the Hessian of a given cubic 
is a line-'pair meeting at the conjugate point of the Hessian 
consuiered as the Jacobian of the polar conics of the given 
cuhk. 


§ 3. Ruler-construction for Cubics. 

Consider. a given cubic as the Jacobian of a family of conics. 
Denote conjugate pairs of points on the cubic by P and P\ 
Q and Q\ .... 

If P and P\ Q and Q' are conjugate pairs of 2 ^oints on a 
cubicy so are the Intersections of PQ and P'Q', PQ' and P'Q, 

For P and P' are conjugate for any conic of the family, and 
so are Q and Q\ But when two pairs of opposite vertices of 
a quadrilateral are conjugate with respect to a conic, so is the 
third pair of vertices.* Hence R and R in Fig. 1 are con- 
jugate for any conic of the family, i. e. are conjugate points on 
the cubic. 

A cubic is uniquely given when three pairs of conjugate 
points are given. 

Expressing the fact that the conic 

ax^->rby^ + cz^-^2fyz’^2gzx-\‘2hxy = 0 
has the three pairs of points as conjugate pairs, we get three 

* He»so’s Theorem. It may be proved by projecting the conic into a 
circle and one vertex into the centre. 
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linear relations between a, 6, c, /, gr, h and thus reduce the 
conic to the form XCr-h/iF+i'ir=0, where X, /i, v are 
constants. The' Jacobian of this family is the cubic l equired. 

Suppose that A and A\ B and C and C' are the three 
conjugate pairs of points, then the intersection D of A B and 
A'B'^ and the intersection lY of AB' and A'B are a fourth 
conjugate pair. From C and C\ D and lY we obtain similarly 
a fifth conjugate pair ; and so on. Hence : 

Give a three pairs of conjugate i)oiids on a cubic, we can in 
general construct an injiniie number of conjugate pairs by 
I'uler only.'\ 

Suppose that in Fig. 1 Q and R are consecutive points on 


P 



the cubic, then the conjugate points Q' and R' are also con- 
secutive points on the curve. We obtain then the result : 

The tangents at conjugate points Q ami Q' of a cubic meet 
at a point P on the curve, and QQ' onsets the curve again at 
the point P' conjugate to P. 

If, therefore, we draw the four tangents from any point P of 
a cubic (Fig. 2), the points of contact are two conjugate pairs 
Q and Q', S and S' ; and the lines QQ', SS' meet at P'. 

Since the four points of contact can be grouped into two 
pairs in three diflferent ways, we see that 

The points of a given cubic can be divided into conjugate 
pairs in three different ways, 

* We have tacitly assumed that I) does not coincide with C or C'. 
t We do not necessarily obtain the whole cubic in this way. For special 
positions of the three given pairs the number of conjugate pairs obtained by 
the construction may be finite. See Ch. XVI, § 6, Ex. 9. 
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This also follows from the fact that the cubic is the Hessian 
of three different cubics, and is therefore the Jacobian of 
three different families of conics. 

By §2 the polar conic of P with respect to a cubic for 
which the given cubic is the Hessian is a line-pair meeting at 
P\ Also by § 1 this line-pair is harmonically conjugate with 



respect to P'Q, P'Q' and with respect to P'S^ P'S'. This 
shows that the line- pair is QQ', SS'. 

The tangent at P' is the harmonic conjugate of PP' with 
respect to the line-pair QQ\ SS'. 

For if ^ is a point on the cubic close to P, P' {pj/, QS) is 
harmonic ; and P'p' is the tangeut at P' in the limit. 

Ex. 1. The real points of a cubic with one circuit can be divided into 
conjugate pairs in only one way. The real points of a cubic with two 
circuits can be divided into conjugate pairs in three ways. In one way 
both points of the pair lie on the same circuit. In the other two ways 
one point lies on each circuit. 

[See Ch. XIV, § 1.] 
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Ex. 2. It* three polar conics of a cubic are rectangular hyjjerbolas, 
every polar conic is a rectangular hyperbola ; and the Hessian is a 
circular cubic whose singular focus lies on the Hessian. 

[The circMilar points are conjugate points on the Hessian. See also 
Ch. VII, § 3, Ex. 10.] 

Ex. 3. Given three pairs of points AdnadA', H and H', (7 and (7; 
the locus of P such that P{AA\ BB\ CC') is an involution pencil is 
a cubic having the given pairs as conjugate pairs of points. 

[The cubic is the Jacobian of conics having the given pairs as con- 
jugate pairs. The double rays of the invx)lution are the line-pair of the 
family of conics through P.] 

Ex. 4. A quadrangle is inscribed in a cubic so that its diagonal points 
lie on the curve. Show that, if we take the vertices as (1, +1, +1), the 
cubic has the equation 

ax — 2 ;^) 4 hy ~ o^) + cz (p^ — y®) = 0. 

[The quadrangle is QQ' SS' in Fig. 2.] 

Ex. 5. Show that in Ex. 4 the tangents at the vertices of the quad- 
rangle meet on the curve at (a, fc, c), and that the tangents at 
(1, 0, 0). (0, 1, 0), (0, 0, 1), (a, h, c) 

meet on the curve at (1/a, 1/fe, 1/c). 

Ex. 6. Show that the cross-ratios of the pencil of tangents from any 
point of the cubic of Ex. 4 are (c* — &c. 

[See Ch. VIT, § 5, Ex. 2 (vi).] 

Ex. 7. If the tangents at four points of a cubic meet on the curve, the 
polar conic of any one has the triangle formed by the other three as 
a self-conjugate triangle. 

[Consider the polar conic of (a, hy c).] 

Ex. 8. Any transversal through a fixed point O of a cubic meets the 
curve again at P and Q, Show that the locus of the intersection of the 
tangents at P and ^ is a trinodal quartic. 

[The locus has evidently nodes at the points conju^te to 0 in the 
three ways of dividing the points of the cubic into conjugate pairs. It 
also touches the cubic at the tangential of 0 and cuts it at the points 
of contact of the tangents from 0. | 

Ex. 9. Any two conjugate points P and P' on the Hessian of Ch. XTII, 
§ 4 (ii) of the cubic of Ch. XlII, § 4 (i) are 

(cosCX, sincx, -38in30<) and (cosi3, 8in0, -SsinS^), 
where 3==a + ^7r. 

The tangents from P to the Hessian touch at two points collinear with 
F, and the polar conic of P degenerates into a line-pair through F. 

For the cubic of Ch. XTII, § 4 (iii) and its Hessian we replace sin and 
cos by sinh and cosh, while ^ = (X-i- J tt/. 


§ 4, Cayleyan of Cubic. 

Suppose now that P, P' are conjugate points on the Hessian 
of a given cubic (Fig. 2). The envelope of the line PP' is 
called the Cayleyan of the given cubic. It may be considered 
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as the envelope of the line joining any point P on the Hessian 
to the centre of the degenerate polar conic of P with respect 
to the given cubic.* 

The Cayley at ij of a cubic is of the third class. For in Fig. 2 
the tangents from P' to the Cayleyati are PP\ QQ\ S8\ 

Each of the lines of the degetterate polar conic of a ny point 
on the Hessian of a cubic touches the Cayleyan. 

For the polar conic of P is the line-pair QQ\ SS' by § 3. 

Atiy two conjugate points Q, Q' on the Hessian of a cubic 
are harmonic conjugates with respect to the point of contact 
of QQ' with the Cayley an and the remaining intersection oj 
QQ' tvith the Hessian. 

For in Fig. 1 suppose iJ, K the pair of conjugate points on 
the Hessian consecutive to Q, Q'. Then P' is the third inter- 
section of Q(^ with the Hessian, and the intersection E of 
QQ', RR is the point of contact of QQ' with its envelope. 
But by the harmonic properties of the quadrilateral (P'P, QQ') 
is a harmonic range in the limit. 


§ 6. Tangential Equation of Cayleyan of Cubic. 

The tangent ial equation of the Cayleyan of 
+ 2 /*^ + + 6 mocyz = 0 

+ + + = 0 . 

We proved in §4 that the Cayleyan touches the lines into 
which the polar conic of a point (^, rj, on the Hessian 
degenerates. This polar conic is 

^{x^-t2myz)^7] + + 

If one of the lines into which this conic degenerates is 

Xx + iiy-\'vz = 0 , 

the conic is 

(Xx + fiy + vz) {^x/X + yy/ p + (z/ v) = 0. 

Comparing the coefficients of yz, zx, xy, we have 

and two similar equations. 

* We see that the Steinerian and Hessian of a cubic coincide. See 
Ch. VIT, §§ 8, 9. 
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Eliminating ^ we get 

+ + + ^ (l-~4m^) A//r = 0, 

which is the tangential equation of the Cayleyan. 

Exactly similarly we show that 

The tangential equation of the Cayleyan of 

(a; + 2 / + 2 :)^ + 6 kocyz = 0 

is (fjL + 1/) (i/ + A) (A + /i) = 2 (k + 4) A/xj/. 

Ex. 1. The Cayleyan touches the inflexional tangents of a cubic. 

[The polar conics of the inflexions touch the Cayleyan. Or use the 
tangential equation of the Cayleyan.] 

Ex. 2. The envelope of a line divided in involution by three given 
conics is of the third class. 

[The Cayleyan of a cubic having the given conics as polar conics. 
The result may also be obtained by considering the tangents to the 
locus from any intersection of two of the conics. 

For a particular case of the reciprocal of this theorem see § 3, Ex. 3.] 

Ex. 3. The poles of any line with respect to a cubic form the vertices 
of a quadrangle whose sides touch the Cayleyan and whose diagonal 
points lie on the Hessian. 

[The polar conic of any point on the line goes through the four poles 
by Ch. VIT, § 2, Ex. 5.] 

Ex 4. The Cayleyan and Hessian touch at the point conjugate to any 
inflexion P of the Hessian. 

[Make P consecutive to an inflexion in Fig. 2. Or verify that the two 
curves touch at the points (m, w, 1), &c.] 

Ex. 5. The Cayleyan of a non singular cubic is a curve of the sixth 
degree with nine cusps. 

The cuspidal tangents are the harmonic polars of the inflexions of the 
given cubic. 

[The cuspidal tangents and cusps of the Cayleyan are obtained in the 
same way as the inflexions and inflexional tangents of 
ir® + y® + 2 :^ + 6 mxyz — 0.] 

Ex. 6. If A and A' are conju^te points on the Hessian, the polar of 
A with respect to the polar conic of A' for any syzygetic cubic touches 
the Cayleyan. 

Ex. 7. The locus of a point whose polar line with respect to the cubic 
touches the Cayleyan is a sextic. 

Ex. 8. Discuss the case m = 0 in § 5. 

Ex. 9. Reciprocate the mutual relationships of cubic, Hessian, and 
Cayleyan. 
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Ex. 10. Find the tangential equation of the Cayleyan of 

(i) fz = (ii) z'^x = y(y-x) (y-Px), 

(iii) ax (y® - «*) + by {P — a:*) + cz (a?* ~ y*) = 0. 

[Equating the coefficients of P, y®, z\ yzy zx, xy in 

{\x>¥gy’\-vz)Q<'x-\-gy-¥vz) and 

and eliminating ly, f, X', /i', v between the six linear equations thus 
obtained, we have the tangential equation of the Cayleyan of the cubic 

Ex. 11. The Cayleyan of a cuspidal cubic degenerates into the cusp 
and the intersection of the cuspidal and inflexional tangents. 

Ex. 12. The Cayleyan of a nodal cubic is a conic having as the vertices 
of a self-conjugate triangle the node -4, any inflexion C, and the inter- 
section B of the harmonic polar of C with the line of inflexions, 

[The Cayleyan of - + *= y (3a7* + y^) is = 9 + See § 3, 

Ex. 9, for the coordinates of a pair oi corresponding points on the 
Hessian ; or use the method of Ex. 10.] 



CHAPTER XVI 

USE OF PARAMETER FOR NON-SINGULAR CIIBICS 


§ 1. A Standard Equation of the Cubic with two Circuits. 


The equation of any cubic ivith two circuits can he put in 
the form 

z^x y (y — x) iy—Jc^x), where 1 
lyy a suitable choice of homogeneous coordinates. 

Take a triangle of reference ABC such that BC is the 
tangent at a real inflexion (7, and AB is the harmonic polar 
of a 

Since the equation of the cubic must reduce to = 0 when 
we put 05 = 0 in this equation, the coefficients of y^z, yz^ in 
the equation are zero. 

Since the polar conic of (0, 0, 1) is zx=^ 0, the coeflScients of 
x^z and ocyz are also zero. Choosing homogeneous coordinates 
such that the coefficients of z^x and y''^ are equal and opposite, 
the equation becomes 

z^x-(y-ax) {y-Px)(y-yj) = 0. 


The points (1, a, 0), (1, j8, 0), (1, y, 0) are the points of con- 
tact of the tangents to the cubic from (0, 0, 1), and are real 
since the cubic has two circuits. Suppose a>^>y. 

Put now 


X 

X = > 

a-y 


y 


= T+ 


yX 
- > 

OL — y 


z 


{oc-yy^Z, 


^-y 

OL — y 


= p, 


and the equation becomes 

Z^X = Y{Y-X)(Y-k^X). 


Replacing X, F, Z by x, y, z we have the required form. 

The point (1, 0, 0) is now the point of contact of a tangent 
from 0. 


§ 2. Coordinates of any Point on a Cubic with two Circuits. 

Any point on the cubic 

z^x = y{y—x)(y — ]c^x) 

may be taken as 


(sn^u, snu, cnu dn^t), 
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the modulus of the elliptic functions being Jc, as is at once 
verified. 

Remembering that,* if m and n are integers, 

fin(u + 2 mK + 2 nK'i) = (-l)”'snu, 
cn (ii + 2 m K + 2 nK' i) = ( — l)^'’’^*cnj^, 
dn (u + 2m K’\- 2 nK^i) = ( — 1)” dnit, 
we see that the point on the cubic is unaltered, if we replace 
by u + 2m K •{• 2 n K' i. 

The points mth parameters u,, Ug* "*^3 coUinear if 
Uj + ^2 + ^3 = 0 {mod, 2 Ky 2 K'i). 

This is equivalent to sn (u, + 162 + %) = 0. Denote sntf^, 

cnuj, dnUj, ... — Then cn (Uj + 0^2 

gives 

± c,, = cn (Uj + U2) = (.s*i 6*1 (^2 - •"‘•J ^'2 ^‘2 ) * 

Hence 

_ d, __ d.^ 

Si (C2 c.^ + Ci) "" 6*2 (<*3 Cl + C2) ~ 83 (Ci C2 + 6*3) 

Substituting for d ^ : rfa : d.^ in the determinant 

^2 ^*2 ^2 ^2 * 

**'0 ^ ^3 ^3 

we find that it vanishes. But the vanishing of this determi- 
nant is the condition that the points with parameters 
should be collinear. 

Another line of argument is to employ the formula 



^*1 

c,<^, 


1 


r*i ci, 

sn (Uj + ^2 + '^^3) = 



4 - 

1 

«2“ 



^ 3 ^ «3 



1 

^^3 



To obtain the inflexions take ?(,, all equal to v. We 

have then snS?/ = 0 or 

u = |€A + §€'i^'i (€, e' = 0, 1, 2). 

The real inflexions are given by 

u = 0, u = § u = I /f. 

The odd circuit of the curve is given by real values of u 
lying between 0 and 2K, 


* See A. C. Dixon^s Elliptic Functions, §§ 22, 88. 
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The even circuit of the curve is driven by u = v + K'% where 
V is real and lies between 0 and 2 if.* 

Ex. 1. Use § 2 to prove that the inflexions lie by threes on twelve 
straight lines. 

Ex. 2. Th^ four tangents from any point of the cubic to the curve 
form a pencil, one of whose cross- ratios is k’^, 

[Consider the tangents from the inflexion C,] 

Ex. 3. The points of contact of the four tangents from the point on 
the curve with parameter u are 

(s®, s, cd), {c^, —k'^sd), (Ij k^s\ --k^sed), (d^, k^c^d^ k'^k'^sc) ; 

where s, c, d denote 

sn(--|w), cn( — |w), dn( — Jw), and 

[The parameters of the points of contact are 

— “Ju + iT, + + 

Ex. 4. Obtain the cross-ratio of the range in which the tangents at 
the points with parameters 

fj, v + Ky v + K'i, 

meet a side of the triangle of reference, and verify that the cross-ratio of 
the pencil formed by the tangents from a point on a cubic is constant. 

[The method of § 7, Ex. 1 , is also available.] 


§ 8. Parameters of Points on a Conic or Cubic. 

If Uj, ^3,^4, %, Ug are the parameters of points on a 
conicy 

The congruence is taken modulo 2 if, 2K'i ; and so always 
unless the contrary is stated. 

For suppose the three lines joining the points with para- 
meters and u^y u.^ and and meet the cubic again 

in points with parameters Vjg, Then 

Ui + W2 + ^12 = + + = 0, U5 + Up, + Vge = 0. 

But the given cubic, the three lines just mentioned, the 
conic and the line through the points with parameters 
r34 are three cubics through the points with parameters 

"^ 4 * ^6> ^12 » ^ 34 * 

They therefore all pass through the point with parameter 
(Ch. XII, §2). Hence the points with parameters 
Vge are collinear, and + V34 + ^53 = 0. Hence 

^l + t«'2 + ^ 3 +'W .4 + U 5 -hUe = 0. 

* For sn (v + K'i) -1/kan v, on {v + K'i) = i dn v/k sn v, dn (v + K'i) = i cn v/sn v , 
see A. C. Dixon’s Elliptic Functions, § 18. 



XVI 4 EQUATION OF CUBIC WITH ONE CIRCUIT 255 


If tCj, tt'a, U4, U5, Uf,, Ug, Ug are the paraTneters of the 
intersections of the given cubic ufith another cubicy 

tCl +• 9/ 2 + 5 + tf g + ■+“ + 'ttg ~ 0 . 

Suppose that the conic through the points with parameters 
v^, U4, meets the cubic again in a point with para- 

meter p\ and that the two lines joining the points with 
parameters and Ug and meet the curve again in 
points with parameters 5, r. Then 

itiH-U2 4-tt3 + U4-f = 0, t<g-l-U7 + 7 = 0, = 0. 

Now of the twelve intersections of the given cubic and the 
quartic consisting of the conic and the two lines just mentioned, 
nine lie on another cubic. Therefore the remaining three lie 
on a straight line.* 

Hence + r = 0; and therefore 

Uj+U2 + 'i^3 + '?^4-|-'?^5 + Ug4-U7 4-'l«g + Ug = 0. 

§ 4. A Standard Equation of the Cubic with one Circuit. 

The equation of any cubic vnth one circuit can he put in 
the form 

{y-’j') = (2/ + .r) {k^x^ ; where = 1, 

As in § 1, take G as a real inflexion and AB as the harmonic 
polar of (7. Bat take A, B as the double points of the involu- 
tion determined by (1) the intersection of A 2? with the tangent 
at G and the real intersection of AB with the cubic, (2) the 
pair of unreal intersections of Ai? with the cubic. Choose 
also the homogeneous coordinates so that the tangent at G is 
X = y. Then, as in § 1, the equation of the cubic contains no 
term in z^y xHy ocyz, or y^z, and takes the ibrin 

(y-x) -(y^ x) {ax^ + by^). 

In this a and 6 have the same sign. There is no loss of 
generality in supposing them both positive, for we can inter- 
change X and y if they are negative. Now replace z by 
{a + h)izy and the equation of the cubic is in the required form. 

Any point on this curve is 

(sn u cn u, mu, (1 -H cn n) dn tt), 

the modulus of the elliptic functions being k. The point on 
the cubic is unaltered, if we replace u by 

u + 2m(K + K'i) ^2 n{K^ K'i). 

* Ch. XII, §7, Ex 4. More rigorous Is the proof by Abel’s theorem, 
Ch. X, § 7, .Ex. 7. 
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As in §2 the parameters of three collinear points 

are connected by the relation 

Ui-f + % 

the congruence being now taken modulo 2{K + K i) and 
2(K-K'i), The proof is as in §2. noting that for three 
collinear points cn(Ui + U 2 + U 3 ) = +1. 

The inflexions have parameters 

§6 + ( 6 , €' = 0 , 1 , 2 ). 

The real inflexions have parameters 0, %K. The real 

part of the curve is given by real values of u lying between 0 
and AtK, 

The connexions between the parameters of the points in 
which the curve meets a conic or another cubic are the same 
as in the case of the cubic with two circuits, except that the 
congruences are taken modulo 2{K and 2{K — K'i). 

Ex. Show that the equation of a cubic with two circuits can be put in 

the form ^ ^ ,o 

( 2 /a-Pip), where 1>A;^>0; 

and express the coordinates of any point rationally in terms of elliptic 
functions. 

[C is the inflexion, and A and B are the double points of the involution 
determined by the intersections of the harmonic polar of C (1) with the 
odd circuit and the tangent at C, (2) with the even circuit.l 


§ 6. Unicursal Cubic. 

If (it*, y, z) is a double point of 

= 2/(y-aj) 

then (Ch. II, §4) 

c2 + (l + P)7y2_2/i:‘^ir?/ = -Sy^^2{l-\-l:^)xy-lc^x^ ^ zx = 0. 

Rejecting the case x y ^ z = 0, we get 
either Jc = 0, y :=z z ^ 0, 

when the cubic becomes 

z^x = y^ iy-^), 
with an acnode at (1, 0, 0) ; 
or k = 1, x — y = 2 ; = 0, 

when the cubic becomes 

z^x ^ yiy—xY) 

with a ci unode at (1, 1, 0). 
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Similarly (a?, 2 /, z) is a double point of 

z^{y—x) = (y^x)(lc^x^^k'^y% where = 1, 

either if i = 0, j/ = 2 ; = 0, when the cubic becomes 
z^(y-x) = y^{y + x), 
with an acnode at (1, 0, 0) ; 

or* if = 1, a; = 0 = 0, when the cubic becomes 
( 2 / -a*) = a*2(?/ + a*-) 
with a crunode at (0, 1, 0). 

If the cubic has a double point, the elliptic functions de- 
generate into trigonometrical functions, as could have been 
foreseen, since the cubic is now unicnrsal. 

We see that the standard equation of a cubic found in cither 
§ 1 or §4 includes the case of aif acnodal or crunodal cubic, but 
not that of a cuspidal cubic. 

In Ch. XIII we expressed the coordinates of any point on a 
uidciirsal cubic in terms of a parameter in such a way that 
the sum of the parameters of three col linear points = 0. 
Hence many of the results established for non-singular cubics 
hold good with slight modification for unicursal cubics. We 
shall leave the reader in general to find out for himself what 
modification is necessary in any particular case. 


§ 6. Applications of the Parameter. 

We now apply the parametric representation of a point on 
a cubic to the investigation of various properties of the curve. 

A cubic has twenty-seven sexiactic points, namely, the points 
of contact of tangents from the inflexions, 

A sexiactic point of a curve is one at which the conic of 
closest contact has six-point contact. 

If V is the parameter of such a point, we must have = 0, 
for the sum of the parameters of six points on a conic = 0. 

■ This gives 

« = ^M+ N, {€, e' = 0, 1, 2, 3, 4. 5) ; 
o o 

whei’t) il/ = 2 7i , iV = 2h' I 

for the cubic with two circuits, and 

M=2{K+ K'i), N=2{K- K'i) 
for the cubic with one circuit. 

But this formula includes the inflexions (the conic being 
the inflexional tangent taken twice), namely, when e and <' are 
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both even. There remain twenty-seven values of u giving 
sextactic points. 

If the tangential of such a point has the parameter v, 
u + u + v = 0, or V = — 211- = — ^ Jlf — ^ iV. 

O O 

Hence the tangential of a sextactic point is an inflexion. 

A cubic has sevenfy-iwo coincidence 2>oints, namely, the 
points coinciding v/Uh their third tangential. 

A coincidence point of a curve is one at which an inflnile 
number of cubics can bo drawn having nine-point contact 
with the curve. 

If u is the parameter of such a point, we must have = 0, 
and therefore 

u = ^3/+ (f, 6' = 0, ] , 2, 3, 4, 5, 6, 7, 8). 

Excluding the case in which e and e' are multiples of 3, 
which gives the inflexions, we have seventy-two coincidence 
points. 

As shown above, the tangential of the point with parameter 
Vj has parameter —2u, the second tangential (tangential of 
the tangential) has parameter — 2 = 4?(, and the third 

tangential has parameter —2 . 4t6 = — 8u. Therefore a point 
coincides with its third tangential if = — 8^6 or Qu = 0. 

If the tangents at the points with parameters meet on 
the curve, i.e. the points have the same tangential, = %v 
and therefore, since v ^ u, 

V ^ y + lif, tt-f AiV, or 

Hence when the points of a cubic are grouped into con- 
jugate pairs (Ch. XV, § 3), the pai*ameters of a pair difler 
by or It will be remembered that there 

are three different ways of grouping the points into conjugate 
pairs. 

If, however, we confine ourselves to the real points of the 
cubic, we have only one method of pairing the points of the 
cubic with one circuit, and three methods of pairing the points 
of the cubic with two circuits. 

Ex. 1. If one polygon of 2n sides can be inscribed in a given cubic 
with the sides passing alternately through P and Q, where P and Q are 
given points ot the cubic, an infinite number of such polygons can be 
insciibed. 
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[Suppose parameters of the vertices of such 

a polygon, and q are the parameters of P, Q, Then we must have 
the congruences, 

+ + 4- W 3 + W 4 rz 0, 4 *^sn-i ~ ^ » 

341134-^8 = 0, 341^441% = 0, ..., 3 + *^2n + Wi = 0; 

which are consistent if n (p — q) ~ 0. 

P and Q are called Steiners points. See Clebsch, Crelle^ Ixiii (1864), 

p. 106.] 

Ex. 2. Show that for the polygons of Ex. 1 

(i) If n = 2, the tangents at P and Q meet on the curve ; so that 
P and Q are conjugate points on the cubic. 

(ii) If w = 3, PQi and QP^ meet on the curve ; where P^ and Qi are 
the tangentials of P and Q. 

Any two inflexions form a Steiner pair for inscribed hexagons. 

(iii) If n - 5, P^g and QPs meet on the curve ; where PQ^ and QP^ 
meet. the curve again in Pj and and PQ^ and QP 2 meet the curve 
again in and . 

The conics of closest contact at P and Q meet on the cubic. 

(iv) Any two scxtactic points form a Steiner pair for inscribed 
dodecagons. 

Ex. 3. The two points in which the lines joining any point of the 
cubic to a pair of Steiner points meet the curve again are also a 
Steiner pair. 

Ex, 4, If P, Q and P, Q' are two Steiner pairs, the lines PP' and QQ' 
meet the curve again in a Steiner pair. 

Ex. 5. If P, § is a Steiner pair for a polygon of 2?^ sides, and P^ 
meets the curve in the tangential of P, then P, P (and y, P) is a Steiner 
pair for a polygon of 4n sides. 

Ex. 6. If all but one of the Sn points, which are the vertices of a 
polygon of 2n sides and the intersections of opposite sides of the polygon, 
lie on a cubic, so does the remaining i^oint. 

[If Wi, « 2 , ..., are the parameters of the vertices, we have to prove 
4 W 2 = 4" , W2 4'lt3 4 w„+2» 

consistent ; which is evidently the case. 

Pascal’s theorem is a particular case of this result. The reader may 
generalize the theorem. For instance, consider the case 

Wi4W2 = W4 4«fl, U2+U.i=UQ + UTf ..., 

'^hn-3 *^2fi-a ~ ^2n 4- Wj, ^hn-l 4" ~ ^^2 4* Wg .] 

Ex. 7. If ^ 1 , Pi, -dj, P 2 » •••> are given points on a cubic such 

that one polygon of 2 w sides can be inscribed in the cubic with its sides 
passing in order through A^, Pj, Aj, P 2 , •••, Pn, then an infinite 
number of polygons can be thus inscribed. 

Ex. 8. Three triangles can be inscribed in a given cubic whose sides 
meet the curve again in three given collinear points. 

Ex. 9. Three non-collinear points are taken on a cubic with parameters 
w, Vf w. The lines joining any two of these meet the cubic again in 
three more points. The line joining two of the six points now obtained 
meets the cubic again in a fresh point, and so on. Show that the points 
thus obtained have pammeters given by the expression mu + nv-^pw^ 

S 2 
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where n^p are positive or negative integers such that w + w+jp — 1 is 
a multiple of 3. 

Under what conditions is the total number of points obtained finite ? * 

[The points with parameters 

— w, —u—Vf (v + tv) + (w + u), u + v- {u + v + 2w)= — 
and similarly —2u, — 2t? are among those obtained. Now assume the 
result true for all values of m, n^p numerically less than those considered, 
and use induction. 

The number of points is finite if n, v, w arc commensurable with any 
periods.] 

Ex. 10. The tangents at A, B, C, i> on a cubic meet on the curve, and 
Pis any other point of the cubic. The lines PA^ PB, P(\ PD meet the 
curve again at A\ C\ D', Show that the tangents at A\ B\ C, D' 
meet on the curve, and that the line joining A, B, C, or D to A', B\ C\ 
or D' passes through one of four jDoints P, Q, B. S on the curve, such 
that the tangents at i*, Q, P, S meet on the curve. 

Ex. 11. An infinite number of triangles can be inscribed in a cubic 
such that the tangent at each vertex meets the opposite side on the 
curve. Any side is divided harmonically by the cubic and its point of 
contact with its envelope. 

[If If, r, w are the parameters of the vertices, 

3w = Bt» = 3fc ~ If + r + u\ 

See also Ch. XII, § 4, Ex. 21.] 

Ex. 12. Find the number of conics through four given points of a 
cubic which touch the curve, and the number of conics through three 
given points of a cubic Yi^ich osculate the curve. 

• [Easy also by quadratic transformation.] 

Ex. 13, Nine or three of the sextactic points are real. Three of them 
lie on the odd circuit, and six on .the even circuit, if it exists. 

Ex. 14. Six of the coincidence points are real. They all lie on the 
odd circuit. 

Ex. 15. The coincidence points are the vertices of the 24 ‘Hart 
triangles both inscribed and circumscribed to the cubic. 

Ex. 16. If a conic has five-point contact with a cubic, it meets the 
cubic again on the line joining the point of contact to its second 
tangential. 

Deduce the fact that the sextactic points are the points of contact of 
tangents from the inflexions. 

[5w-ftJ = 0, «-f4ff-ffc = 0 give v = wJ] 

Ex. 17. If a conic has four-point contact with a cubic, the line joining 
the other two intersections of the conic and cubic passes through the 
second tangential of the i)oint of contact. 

[4w + v-fw^=0, -f V -I- = 0 give ^~4«.] 

Ex. 18. All cubics having eight-point contact with a given cubic at 
a given point pass through the third tangential of the point of contact. 

Deduce the fact that a coincidence point coincides with its third 
tangential. 

* If not, the construction gives the whole of the odd circuit or the whole 
ef both circuits. See llurwitz, Crelle, evii, p. 141. 
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Ex. 19. The locus of the sextactic points of a pencil of syzygetic cubics 
is nine straight lines. 

[The harmonic polars of the inflexions. The locus of the coincidence 
points is eight equianharmonic cubics ; see Halphen, Math. Annalen^ 
XV (1879), p. 859. We may get their equation by identifying P with its 
third tangential in Ch. XIV, § 9, Ex. 3.] 

Ex. 20. A cuspidal cubic has no sextactic or coincidence points. 

Ex. 21. A nodal cubic has three sextactic and six coincidence points. 
How many are real V 

Ex. 22. From the number of sextactic points of a cubic, deduce that 
any curve has 12m — 15n4-9/f sextactic points. 

fWe assume that the number is the same for all curves of the same 
type. Let it be m, a), where oc is 3m 4 k. Now if /= 0, /, == 0 
are the equations of two curves, f/^ = c is a curve very close to the 
degenerate curve = 0, e being a small constant. Hence for all values 
of m, OC, n\ m\ oc' we must have 

0 (n, m, OC} + (l) (n\ m\ a') = 0 (n + n\ m 4- m', a 4 OC'). 

The theory of functional equations gives readily that (/> ~ aii + hm-^ c(X, 
where a, 6, c arc constants not involving it. m, CX. Now a, b, c are at 
once given by noting that 

n = 3, — 6, (X — 18, </> = 27 ; n = 3, m — 4, (X = 12, 0 == 3 ; 

w = 3, m = 3, a — 10, </> = 0 
must satisfy the relation cf) = aH+bm+ cOC.] 

Ex. 23. The number of coincidence points on a curve is 
33 m — 42 W4-27 k. 

[As in Ex. 22. For a more general result see Haliiheii, Bull, de la 
Soc. Math, de France^ iv (1876), pp. 59-85.J 

Ex. 24. Three families of conics can be drawn touching a given cubic 
at three distinct points. If a conic is drawn through the three points of 
contact of any such conic, it meets the cubic again in the points of 
contact of a triply-tangent conic of the same family. 

Ex. 25. Jf six points of a cubic lie on a conic, so do the six conjugate 
points. ’ , 

[If tq4 ^2+ ••• = (nj4^i/) + (na4iJ/)-l- ... 4 + = 0] 

Ex. 26. If a second cubic passes through nine i)oiijts of a given cubic, 
another cubic passes through o^ic of the ijoints and the points conjugate 
to the other eight. 

§ 7. Another Standard Equation of the Cubic 

The equation of any v/abic^ can he pnt in the form 
ifz = 

by a suitable choice of homogeneous coordinates. 

In this equation g^^ and g^ are any constants, the notation 
being that which is usual in the theory of elliptic functions. ' 
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^Take as sides of the triangle of reference the tangent at 
a real inflexion B, the harmonic polar of B, and the polar line 
of the intersection A of this tangent and harmonic polar. 

Since the equation of the cubic must reduce to = 0 when 
we put 0 = 0 in this equation, the coefficients of 
and y^ in the equation are zero. 

Since the polar conic of (0, 1, 0) is yz = 0, the coeflScients 
of xyz and yz^ are zero. 

Since the polar line of (1, 0, 0) is a; = 0*, the coefficient of 
x'^z is zero. 

We see then that the cubic is of the form 

ax^ + hy^z + cxz^ + dz'^ = 0. 

Replacing now x by (~46/6t)^aj, we get the required form. 

The cubic has one or two circuits according as the harmonic 
polar 2 / = 0 of the real inflexion meets the curve in one or 
three real points ; that is, according as — is less than 
or greater than zero. 

The usual condition (Ch, II, § 4) shows that, if {x, y, z) is 
a double point of the curve, 

yz = 12 a; 2 -</.^ 2 ;‘^ = y^’V'ig^xz-vZg^z^ = 0, 
leading to g^ = 27(f7:>^, and to 

x:y:z:= -g.}:0:2. 

It will be readily found that in this case the double point is 
a crunode, cusp, or acnode, according as is <, =, or >0. 

Hence the equation of every (non-degenerate) cuIdIc can be 
put in the given form. 

Ex. 1. Use the equation of a cubic given in § 7 to prove that the 
pencil of tangents from any point of a cubic has a constant cross-ratio. 

[Let (i, Tjy 1) be a point P on the curve. The line 

through P meets the curve where x = $s! and where 

+ xz + (m^^-2mq-\- 4c$^—g2) — 0 * 

The line is therefore a tangent if this equation in xjz has equal roots, 
which gives - 24 4- 32 + 16(72-48^2 = 0. 

Since the line meets c: = 0 at (1, w, 0), the cross-ratio (f) of the pencil of 
the tangents from P is given by (Ch. I, § 11) 

((/)4-l)M</>-2)2((/,~^)2p=27 (02.^4, 1)3 J2^ 
where I = 16^2) = 64^3.] 

Ex. 2. The cross-ratio of the tangents from any point of the curve is 
harmonic if = 0, and equianharmonic if g 2 = 0. 
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§ 8. Coordinates in terms of Weierstrass’s Pnnotion. 


If the cubic 

y-z = 4^jo^-g^xz^-g^z^ 

is non-singular, we may take any point on the curve as 
1) ; where pvb is Weierstrass’s elliptic function 

given by 


If the points with parameters u, v, %v are collinear^ 

p ii p'u 1 
pv p'v 1 i = 0 
O'W 1 


This gives 

it + V + W = 0 (moil. 2a>, 2a)';, 

where 2a), 2co' are the periods of pit. 

In fact (Dixon's Elliptic Functions, § 72), if u-^v + iv ^0, 


pu^pv + piu 


^ \ pv—piv) ^ \ piV-^pU ) 

\ pu — pv ) 


Hence + = + p''iO-&'u ^ ^ p'n-p^ 

~~ pv — pw ~ piv — pu “ pu^pv 

from which (i) immediately follows.* 

The inflexions have parameters 

|(€® + €V), (6. €'=0,1, 2). 

The real inflexions have parameters 0, ^ ; where 2® 

Q U 

is the real period. 

The odd circuit is giyen by real values of the parameter. 
If cubic has also an even circuit given by 

parameters of the form u + a>', where u is real. 

The connexions between the parameters of the points in 
which the curve meets a conic or another cubic are the same 
as in the case of the cubic with two circuits in § 3, except that 
the congruences are taken modulo 2a). and 2a)'. The standard 
form of this and the preceding section may be used as in § 6 
to establish properties of the cubic instead of the standard 
forms of §§ 1, 4. 


It is at once proved that all the plus or all the minus signs must be taken* 
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^ 1. Types of Quartie. 

A QUARTic cannot have more tliau three double points 
(Ch. VIII, § 2), so that its deficiency may be 0, 1, 2, or 3. 
By the aid of Ch. VIII, § 1, we may draw up a table showing 
all possible types of quartie as follows: 


Typf) 

n 

'til 

5 '• 

r 

1 

n 

lO 


~vr 

0 

a 

26 


:> 

^ii . 

4 

10 

1 0 

1<> 

JS 

t) 


1 1 

0 1 

JO 

"L 

o 

(iv) 

4 

^ 

2 1 

0 

S 

\i 


^v) 

1 


j ' 

4 

_ 

JO 

J 

(vi) 

1 

(> 

0 ' 

•> 


6 { 

1 

(vii) 

4 



0 

J 


0 

(via,) 

4 

•> 

2 J 

- 

1 

0 

i,ix) 

4 

4 

1 


Zil 

- 

0 

j 1 

t 

0 

- 

J 

0 

0 


To these tjqies must be added the quartie with a triple 
point, or higher singularity. 

In this chapter we discuss quartics of zero deficiency, 
namely types (vii) to (x) of the above table, reserving the 
discussion of the other types for Chapters XVIII and XIX. 

§ 2. Geometrical Methods. 

Suppose a quartie has three double points -4, i?, (7. We 
may convert it by quadratic transfer i\iati on into a conic, 
taking A, B, G as the vertices of the triangle in Ch. IX, Fig. I. 
We thus deduce the properties of the unicursal quartie from 
those of the conic. 
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A process which comes to the same thing is to project B 
and G into the circular points and then invert with respect 
to A, when the quartic becomes a conic (a parabola, if A is a 
cusp) ; and from each property of the conic a property of the 
quartic is deduced. 

In fact, it is readily scon that the equation of a quartic with 
double points at the origin and circular points is of the form 

r {x^ + y'Y + 2 {gx ^fy) (x^ + y^) + ax^ + 2hxy + hy^ = 0, 
since every circular line meets it in only two finite points 



(Ch. II, ^ 5). An inverse of this with respect to the origin is 
the conic 

ax- + 2hxy + hy^ + 2<jx-h2fy + c = 0. 

The method of projection and inversion will, however, be 
suitable only if B and C are double points of the same kind, 
e. g. both cusps or both ordinary nodes. It is not readily 
applicable if all the double points are of different kinds; 
for instance, a cusp,, an ordinary node, and a flecnode. But 
quadratic transformation is still available. 

In the case of a quartic with a node A and two cusps B, C 
each property of the curve can be duplicated by reciprocation ; 
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for the reciprocal of such a curve is a similar quartic, as is 
evident from its Pliicker’s numbers. 

If we project i?, G into the circular points, and then invert 
with respect to A, the quartic becomes a conic with A as focus ; 
since the inverse of a curve with respect to a focus has cusps 
at the circular points, and conversely (see Ch. V, § 4, and 
especially Ex. 1 to 6 in that section). 

Hence, if we project the cusps of a quartic with a node and 
two cusps into the circular points, it becomes the inverse of 
a conic with respect to a focus, i.e. a lima^on with polar 
equation of the form 

7' = a + ?> cos 0, 

Fig. 1 shows five lima 9 ons with the same b and 
<^/b = ^, 1> 

The properties of a quartic 
with three cusps may be inves- 
tigated geometrically in various 
ways. For instance, we may 
obtain its properties by re- 
ciprocation from the known 
properties of the nodal cubic. 

Or again, if we project two 
of the cusps into the circular 
points, the curve becomes a 
lima^on with a finite cusp, i. e. 
the cardioid 

r = a(l +C 0 S 6), 

which is the inverse of a para- 
bola with respect to its focus. 
Or again, if we project the 
points of contact of the bitangent into the circular points, the 
curve becomes a threc-cusped hypocycloid (Fig. 2). 

For the polar reciprocal of the curve with respect to a cusp A 
will bo a cubic touching the circular lines at A and having 
the lino at infinity as inflexional' tangent. Its equation can 
therefore be put in the form 

c{x^ + y^) = (i), 

A being the origin. 

But the parametric equations of a three-cusped hypocycloid 
are 

a; = (2 cos ^ + cos 20), ?/ = |a(2 sin 0-sin 20) . (ii), 

the cusps being 0 = 0, Itt, Itt, and the origin the centre of 
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the curve. Writing down the polar of the point (ii) with 
respect to the circle 

+ := 62 

and finding its envelope, by differentiating with respect to 0 
in the usual manner, we obtain 

36*{(a; — a)2 4-2/2j = o 

as the polar reciprocal of the hypocycloid with respect to 
a cusp. But this is the curve (i). 

Another proof is given in § 5. 

Kx. 1. A quartic has nodes A, B, C, Through A is drawn any line 
meeting the quartic again in P, Q and PC in Ji. Find the locus of S if 
(PQ, BS) is harmonic. 

[Project B and C into the circular points. Then we have : ‘Find the 
locus of the middle point S of a chord PQ of a bicircnlar quartic meeting 
the quartic again at its finite node A,' Now invert with respect to A, 
and we have : ‘ Through a fixed i^oint A a line is drawn meeting a fixed 
conic in P, Q and S is a point on PQ such that l/AP-{- IjAQ = 2/ AS ; 
find the locus of It is a straight line (the polar of A), Hence the 
locus of the middle point of the chord of the bicircular quartic is a circle 
through A ; and the locus of S for the original quai*tic is a conic through 
Af Bf C.] 

Ex. 2. The four points of contact of tangents from two nodes of a 
trinodal (juartic lie on a conic through those nodes. 

[Projecting the two nodes into the circular points and inverting with 
respect to the other node, we have : * The intersections of a conic with 
a pair of directrices are concyclic.’] 

Ex. 3. A quartic has nodes A, B, C, Tangents BM, BM' and CN, CAT' 
are drawn to the quartic. Show that two bitangents to the quartic pass 
through the intersection of MN and M'N\ 

If BM and BM meet CA in m and CN and CN' meet BA in n and 

then two bitangents pass through the intersection of mw and m^n', 

[Project P, Cinto the circular points and invert with respect to A ; or 
use the equation of the bitangents given in § 3. These theorems are 
due to Jolliffe, Messenger Math., xxxiii.] 

Ex. 4. Six conics pass through the nodes A, P, C of a trinodal quartic 
and touch the curve. The first conic meets the second again in P, the 
second meets the third again in Q. and so on for the points P, Q, P, P, P, V, 
Show that the conics APCPP, ABCQT, ABCBU pass through the same 
four points. 

[Projecting and inverting we have Brianchon’s theorem. Derive a 
theorem from Pascal’s theorem similarly.] 

Ex. 5. A quartic has three nodes A, P, C. The conics through A, B, C 
osculating the curve at A cut at L and M a conic throu^ A, P, C 
touching the curve at P. Show that LM, PA are conjugate chords of 
the conic LMPABC. 

Ex. 6. A quartic has three nodes A, P, C. A chord PQ meets BC in R 
and {PQ, BS), A (PQ, BC) are harmonic. Show that the locus of P is a 
conic through P, C and that the envelope of the conic ABCPQ is a 
quartic with A as node and P, C as cusps. 
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Ex. 7. A quartic has nodes A, B, C. Conics are drawn through these 
nodes touching the quartic at P and Q. If PQ passes through the 
locus of the remaining intersection of the conics is a conic through 
A, B, C. , 

Ex. 8. Quai-tics with three given nodes and passing through four other 
fixed poinb cut any line through a node in involution. 

Ex. 9. In general there are two quartics with three given nodes, 
passing through four other fixed j)oints and touching the circle through 
the nodes (the point of contact not being a node). 

Ex. 10. A quartic has a node A and two cusps B, C. Prove that 

(i) If AD is the chord conjugate to BC of any conic through A, P, C 
touching the quartic, the locus of D is a conic through B and C, 

(ii) If tangents from B and C to the curve meet at D and AD meets 
the curve at P, PA and the tangent at P divide BC harmonically. 

(iii) The chord of contact of a conic through B and C touching the 
quartic at two points passes through one or other of two fixed points. 

(iv) If PAQ is a chord of the quartic, the conicjs through A, P, C 
touching the curve at P and Q meet again on a fixed conic through 
A, P, C. 

[Project B and C into the circular points and invert with respect to A, 
The reader may derive other properties of the quartic similarly, or may 
obtain other theorems by reciprocating those given above.] 

Ex. 11. The tangents at the cusps of a tricuspidal quartic are concurrent. 

[The reciprocal of : ‘The inflexions of a nodal cubic are collinear.’ 
Obtain other properties of the tricuspidal quartic by reciprocating the 
examples in Ch. Xlll, § 4. 

The result is also evident on projecting the quartic into a cardioid or 
three-cusped hypocycloid.J 

Ex. 12. Quartics have given cusi^s A, P, C and the tangent at A is 
also given. Show that the locus of the point of contact of a tangent 
drawn from a fixed point on BC is a pair of lines through A* 

Show also that the tangents to two such quartics at an intersection 
divide BC harmonically. 

Ex. 13. Through the cusps of a tricuspidal quartic three conics arc 
drawn touching the curve elsewhere. Show that the remaining inter- 
sections of the conics are collinear. 

Ex. 14. Find the envelope of the line through any point 1* of a 
tricuspidal quartic which forms a harmonic pencil with the lines joining 
P to the cusps. 

Ex. 15. Any tangent to a tricuspidal quartic meets the curve again at 
P and Q, The tangents at P, Q meet at T and cut the bitangent IJ at 
Ey F. Prove that 

(i) (EF, IJ) is harmonic, 

(ii) The locus of T is a conic through J, J touching the quartic at 
three points. 

(iii) The line joining T to the intersection of PF and QE passes 
through the point of concurrency of the cuspidal tangents. 
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Kx. 16. Two bicircular quaitics with the same foci and common finite 
node cut orthogonally. 

Ex. 17. Tf5and S' are the foci of a bicircular quartic with a finite 
node A, (AS\ SF± AS . S'P)/AP is constant, P being any point on the 
curve. 

Ex. 18. In Ex. 17 the lines AS^ AS'nre equally inclined to the tangents 
from A to the quartic. 

Ex. 19. A bicircular quartic with finite node 0 can be regarded as the 
envelope of a circle passing through O whose centre lies on a fixed conic. 

It can also be regarded in two ways as the envelope of a cinde 
orthogonal to a fixed circle j through O whose centre lies on a fixed 
conic touching.; at O, 


§ 3. The Quartic 


a 


b r 2/ 2fj 2h ^ 

y- yz cx xy 


Another method of obtaining properties of the trinodal 
quartic is to take the three double points as vertices of the 
triangle of reference. In the equation of the quartic there can 
be no terms involving the third or fourth power of x, or c?. 
Hence the quartic takes the form 

ay^ + cx- y- + 2 xyz (fx + gy + hz) = 0 . . (i). 

If we divide by x^y^z'^, we get the equation at the head of 
this section. 

We shall denote by A, B, C, F, G, II the cofactors of 
a, c, /, g, h in 

(t h g 
A = It b f 

9 f 

so that. A = bc—f^, F = gh—af, 


The tangents at the nodes arc 

cy^’{-2fyz-^bz'^ ^ 0, az^'\-2gzx + cx^ = 0, bx^ + 2/ixy-]-ay- 0, 
being the terms multiplying x^, y^, z'^ respectively equated to 
zero. 


The tangents from the nodes touching the quartic elsewhere 
are 

Bif ^2Fyz + Cz^ = 0 , Cz ^ - 2 Gzx + Ax^ 0 , 

A x^ ^2Hxy -b By^ = 0. 


For the quai’tic may be put in the form 
\x^ s) ^ ys^z-^ 


0 . 


(ii); 


which shows that the lines By^'--2Fyz + Cz^ 0 touch the 
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quartic at its intersections with the conic a/x-{‘h/y’^g/z ^ 0 
other than the nodes. 

The four bitangents of the quartic are 

fx + gy^-hz = ± Vl^x± Vcay± Vabz, 

either three or one + signs being taken on the right. 

For putting 

u ^fx-k^gy-vhz, 

the equation of the quartic may be written 
{Vayz+ VcxyY _____ 

2xyz {—'ll-]- Vbcx+ Vcay \^ab z) . . (hi); 

showing that _ 

u = Vbcx-^ Vcay-^ Vabz 
is a bi tangent with its points of contact on 

Vayz+ Vbzx+ Vcxy = 0 ; 
and similarly for the other hitangents. 

The result may also be proved by writing the equation of 
the quartic in the form 
{y}^bc x^^ca 

z=z {u— Vbc X— V cay — Vahz) {u^ \^bc x+ V ah z) 

X (u+ '/box— \^cay-\- Vabz) (u+ •/bcx-^ V cay— ^ abz) 

. . . (iv). 

The tangential equation of the quartic, found in the usual 
way,* is 

22 (A2 + A2) = Xfiv (18 AA2 + 16 A^ + 27 
where A = + + 

and 2 = a\^ + b cv^ — ^f yLv — 2>gv\ — 2h'Kfi> 

It will be found that 

A2 + A2 = BG\^ + ABp^ + 2 + 2RG j/X + 20ifX;/ 

.... (v). 

The cross-ratio (f) of the range in which the line 

Xx-h fiy + pz = 0 

is divided by the quartic is given by 

Z3{(0+1) (0-2) (0~i)}2 = 27/2(^2_0^1)3 

where 

/ = 322-~36X/41'A, J = — 23+18X/x>'2A + 54AX2/42j/2, 

♦ See Cli.,IV, §8. Or, if \x + fjiy + vz 0 and the quartic touch one 
another, so do X/» + p/y + vfs — 0 and ax^ + by^ + cs^ + 2fy3 + 2gsx + 2 Jiocy « 0. 
Now write down the well-known condition that these two conics should 
touch. 
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For the lines joining the intersections of the line and 
quartic to (0, 0, 1) are 

+ 12 (hX^ + hXfi—fXp) x^y 
+ & {aX^^ + h — 2f fiv — 2gv\ iihXy) 

+ 12 {hfi^ + aXpL— gfii/)xy'' + 6a/i^y^ = 0 ; 

and the ci*oss-ratio (p of this pencil is given by the above 
equation (Ch. I, § 11). 

Ex. 1. If a quartic with throe real nodes has a real bitangent, each 
node is either an acnode, or is a crunode such that the tangents at this 
crunode and the lines joining it to the other two nodes form two non- 
overlapping pairs of lines. In this case all four bitangents are real, 
the tangents from the nodes are all real or all unreal, and the quartic 
may be put in the form 

+ + {fx-\-gi/-i-hz) = 0. 

[For a real bitangent a, b, c have the same sign.] 

Ex. 2. A leal quartic with three nodes of which only one is real has 
two real bitangents. 

I We may suppose a and ?>,/and //, x and y conjugate imaginaries, and 
c, A, real.] 

Ex. 3. The envelope of a line divided by a trinodal quartic in a 
equianharmonic range is a curve of the fourth class with four nodes. 
Three of these nodes are the nodes of the quartic and the two curves 
have the same tangents at these nodes. The other common tangents of 
the curves are the inflexional tangents of the quartic. 

[The envelope is 7=0. The fourth node is (7\ 6r, H), We shall 
show in § 4 that 2 = 0 touches the nodal tangents of the quartic.] 

Ex. 4. The envelope of a line divided harmonically by a trinodal 
quartic is of the sixth class. It has the nodes of the quartic as biflecnodes, 
the two curves having the same tangents at these nodes. The other 
common tangents of the curves are the inflexional tangents of the 
quartic. 

[The envelope is J = 0.] 

Ex. 5. Show that (2/+37']/Aptr = 0 is a curve of the third class and 
that the twelve common tangents of this curve and 7=0 are the nodal 
and inflexional tangents of the quartic. 

Ex. 6. If one of the nodes becomes a cusp, one of B, C is zero. 

Ex, 7. What modification occurs in the tangential equation of the 
curve, if one or more nodes become cusps ? 

Ex. 8. Find the bitangents if one or more of the nodes becomes a 
cusp. What modification must be made in Ex. 1 in this case ? 

Ex. 9. The diagonals of the quadrilateral formed by the bitangents 
are Gx + Fy—Cz = 0, &c. The triangle whose sides are these 

diagonals and the triangle whose vertices are the nodes are in plane 
perspective. 

[The axis of pei-spective is a?/7’+ y/G 4 - xr/77 = 0 ] 
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Ex. 10. The four conics through C and the points of contact of 
a bitangent touch in pairs at C, and the two tangents at C are harmonic 
conjugates for CA and CB. 

[The conics are ±^ayz± zx±^/cxy ^ 0,] 

Ex. 11. The equation + where p, q, r, s are of 

the first degree in x, //, represents a quartic with bitangents 
^ = 0, ^ = 0, r = 0, s — 0, 

and with nodes 

j, = s, r = p\ r = s, p = q. 

Conversely, the equation of any trinodal quartic can be put in 
this form. 

[The equation may be put in either of the forms 

{2 (p® + g® + + s") — fi> + ^ + r + .s-)®} ^ = CApqrs, 

!(p~s) + (g-r)}*-8(pg4-rs) {(jp-s) + (g-r)}® 

+ 16 {(/ (p-i‘) ■+ ® 

For the converse take p^u — A/hcx-¥ ^/cay \/ab z, &c., in § 3 (iv). 

The points of contact of the four bitangents all lie on the conic 
2 (p® + 2® + + 6‘®) = (p + (2^ 4 r + .9)®.] 

Ex. 12. Three bitangents of a quartic with nodes A,B, C form a triangle 
PQR^ Show that the triangles ABC and FQE are in perspective. 

Show that, if AP meets QR in P', &c., the conic touching QR at P', 
RP at Q\ PQ at R' passes through the points of contact of the fourth 
bitangent. 

[The centre of perspective is p = q = r, and the conic is 
2 (p® + g® + r®) = (p + g +r)®.] 

Ex. 13. The four centres of perspective obtained in Ex. 12 are the 
vertices of a quadrangle whose harmonic triangle is ABC. 

[For the quartic of § 3 (i) they are (±\^a, V ±\^ 

Ex. 14. One of the common chords of any two of the four conics of 
Ex. 12 passes through a node. 

Ex. 15. Find the locus of the nodes of a trinodal quartic, given the 
four bitangents and two points on the curve. 

Ex. 16. The double rays of the involution formed by the tangents at 
C and the lines CA, CB pass through a pair of vertices of the quadri- 
lateral formed by the bitangents. 

[6a?® « ay®.] 

Ex. 17. The bitangents touch the quartic at real points if a, 6, c are 
positive and 

2 (a/® + 6g® -f c/i® - ahe) > ( + \^af± ±^ch- ^/ahef, 

three or one + signs being taken. 

Ex, 18. The quartic is the envelope of the conic 

AV^x’^ + Pm® y® + Cn® 2 ;® + 2 Fmnyz + 2 Gnlzx + 2 Hlmxy *= 0 , 
where m, n vary subject to ^ + m + w = 0. 

Ex. 19. The quartic is the envelope of the conic 

t'^x^ + 2>t{nyz + hzx-k^gxy)-By‘^ + 2Fyz-Cz’^ = 0, 
where t varies ; afid of two similar families of conics. 
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Ex. 20. ABC a fixed triangle and 0 a fixed point. Through the 
remaining intersections of AO^ BO, CO with the sides of the triangle 
a conic of given eccentricity is drawn meeting the sides of the triangle 
again at D, E, F, Show that AD, BE, CF meet in a i^oint whose locus 
is a quartic with nodes at P, C. 

Ex. 21. Conics of given eccentricity pass through fixed points A, B, C, 
Show that their envelope and the locus of their centres are quartics with 
nodes at A, B, C, 

[The envelope of an asymptote or axis is a three-cusped hypocycloid. 
See Annals of Math., 11. lii (1902), p. 154; Trans. Amer. Math. Soc., iv 
(1903), pp. 103, 489.] 

Ex. 22. A conic touches the sides of a given triangle ABC, and one 
focus lies on a fixed conic S. Show that the locus of the other focus is 
a quartic with nodes at A, B, C. 

Ex. 23. Given the nodes and five other points of a unicursal quartic, 
constnict the tangents at and from the nodes and any number of other 
points on the curve. 

[Use Ex. 22. By varying the relative positions of S and ABC, we may 
find every possible shai^e of a quartic with three real double points.] 

§ 4. Conics connected with a Trinodal Quartic. 

There are many conics of interest connected with the tri- 
nodal quartic 

ay^ + exhf + 2 xyz {fx + (jy + = 0 . . (i). 

Their properties are given in the following theorems. 

If the point-equation of the conic is obtained, the tangential 
equation can, of course, be at once deduced, and vice versa. 
Various forms of the equation of each conic are given, as they 
are needed in the examples. 

To save space we use the following contractions : 

u ^fx + gy-^^h-, 

A = F\-{- G fi + 

M =f(gG + lin)x + g{hH+fF)y-^h{fF+gG)z, • 

{ Z7 = afyz-\‘h(jzx + ch,cy, 

— 'JabfgXu, 

T = ghyz + hfzx +fgxy, 

= ay^z^ + + cx^y" + 2 xyz (fx + gy-{- hz). 

By u, A, S we denote the same as in § 3. The identity of 
§3 (v) is useful in the examples. 

The conics T = 0 and U = 0 (i. e. T = 0) are of importance 
n the theory. They pass through the nodes of the quartic 

T 


2216 
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A' = 0 and meet the quartic again at its intersections with the 
line = 0. For we have 

TU + xyzM = fghK. 

I. The eight points of contact of the four hitangenis lie on 
the conic 

= hcx^ + cay^-\-ahz^ 
i. e. 

(ahc - of - hg- - cli^) (a\- + + (af\ + hgp + chvf = 0. 

This follows at once from §3 (iv). See also § 3, Ex. 11. 

II. The six intersect ions of the tangents at a node with the 
line joining the other two nodes lie on the conic 

hcx^ + cay^ + abz^ 4 - ^afyz + 2 hgzx + flchxy = 0 , 
or = Ax^-\^By^-\-Gz^-2Fyz-2Gzx-2Hxy; 

L e. 

a^AX^^y^IilJL^-\-c^Cv‘^-\-2hcFpv-\'2caGv\’\'2ahH\p = 0 , 

or ahc'^ = T. 

For the intersections are c = 0, hx"^ 2hxy ay^ = 0, &c. 


III. The six tangents at the nodes touch the conic 
{Aj- + By^ + Cz^ - 2Fyz - 2 Gzx-2Hxy) + 4 2’ = 0, 

or i^Ax^ +• By^ + Gz^ + 2hyz 4- 2 Gzx + 2 Ilxy) + 4 IT = () 5 

i. e. :S = 0. 

This result is at once established by using the equations of 
the nodal tangents ; or it may be deduced from II by using 
the fact that the lines joining the vertices of the triangle of 
reference to the intersections of the conic 

a.x^-\-hy^+ cz^ + 2fyz-]-2gzx-\-2lixy = 0 
with the opposite sides all touch the conic 

beX- + ca/z^4-abi'‘^ — 2af/i^' — 2bgi/X-~2chA/^ = 0. 

IV. The six intersections of the tangents from a node with 
the line joining the other two nodes lie on the conic 

Ax^-^Bi/ + Cz- — 2Fyz — 2Gzx—2Hxy = 0; 

/. e. A2 + 2 {GHpi' + HFvX 4- FGXp) = 0. 

For the intersections are s = 0, Cx^ — 2Hxy-^By^ = 0, &c. 

V. The six tangents from the nodes touch the conic 
aA^x^^hB^y'^ + cG^z^ + 2fBGyz + 2gGAzx-\-2hABxy = 0 ; 

i.e, AsVa^ = 0. 
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VI. The six inflexional tangents of the quartic touch 

4!(aA'^x^+ ... 4- ... -\-2fBCyz -\- ... + ...) 

= A {Ax^ + Difl + Oz^ + 2 Fyz + 2Gzx + 2 lfxy)-^4AU ; 
i.e. 3A2 + 4A2 = 0. 

For, if Xx + fiy-hpz = 0 

is an inflexional tangent, we obtain on eliminating z between 
the equations of this line and the quartic an equation in x/y 
with three equal roots. The same will therefore be true, if 
we eliminate z between the result of substituting 1/x for x, 
\/y for 2/, ^/z for z in the equations of the line and quartic. 

This shows that the conics 

X/x + yi/y + v/z = 0, ax^ + hy^+cz^ + 2fyz + 2gox ■\‘2}ixy = 0 
. .... (ii) 

have three-point contact. 

The conditions for this are well known to be (with the 
notation of Salmon’s Conic l^eetions) 

3A/0 = 0/0' = 0'/3 A', 
where A' - 2Xyy, 0' == 0 = 2A. 

The relation 0‘^ = 3A0' is the tangential equation of the 
conic required. 

VII. The six inflexions of the quartic lie on the conic 

2(aA^.r2+... + ... +2/Z^(72 /o + 

- 2 A + 6^2 -Fyz- Gzx - Hxy) -f A = 0, 

or 

2M (ghA x + If By +fgCz) 

= U { fgh {4ahc + 2fgh - A) - 2 hegVe^ - 2caAy ^ _ 3 abfY ] • 

Since with the notation of the last paragraph the two 
conics (ii) have three-point contact, therefore for some value 
of k 

k {ax^ + hy^ + cz^ -f 2fyz + 2 gzx + 2 hxy) 

- { X [ax' + /<2/' + gz') 4 - y fix' 4 - by' +fz') 4 - s? {gx' 4 - fy' 4- cz ') } 

ipx + qy + rz) 
= Xyz + fizx+ 1 /xy ; 

where (x', y\ z') is the point of contact of the conics and 
px^qy -{-rz 0 is the line joining this point of contact to 

their fourth point of intersection. Equating to zero the co- 
efficients of x^, 2 /^, on the left-hand side, and remembering 
that ^x' -Vqy' ^-rz' = 0, we have 

ax' by' cz' 

ax' 4- hy' -h gz' hx' 4- try' 4- fz' ^ gx' 4- fy' + cz' 

T 2 


0 . 
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Hence the point of osculation of the two conics lies on 
ax{hx’\-hy+fz) {gx+fy + cz)-¥ ... + ... = 0, 
and therefore on 

{ghx + hfy +fgz) {ax? + hy^^ + + 2fyz + 2gzx + 2 hxy) 

= axQiX^hyJrfz) +/2/ + rc)+ , 

i.c. on 

2Ayz (hy 4* gz) + 2 Bzx (fo + hx) + 2 Cxy {gx +fy) 

-f (A^ahc — 4fgh — A) xyz = 0. 

Replacing now x by \/x, y by 1///, ^ by \/z^ we see that 
the point of contact of \x + y.y-k-vz ^ i) and th(' quartic, 
i. e. any inflexion of the quai'tic, lien on 

2 Ax? (gy + hz) + 2 By^ (hz -\‘fx) + 2 Cz^ (fx + gy) 

+ {4:ahc — 4^fgh — A) xyz = 0. 

Of the twelve intersections of this cubic with the quartic 
six lie on the conic T = 0 which touches the cubic at each 
vertex of the triangle of reference. Therefore the remaining six 
intersections of the cubic and quartic, namely, the inflexions 
of the quartic, lie on a conic (Ch. XII, § 7). We can verify 
that 

(ofghA 4- hfg'liB + cJgW -h 2hegliF -^-^cahfG + 2abfgH) K 
4 - ilf { 2 Acc2 {gy + /^c;) 4- 2 By^ {hz +/aj) 4- 2 Cz^ {fx 4- gy) 

4- {4iahe — 4 fgh ~ A) xyz} 

= T{2A {gGA-hH)x-^...^... 

— (4/F^ 4- 2r//i, A 4- 3 (//A) yz— . 

The contents of the last brackets { } equated to zero give 
the equation of the conic through the inflexions, which is 
readily seen to be the same as that given above. This proof 
is due to Richmond and Stuart, Proc. London Math. Soc.^ II. 
i (1903), p. 130. - 

The remaining intersections of the quartic with the 
inflexions-conic are those intersections of the quartic with 
the line ilf = 0 which do not lie on the conic T = 0 ; i. e. tlie 
intersections of the line with the conic U = 0. 

VIII. The six yoints where the tangents at the node^^ weet 
the quartic again lie on the conic 

2 M {beghx 4- cahfy 4- ahfgz) 

= U {babefgh — 4fgh A--2bcg^h^ — 2cah^f^ — 2alj^'^g-). 

The lines joining the ^intersections of the quartic with 
\x + yy-^-pz = 0 to the node (0, 0, 1) are 

{ay'^ 4 - 4 “ 2 hxy) {Xx-^ fjLy)^-'2xy {fx + gy) v{Xx + iiy) 

+ cp^x?y^ = 0 . 
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If ay^ + bx- +2hjiy!i — 0 is one pair of theso lines and 
Pa? + 'ZQxy + Ry^ = \) is tlie other pair, wc have readily, on 
identifying the four lines with 

{ay^ + hx^ + '2lixy) {Px^ + 2 Qxy + R')f) = 0, 
y.v — (jhc : fca : — 2 {fF+ <jG) ; 

P:Q:R = ifij (a/ai + 4/(//i — 2«/“ — 5%') : 


Suppose the tangents at the nodes moot the cui'vo again in 
and A.^, and L\ and 6'^. Wo have just shown (hat 
6^//^ is the line 

ho oa -ZifF+ijU) 

-jX+ — y - ' . ' c,. 

/ U fy 

Now, since 

{bz^ + cy^ + {itz- 4 - cx^ + 2(jzx) — cK 

= + 2 ( 2 /(/ - rh) xy + 'Z hyzx + 2 afyz] , 


the four points -4^, 4^, Z)\, B., lie on the conic 

ahz^ + 2 {2fg — ch) xy + 2 hyzx + 2afyz = 0 . 


They therefore lie on the conic 
k {abz^ + 2 {2fy — vh) xy-\-2 byzx + 2afyz\ 

{ 2(gG--¥hH) ca ab ) (bo 2 {kll -^fF) ab ) 

= i — '—gh — irWj^ h/^y-^hT 


We require to show that k can be chosen so that this conic 
also passes through C\ and Cg, in other words that k can be 
chosen so that the equation of this conic is symmetrical. 

A comparison of the coefficients of X'^, z^ shows that the 
required value of k must be 

[2/6 (JFa (jG) + abfgi -rfgh^ 

and straightforward verification then shows that for this value 
of k the conic reduces to * 


2bc(gG + hU)x^-^ 

= a {abcf+ 2bcgh + 4ct/" - Sf^gh) 2 / 2 ; + , 

which is equivalent to the given form. 


IX, The six [)oltits ojiconkixt of the taiogeats from the ivodes 
to the q war tic lie on the conic * 

aA^'ji? 4- bB^'if 4- cC'^ 4- 2fBCyz + 2gCAjzx 4- 2 ItABxy 
= A(Ax^ + By^ + Gz^--Fyz-azx- 


* An alternative form is obtained by omitting the A from the right-hand 
aide of the second form of the equation of the conic through the six 
inhoxions. 
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If tbe tangents touch the quaitic in Aj and A^, and B^, 
Cj and Cj , we prove as in the case of Theorem VIII that CjOj is 
A , B fF+gG 

/ 9 JU 

the lines joining (0, 0, 1) to the intersections of this lino and the 
quai-tic being the tangents from the nodes Ax^-\-By^ = 2Hxy 
and the lines 

h(fAx- + 2fg {A-hJI)xy + apBy- = 0. 

Then since 

( By" — 2 Fyz + Gz^) {Ax^' — 'Z Gzx + ( b-) — A if 

= (Cz^ — Fyz — Gxz + llxy)'^. 



Fis. ti. 

y 1 ) (4 ^ — 40j — 10 (.t‘ + 1* //“ — 12a 


the points Aj, lie on the conic 

(Jz'^ — Fyz — Gxz + llxy = 0 

and also on 


k {Cz- — Fyz — Gxy + llxy) 

/ifG + hU B G \/ A hlUfF 

~ ^ '//'■ 9^ h/\ / hf “ 

which reduces to the given form on taking 
k = (fhF+ghG + fijG)/fy}i\ 


In the following examples the conic through the points of 
contact of the bitangents, which is referred to in Theorem I, is 
called ‘Conic I*; and so for the other theorems. 

In Figs. 3, 4 are shown typical unicursal quartics. 
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Ex. 1. The tangents at the nodes A, B, C of a trinodal quartic meet 
the curve again in and and B^j and 6V Show that the 

intersections of A^A^ and BC, B^B^ and CA^ Cj C\ and AB are collinear. 

Prove also a similar result for the points of contact of the tangents 
from the nodes. 

[The required lines are hcghx + calif y-\-ahf(j:: = 0 and 
ghAx + hfBy-\^f(jCz = 0.] 



Ex. 2. Show that if in Ex. 1 (either case) the line meets the 

quartic again in A\^ A\^ &c., the tix lines AA\, AA'jt BB\y BB\^ 
CC\, CC\ touch a conic, and their intersections with CA, AB 
respectively lie on a conic. 

[The equations of the lines are given in § 4.] 

Ex. 3. The conics III, V, VI touch at the same two points. 

[Evident from their tangential equations. The chord of contact is 
AFx^BGy^-CIIz^^y 
and its pole is (F, Cr, 11).] 
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Kx. 4. The conics I, VI, VII pass through the same four points, 

[If = 0, S 2 — 0, Ng = 0 are the point-equations of the conics in the 
first foini given, we have -Sg — 2& = This result is due to 
W. Gross ; see Stahl, Crelle, civ, p. 308.] 

Kx. 5. The conics T == 0, VI J. IX pass through the same four points. 
Ex. 6. The conics U = 0, 1, IV pass through the same four points. 

Ex. 7. The conics T = 0, III, IV pass through the same four points. 

Ex. 8. The conics ?7 == 9, VIT, VllI, IX pass through the same two 
points on the quartic. 

I'J’he intersections of T = 0 with M = 0. 

Obtain theorems by projecting these points into the circular points, 
inverting with respect to a node, and generalizing by i)rojection.] 

Ex. 9. The conics U — 0, II, 111 have four common tangents. 

Ex. 10. The conics II and IV have double contact. The chord of 
contiict passes through the intersection of a common chord of ( ' = 0 
and VJl, and a common chord of 1/ = 0 and VIll. 

Ex. 11. A conic can be drawn touching the lines joining the nodes 
and the common tangents of the conics 111 and IV. 

Kx. 12. A conic can be drawn having the nodes as vertices of a self- 
conjugate triangle and touching the common tangents of the conics 

IV and V. 

Ex. 13. The diagonals of the <juadrilatcral formed by the bitangents 
are the polars of the nodes with respect to the conic IV. 

Ex. 14. If the conic 

-I Bij^ -I Cz^ — Fyz — (hx — lixy — 0 

meets the sides of tlie triangle of reference in and Tj and 
and Z.^, the lines and AA'g. &c., meet the conic again at its 
intersections with the diagonals of the quadrilateral formed by the 
bi tangents. The conic passes through the intersections of the conics 

V and IX. 

Kx. 15. Show that the common tangents of the quartic and the conic 
AS 4 /.*A® = 0 are the common tangents of the conic and the two curves 
of the third class 

(1-/')A«= [(8-9A;)±(4-3^’)^j 

Deduce the equations of the conics III, V, VI. 

[A‘ = 0, 1, 4/3. Use the tangential equation of the quartic.] 

Ex. lb. Conics are drawn touching the four bitangents and one side of 
the triangle ABC. Show that the points of contact with these sides are 
collincar. 

I On AFjA BChj-] CIIz = 0. Any conic touching the bitangents is 
{ (hif - ( h'^) X" - hAy!^ 4 cAv’^ 4 2c6VX - 2 WiXgj 

-I k ; -aBK^-\^{af^-ch’^) ii^ + cBv-’\^2cFvii-2aIlKyL\ = 0.] 

Ex. 17. If the points of contact of the tangents from F lie on a conic, 
the locus of F is the cubic 

Fx {ct/ - hz^) 4 Gy {az^ - cx^) 4 Uz {hx^ ~ ai/) = 0. 

[The polar cubic of F touches a conic at R, C.] 
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Kx. 18. If the ta]ig*cnt8 iit A are luiriuonie (conjugates with resj^ect to 
A/i and AC the points of contact of tang(;nts from C lie on a line 
through B, and so do the remaining intersections of the curve with the 
tangents at C. 

[/= 0 .] 

Ex. 19. If the tangents from A are harmonic conjugates with respect 
to AB and AC, the i)oints of contact of tangcuits from B and C are 
collinear. 

Kx. 20. The tangents at the nodes meet by threes in two points, if 
A = Af(jh. 

[Conic 111 is a i)oint-])air. Illustrate by tracing 

U 4 Sxy + =- O.J 

Kx. 21. The tangents fiuin the nodes cannot meet by threes in two 
2JOints. 

Kx. 22. 'fhe points of contact of the lour bitangents are the intei- 
sections of the ({uaitic with two liiu's, if A = 2f(jh. 

[Conic 1 is a ‘line pair.] 

Kx. 23. The inters(ictions ot the tangents at (nich node with the line 
joining the othei two nodes cannot lie on two lines. 

Ihx. 24. I’he inters(;ctions of the tangents from each node with the 
lino joining tlie other two nodes he on two lines, if A^ -- 4/»T/i/. 

Kx. 25. Show that conics II and V art' always leal. What conditions 
must hold in order that conics 1, 111. IV may be real? 

[The conic axU 5//2 -t ccH 2/^c H 2(/c.r^ 2hxy - 0 is real, if uA and C 
are not both iiositive.] 

Kx. 20. Conic II for 

oy^zC 4 ... 2fx-yz’^ ... -I ^ 0 
is the polar reciprocal with res 2 >ect to 4 c - — 0 of conic V lor 

... + ... ■{■2Fx^yz-\ ... + ... 0, 

anil vice versa. 

Similarly for conics 1 1 1 and IV. 

Thf’^rmder ,shoiild nad CJt. XVII 1, §§ 1 and 4, before aitonptimj fhe 
folloiving examples, 

Kx. 27. The tangents at A and B form a quadrilateral. One diagonal 
is AB ; the other two meet at C and intersect AB in 7i\, Similarly 
we obtain points A\ 1\, 1\ and B\ Q^, Show that AA', BB\ CC 
are concurrent. Show also that three of the points P,. R^, R^ 

(say P 2 , ^^ 2 ) ^*"6 collinear, and that AJ\, BQ^, CRi are concurrent. 

\AC and AB are harmonically conjugate with respect to the tangents 
at A, Therefore AC is cij-\-fz= 0, and similarly BC is €x-\ 

Hence C is (g,f, ~cj, and the rioint of concurrency is fx^gu^ hz, 
Pj , R 2 are Ax- = By\ z = 0.] 

Kx. 28. Show that AC' and the harmonic conjugate of BC for BA, BC 
meet on a diagonal of the quadrilateral formed by the bitangents. 

[See § 3, Ex. 9.] 
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Kx. 29. The lines BA\ CA\ CB\ AB\ AC\ BC touch a conic. 

... 4- ... — (/4-fcc//) /iv+ ... + ... = 0.] 

Ex. 30. The conic through .4J5C touching AC and BC passes through 
the points of contact of the tangents from C to the quartic. 

[gyz ■\-fzx + cxy = 0.] 

Ex. 31. The points of contact of the tangents from C to the quartic 
lie on a conic through C. 

[{fh + hg) xz + {gh + af) yz = Ax^ + + 2 {cli - ^fg) xy,] 

Ex. 32. The points of contact of the tangents from A lie on a conic 
through -4, C and the intersections of BC with the quartic. Similarly 
for the tangents from B. 

[hgxz 4 yhyz = By''^ ■\-(ch^2fg) xy\ flixz 4- afyz = Ax^+{ch- 2fg) xy,] 

Ex. 33. The conics of Ex. 31, 32 pass through the same four points. 

Ex. 34. The tangents at C meet the quartic again in Cj and Cg, and 
C'jCj meets the curve again at C\ and C^. Show that the points of 
contact of the tangents from C lie on a conic touching CC\ and CCj at 
C\ and C 2 and passing through A and B. 

Show also that through the intersections of the conic U = 0 with this 
conic a conic can b(; drawn touching CA and CB at A and B. 

[(fF-hgG^hn)z^-n{hz’^-^cxy) =- cU.\ 

Ex. 35. Through two pairs of vertices of the quadrilateral formed hy 
the bitangents can be drawn (i) a conic touching CA at A an<l CB at 
B\ (ii) a conic touching conic I at its intei sections with AB \ (iii) two 
conics each touching CA at A and CB at B and each passing thiough 
the ))oiiitb of contact of two bitangents. 

[(i) uz-\-c.ry = 0 ; (ii) — hvx'^ — ( f ahz^ — 0 ; 

(lii) /rcH e.ry ± — U. | 

Ex. 06. Show that, if 

it =fx 4 </y 4 liz, 

0 = cxy + uz — iz^, 

ic ~ hex^ 4- acy- ~~ d 2 / (cxy 4 uz) — f'z^y 

tr = 0 touches the quaitic at its four intersections with v ~ 9, other 
than A and B. 

Show that 1; = 0 touches CA and CB. 

[The quartic is v^-^z'^iv = O.J 

Ex. 37. Show that *= 0 is a line-iiair, if ^ ^ or if / — ± y/'ab. Show 

that in the former case tv = 0 is the tangents from C to the quaHic, and 
that in the latter case ?<> = 0 is two bitangciits. 

Ex. 38. Show that the locus of the polo of AB with respect to iv = 0 
is a conic through C, C, i?i, B^; and that this and the two similar 
conics pass through the same four points. 

Ua?*-i?y»4 Fyz-Gxz = O.J 

Ex. 39. Show that w ~ 0 divides B^lt^ harmonically. 
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§ 6. Triouspidal Quartic. 

The results of the preceding section require modification if the 
three double points of the quartic are not all ordinary nodes. 

Suppose the double points are all cusps. Since the tangents 
at each double point are coincident, the quartic takes the form 

a h c 2V{hc) 2\/(ca) 2V(ah) 

2 /- yz - zx — xy 

The ambiguous sigis may all be taken as minus without 
loss of generality. For unless the quartic is a pair of coin- 
cident conics, three plus signs or one plus and two minus 
signs are impossible ; while if (say) the first sign is minus 
and the other two plus, we can make all signs minus by 
replacing s/a by — V a. 

Finally, replacing Xy y, 2 : by Vax^ Vby, Vco we obtain 
the equation of the tricuspidal quartic in its canonical form 

1 1 

X- yz zx xy 

The cuspidal tangents y z — x^ x ^ y are concurrent 
at the point (1, 1, 1). 

Since the equation of the quartic may be written 
{yz ’\-zx^xyY 4xyz ix + y + z)y 

x-^y-hz = 0 is the bitangent, its points of contact l>eiiig its 
intersections with yz + zx + xy = 0. 

The equation of the quartic may be also written 

X "2+2/ 2 -f c 2 = (). 

The tangential equation is 

(A + /z -h i/) * = 27 XfjLv. 

In the equations of the three-cusped hypocycloid given in 

2 (ii) put 

2X = a — x— ^3 y, 2F = a — ./;+ \/3 y, 2Z = a-h2M:* ; 

so that X=0, F=0, ^ = 0 are the sides of the triangle 
whose vertices are the three cusps. 

This gives 

6X = a{l-f 2 cos (0 + §7r)}^ 6F = [1 +2 cos (0 + | 7 r)J^ 

QZ = a {1 +2 cos (f>y^y 
from which is readily deduced 

:Y-J-hF-2 + z-i = 0. 

It follows that, if any three-cusped quartic is projected so 
that the cusps and the point of concurrency of the cuspidal 



Ji84 TRICUSPIDAL QUARTIC ^ XVII 5 

taDgents become the vertices and centroid of an equilateral 
triangle, the quartic becomes a three-cusped hypocycloid. 

Ex. 1. The coordinates of any point on the triciispidal quartic in 
canonical form are expressed rationally in terms of a parameter t by 

Ex. 2. A conic- is inscribed in a given triangle and passes through 
a fixed point. The locus of the point of concurrency of the lines joining 
the vertices of the triangle to the points of contact of the opposite sides 
is a tricuspidal quaiiic. 

[If the point is (Jf, T", Z) and the conic is 
the quartic is 

+ + = O.J 

Ex. 3. A variable cubic touches three fixed lines at fixed collincar 
])oints and has inflexions at its other intersections with the fixed lines. 
Show that the line of these inflexions envelops a tricuspidal quartic, 
having the line of the fixed points as bi tangent. 

[Writing down the conditions that (0, and ( — 0, X) arc 

inflexions of 

xyz + (a? + y -f (X.r + py + vz) - 0, 

we obtain 

, V + fiv^ 4- i^'^X -f + X*/u 4 Xp" == 6 X/ij/ ; 

which is of the third class and fourth degree since it has (1, 1, 1) as 
a bitangent.] 

Ex. 4. The locus of the centre of a conic having a given equilateral 
triangle as self-conjugate tiiangle and having its asymptotes inclined at 
an angle tan“^ yS is a three-cusped hypocycloid. 

Ex. 5. A fixed radius of a circle and the tangent aj its extremity 
intercept on a moving line a segment which is bisected by the circle. 
Show that the envelope of the moving line is a three-cusped hypocyedoid. 

Ex. 6. The envelope of the Simson (pedal) line of a given triangle is 
a three-cusped hypocycloid. 

The tangents from a vertex of the triangle are the two sides and 
altitude of the triangle through that vertex. 

[Writing down the condition in trillnear coordinates that the lines 
perpendicular to the sides of the triangle at their intersections with 

X(X 4- flfH 4- = 0 

are concurrent, we get the tangential equation of the envelope 

2 (1 -f cos A . cos B . cos C) \y.v = 2 sin* A , cos C 4- cos B) 
which touches sin A . CX 4 sin . 34 sin C . y — 0 at the circular points. 
See Converse, Annah of Math. ^ II. iii (1904), p. 105, for an extension of 
this result.] 

Ex. 7. The equation of a quartic with one real and two unreal cusps 
may be put in the form 

The quartic can be projected into a cardioid by a real projection. 

[Replace ./•, y in § 5 by x±hj. For other examples on the tricuspidal 
quartic see § 2.] 
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§ 0. other Quartios with Three Distinct Double Points. 


The point (0, 0, 1) Ls a cu.sp of 

+ cx^ y^ + 2 ocyz {fx + gy + hz) — i) . . (i) ■ 

if C ■= 0, i. e. ah = 

It is a flecnode if the terms 

r.r* + %hxy + by" (ii) 

multiplying z~ in (i) have a factor in common with the terms 

■>'y {f-r + (pj) ....... (iii) 

multiplying , 0 . This is the case, if 

fF+(jG i.c. = (tp-\-h(f. 


It is a biflecnodo if (ii) is a factor of (lii), which is only 
possible if f=q = 0 

I. Quartios with three Biflecnodes. 

Kx. 1. If two of the nodes of a trinodal quartic are biflecnodes, so is 
the third. 

1 /==// = 0*1 

Ex. 2. If a quartic has biflecnodes A, B, C, the tangents at A are 
harmonic conjugates for AB, AC. 

The tangents at A^ B. C touch a conic for which ABC is a self- 
conjugate triangle. 

Ex. 3. Tf a quartic has three real biflecnodes, one is an acnode, and 
the others are crunodes. Its equation can be put in the form 

a ;-2 y -2 ^- 2 ^ 

Ex. 4. If a quartic has three real biflecnodes, the acnode is the 
intersection of two diagonals of the quadrilateral formed by the tangents 
at the ciunodes. 

Ex. 5. Show that the ‘ c.ross-imrve ’ 
the ‘ carbon-point-curve ’ 
and the ‘ hour-glass-curve’ 
are curves of this type. 

Trace the curves, and show that the two former are the loci of inter- 
section of lines parallel to the axes of an ellipse or hyperbola through 
the intersections of any tangent with the axes. 

Ex. 6. The points of contact of the tangents from O to a quartic ifith 
three biflecnodes Ay B, C lie on a conic which meets the quartic again 
on the polar line of 0 with respect to the quartic. 

[Take the quartic as + + — 0 and O as (J, f). Then use 

the identity 

+ ... + ...} (?/“ + -’)+ ... + ...} 

- (1?* C + C C + C >/“) (y’ s' + y') 

= {rtiyz+iizx + ^rixy} ... + ... +y(y»+ ... + ...}.] 
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Ex. 7. If in Ex. 6 0 lies on the quartic, the points of contact lie on 
a line whose envelope is a conic, having vlfiC as a self-conjugate triangle. 

[The conic of Ex. 6 degenerates into ^ 

polar line of 0.] 

Ex. 8. Any point of the curve + is (sec 0, cosec (f>, 1). 

Four points with parameters (/>, , </>2, <^>3, </>4 lie on a conic through the 
crunodes, if 0, +(/'2 "t T's + — 1 ) tt. 

The four ])oints are collinear, if in addition — where 

^j = tanJ(^i, &c. 

Three points with parameters #/>, , (j 0s are collinear if 
^2^3 (^2^3 ^3^1 “t A ^2) ~ + ^2 "f ^3* 

Ex. 9. The conics through the crunodes B of y~‘^ — z~- 

osculating the quartic at P, Q, B, S meet the curve again at P\ Q\ lt\ S\ 

H A, B, By Qy By S lie on a conic, so do Ay By By Q'y B'y S'. 

Ex. 10. Two conics through the crunodes A, B of a?' ® + y"'* — c-"- 
meet the quartic again in Pj, Q^y Pj, and Pg, Q^y B^y If 

A. By Pj, Q^y P2, Qi lie on a conic, so do Ay By Pj, S^y B^, 

Ex. 11. The soxtactic points of ./•' ® 4 y '^ — 2?“* are 

(±/, +2-1, 1), (±2-i, ±iy 1), (±1, ±1, 2J). 

[The method of Ch. X, § 2, Ex. 17, gives sin 40 = 0 or cos 40 = 17 
at a sextactic point.] 

Ex. 12. Through the crunodes Ay B of the quartic of Ex. 8 four c,onics 
can be drawn having four-point contact with the curve. Their points of 
contact are the real sextactic points. 

The conic through Ay B and three of the sextactic points toiudies the 
quartic at one of them. 

Ex. 13. If in Ex. 9 the conic ABPQB meets the line joining S to the 
acnode on the quartic, the conic ABB'Q'B' meets the line joining S' to 
the acnode on the quartic. 

Ex. 14. Obtain the envelope of a line divided in a range of given 
cross-ratio by a quartic with three biflecnodes. 

[Put f=^(/ — h — 0 in § 3. 

The envelope becomes the conic touching the tangents at the 
biflecnodes, if the range is equianharmonic.] 

Ex. 15. The equation of a real quartic with one real and two unreal 
biflecnodes can be put in the form + 

The quartic can be projected into the lemniscate of Bernouilli 

sin 2 6. 


TI. Quartic with two Cusps and a If ode. 

[See § 2. Ex. 10; and Ch. X, Fig. 1.] 

Ex. 1. A quartic with two real cusps and a real node can be jnit in the 
form ^ V + 4. =: 2xyz (it? + y + j. 

The inflexions are unreal or real according as ni does or does not lie 
between 1 and 7. 

[The quartic meets x (y + 1) y- at 

(JS^(lB + f + l)y kB + i + ly kB)y 

2A; (w 4 1) = 1. 


where 
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Now using Ch. X, § 1 (v), we get 

3^•^‘'' + (8Jk4-l)f + 3 = 0 

i.e. 9 (w + l)(a;Hy*) =2(w^ + w + 16)a:y 

for the inflexions.] 

Ex. 2. The bitangent of the qiiartic of Ex. 1 is 2ar + 2y + (m+ 1)5? = 0. 
Its points of contact are unreal or real according as m does or does not 
lie between — 1 and 7. 

[The points of contact lie on 23?’^— (»n — 3)a’y + 2^^* = 0. The reader 
may illustrate by tracing + dj* + y’* = 2iry (a; 4- 2/ -f 8), with bitangent 
2ar+2y + 9 = O.J 

Ex. 3. Find the value of m in Ex. 1, if polygons of 4, 5, or 6 sides can 
be inscribed in the quartic whose sides touch the curve. 

[If fj, ^3, are the parameters of collinear points 

/, +^.+#, + >4 = -2 («»+ 1 ), + < 2 ”’ -t ^ 3 "* +< r ' = - 1 - 

Eliminating and #4 from those and fg *=: ^4, we have 

But this is the condition that the tangents at the i^oints (1, 2/j) and 

(1, 2^2) should meet on 

4ary = {2(m + lj ic-f-cj {y + z]. 

Now use the properties of invariants of conics to obtain the condition 
that polygons of 4, 5, b sides can be inscribed in the latter conic and 
circumscribed to the former. We find 

m = -2, ~l or J, ~iy* 

Ex. 4. Show that in the case w = -2 the cuspidal tangents pass 
through the points of contact of the bitangent, and that any two lines 
harmonically conjugate with respect to the tangents at the node meet 
the curve again at lour points such that the tangents at these points 
form a quadrilateral inscribed in and circumscribed to the quartic. 

[(i) The points of contact are (2, —1, 2), (-1, 2, 2). 

(ii) The points of contact of the two other tangents "to the curve from 
the })oint with parameter T are given by 

27c(T^l)t'^^(k'P-^4:kT+T-\ l)f + 2T(;kr+l)=: 0. 

If /j, fg the roots, we readily verify that and x^^kt^y 

form a harmonic pencil with x^+y’^ ^ 2mu‘y in the case 

m=-2, = 

Ex. 5. Show that the line joining the points of contact of the other 
two tangents from any point of the bitangent of a quartic with a node 
and two cusps envelops a unicursal curve of the third class. 

[The tangents from the point (a?, y, z) are given by 

(t-\-2)x + kt^ (2kt + 1) y -2 (kt^ + t+l}^z = 0. 

If the point lies on the bitangent 5' = -4^: far + y), this becomes 
{2HH< + 2} {{Wf + m^ik^\)x-\k{Akf-\-f’¥^t^4)y\ =0. 
Hence if ^1, are the parameters of the points of contact, while 
+ — and Vy 6A;i? + (84? + 1) w + 6 = 0. 

But the line joining the points with parameters ty, involves u and v 
in the third degree.] 

* See Roberts, Proc. London Math. Soc.y xxiii (1892), pp. 202-211, for this and 
the following examples. 
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Kx. C, A quartic* has cusps J, li and a node C, Show that tho 
following pointH lie on a conic : 

(i) A, Bf the points of contact of tangents from A and B, and the 
points of contact of the bitangent. 

(ii) A, B, the inflexions, the remaining intersections of the curve with 
the tangents at C. 

[These and many similar results are proved by noticing that the curve 
can be projected so as to be syiiiiiietrical.J 

Ex. 7. A quartic has two cusps A, B and a node C. Show that the 
line joining C to the intersection O of the tangents at A and 7? is a 
double line of the involution determined by the tangents at C and the 
lines CA, CB. 

Given A, B, C, O, find the locus of the inflexions and of the points of 
contact of the bitangent. 

[A quartic with nodes at A, B and a cusp at C touching OA, OB ; 
a conic through ABC, See Ch. V, § 4, Ex. 8.] 

Ex. 8. Reciprocate Ex. 5, fl, 7. 

III. Quartics with two Flecnodes and a Node. 

Ex. 1. The equation of a quartic with two real flecnodes and a node 
can be put in the form 

(.T® + y^) — H 2 hxjf ( - + ,r ) (c + y ) =0. 

Ex. 2. A quartic has two flecnodes A^ B and a node (7. Show that the 
following sets of six points lie on a conic : 

(i) A, B and the points of contact of the tangents from A, B, C. 

(ii) A, B and the intersections (other than A, B, C) with the curve of 
the tangents at /?, C. 

[These and many similar results follow at once from the fact that tlie 
quartic can be projected into a quartic with syininetry.J 

Ex. 3. A unicursal quartic with two unreal flecnodes can be projected 
into the inverse of a conic with respect to the reflection of a focus in 
the corresponding directrix. 

IV. Quartics with a Biflecnode and two Nodes. 

Ex. 1. The tangents from .d to a quartic with nodes A, B, C form 
a harmonic pencil with AB^ AC\ and similarly for the tangents fioin B. 
Show that C is a biflecnode ; and that the tangents at^ form a haimonic 
pencil with ABj AC, and similarly for B, 

Show that the equation of the quartic can be put in one of tht; forms 
(x^ ± + 2 mxt/) + .r’y* = 0. 

[F — G — 0 gives f = = 0, if the curve is not degeneiute.] 

Ex. 2. Show that, if a quartic has nodes A, B and a biflecnode C, it 
can be projected so as to have two axes of symmetry ; unless A is a 
crunode and B an acnode, or vice versa, when it can be projected so as 
to have a centre of symmetry at C. 

Tmce the projected curves in the various cases which can occur. 

Prove that, if A and B are acnodes, C is a crunode. 

[Put^-1 in Ex. 1.1 
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Ex. 3, A quartic has crunodes A, B and a biflecnode C. Show that the 
tangents at A and B meet at the vertices of a quadrangle having A^ B, C 
as diagonal points ; and that their remaining intersections with the 
curve are the vertices of a quadrangle whose diagonal points are C and 
two points on AB. • 

[This and similar theorems follow from symmetry, or by putting 
// = 0 in §§ 3 and 4.] 

Ex. 4. A unicursal quartic cannot have (i) a biflecnode and a cusp, 
(ii) a biflecnode and a flecnode, (iii) a flecnotle and two cusps, (iv) three 
flocnodes. 

§ 7. Unicursal Quartics with Two Distinct Double Points. 

TJnicui'sal quartics with only two distinct double points 
include quartics with a tacnodo or rhamphoid cusp and another 
double point. The reader will readily obtain their properties 
by modification of the results of Ch. XVIIl, §§ 14 and 15. He 
may illustrate his argument by tracing the curves of Ch. Ill, 
§ 6 (xi) to (xv), § 8 (v) to (vii). 

I. Unicursal Quartics with a Tacnode.* 

Ex. 1. A quartic. has a tacnode at C and another double point at h ; 
CA is the tangent at C and BA the harmonic conjugate of liC witli 
respect to the tangents at B. Show that its equation is 

( //r + ( 1 ~ ^ I 

in general. 

Show thatpa = h’ ^ ; (1 - = 4p2 if is a flecnode ; 

and that B cannot be a biflecnode. 

Ex. 2. The bitangents \ of the quartic of Ex. 1 are 
2 - = (1 ± a /' w ) (pi^^+PiV)- 

Ex. 3. If Cj, Cj are the points of contact of the tangents from (7, 
then Cl, Cg and the points of contact of lie on a conic touching the 
quartic at C. 

\yz + = ( 1 + Vm) 4 -^?, xy 4- 

Ex. 4. The points of contact of \ and lie on a conic touching the 
quartic at C. 

[2yc4-2a7^ = 

Ex. 5. AB, CjCg, ^ 1 , arc all concurrent. 

Ex. G. A conic touche.s the quartic at C,, Cg and touches the tangents 
from B, 

[(Pi®+2'zy--)® = {\ - m) +Pi^v +Viy*)A * 

Ex. 7. The points of contact of bj and its intersections with the 
tangents from B form an involution with a double point on CA. 

Ex. 8. The points of contact of the tangents from A lie on a conic 
touching the quartic at C. 

[Write down the polar cubic of A.] 

* For other examples see UesRenger Math., xlvii (1917), p. 95. 

IT 


221C 
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TI. Unioursal Quartics with a Bhamphoid Cusp. 

Kx. 1. A qiiartic has a rhamphoid cusp at C and another double point 
at B ; CA is the tan^jent at C and BA the harihonic conjugate of BC 
with respect to the tangents at B. Show that its equation is 
iyz + x^f = Ax^ij (jc + ai/)" 

Show that a = 0, if /? is a cusp ; « = 1, if i? is a fleciiode ; and that B 
cannot be a biflecnode. 

Ex. 2. The bitangcnt h of the quartic of Ex. 1 is x + ay ^ z touching 
where — xy — ay’^ = 0. 

The tangent from is ^ = (1 -f a)Xy touching at B^{ \ — a, 1, 1 —a^). 

The tangent from T is x + ay 0, touching at C\ (nr, -1, or). 

Ex. 3. AB^ h, C(\ are concurrent. 

Ex. 4. h, CA, Cj are concurrent. 

Ex. 5. B, C, jSj, Cj , and the points of contact ofh lie on a conic for 
which AC and BC^ are conjugate lines. 

\z(2xAay) = (2 + a) icM 2axff.\ 

Ex. 6. If BB^ meets h at H, the involution pencil formed by CB, CII 
and by the lines joining C to the points ot contact of h has CA as 
a double ray. 

Ex. 7. The points of contact of h and C^ lie on a conic osculating 
the quartic «t C. 

\yz^x^ ^ 2y(x-hay).] 

Ex. 8. The points of contact of the tangents from A lie on a conic 
osc'ulating the quartic at C. 

[Write down the polar ^(jubic of uE] 

Ex. 9. If the tangents at B meet the quartic again at and F^, the 
line CA 18 divided harmonically by F^F^ and the tangent at B to the 
conic touching CA at C and passing through B, Fj, F^. 

is 2a;E8 — l)y + c; — 0, and the conic is a?^--4a?^ + 2yc' = 0.] 

Ex. 10. The conic osculating the quartic at C and touching the conic 
of Ex. 9 at l)asses through B^ . 

[yz + x^ = 2.ry.^ 

Ex. 11. The conic osculating the quartic at C and passing through 
the intersections of the curve with AB (other than B) passes through Cj. 

[yz + x^ = 4y (x-hay),] 

Ex. 12. The conic osculating the quartic at C and passing through 
the remaining intersections of F^ with the curve passes 

through J5j . 

[yz-^x^-\2xy=^A{l^a)y\] 

Ex. 13. BK^ and BK^ touch the conic of Ex. 12 ; and is divided 
harmonically by CA, CB. 

§ 8. Quartics with a Triple Point, &c. 

A quartic with a triple point is converted into a unicursal 
cubic by projecting two points of the quartic into the circular 
points and then inverting with respect to the triple point. 
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Of course quadratic transformation with the triple point and 
two other points on the curve as the points (\A^Boi Ch. IX, 
§ 1, comes to tl\e same thing. 

Hence from each property of a unicursal cubic can T3e 
deduced a property of a quartic with a triple point. 

An alteinative is to j*educe the equation of the quartic to 
a simple form by a suitable choice of axes or triangle of 
reference. 

The coordinates of any point can bo expressed rationally in 
terms of a parameter by considering tlio intersection of the 
curve with a line through the triple point. 

If we take the triple point as (0, 0, 1), the equation of tlio 
quartic is 

^u + r = () (i), 

where 

We may simplify this equation by a suitable choice of the 
other two vertices of the triangle of reference. 

For instance, if all three tangents at (0, 0, 1) are real, we 
may suppose n = jry (x + y). Then, replacing l)y z 'j)x qy 
and choosing p and q so as to make the coefficients of and 
xy^ zero, we may reduce (i) to the form 

zxy (i](^-\-y) z=z ax'^-\‘2ltx^y^-\‘hy^ .... (ii). 

The reader will easily verify that, if 

a + + (y— Va-\- ^/b)^ ^ a + 2A + &, 

then 

z-\-2t{VaX'\‘ 'yhy) = i)y z + 2T {Vax^ y/by) =z0 (iii) 
meet the curve (ii) where 

{Vax^’\’ ixy + \^b ifY = 0, {y/ n x? + Txy — ^/b y^f = 0. 

Therefore the lines (iii) are the four bitangents of (ii), and 
0 = 0 is a diagonal of the quadrilateral formed by these 
bitangents.* 

I. Quartios with a Triple Point. 

Ex. 1. If 0 is a triple point of a quartic through A and P, the three 
conics through Aj P, 0 osculating the quartic at 0 meet the quartic; 
again on a conic through A, B, O. 

[Project A, B to the circular x>oints and invert with respect to O, 
Then : ‘ The tangentials of three collincar points of a cubic are 
collincar.’] 

* An c^xception arise.s if //’■* - ab* See Ex, 18, 19, p. 295. 
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Kx. 2. In Kx. 1 there are three conics through A, B, 0 which osculate 
the quartic at 1\ Q, B. Show that A, B, 0, 1\ Q, B lie on a conic. 

Ex. 3. A conic through the triple point 0 of a quartic meets the 
curve again in A^ B^ P, B. If -4, P, J* are fixed and Qy B vary, OQ 
and OB trace out an involution pencil. 

[See Ch. XIII, § 4, Ex. 12.] 

Ex. 4. Two conics through the triple point 0 of a quartic meet again 
at By P on the curve, and they both touch the quartic at Q and B 
respectively. The conic OABQB meets the quartic again at S. Show 
that OQ and OB are harmonically conjugate with respect to 07^ and OS, 
and also with respect to the lines joining O to the other intersections of 
AB with the quartic. 

[See Ch. XU I, § 4, Kx. 13.] 

Ex. 5. No triangle can be both inscribed in and circumscribed to 
a quartic with a triple point. 

[The quartic could be transformed quadratically into a quintic with a 
triple point and three cusiis, whose reci})iocal would be a quintic with 
a tiiple tangent.] 

Ex. 6. The line // = (o' joining the triple point of § 8 (ii) to the 
remaining intersections of the curve with the line joining the inter- 
sections of // = and y = t^x with the curve is given by 
hf'^ \h 4 nr- {a 4 27* + ?>) w J / 4 nv = 0, 
where — 1, k (1 4 7,) (1 4 ^ 2 ) = 

Ex. 7. A triangle is inscribed in a quartic with a triple point O. The 
lines joining O to the remaining inteisections of the quartic with the 
sides of the triangle form an involution. 

[Use Ex. 6.] 

Ex. 8. A quartic with a triple jioint O passes through three fixed 
points A, B, C and meets BC, CA. AB again at six fixed points. Show 
lhat the locus of O is a cubic. 

[Use Ex. 7 and Ch. XV, § 3, Ex. 3.] 

Ex. 9. If /> = 0, r? = 0, r = 0, if = 0 are tour lines, such that P — s, 
q = s, r == .s are concurrent, 4 4- \/r 4 = 0 is a quartic with 

a triple point and with these lines as bitangents. 

[See § 3, Ex. 11.] 

Ex. 10. The points of contact of the four bitangents of a quartic with 
a triple point lie on a conic. 

For the quartic § S (ii) the equation of the conic is 

4 z (ax by ) - 8 {ah + ah) x^ - 8 (ah 4 hh ) y® = 0. 

(It is readily seen that these bitangents are 
4z(ax-\ hy)-S{nlH ah)x'^-S(ab-{hh)y"\- 

+ ^4:ah(a + 2h-{-h) \zxy (x + y) -ox* -27ix^i/ -hy"^} =0; 
or we may use Ex. 9.] 

Ex. 11. Any diagonal of the quadrilateral formed by the bitangents 
of a quartic with a triple point 0 meets the curve and the conic through 
the points of contact of the bitangents in an involution whose double 
points lie on two tangents at O. 
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[In § 8 (ii) the diagonal is c' == 0. The curve 

16 (u™ — y) (2a; + y) y = 12a;^ — lGa;^y--4a;^y“ + 8a;// + 3y‘* 
with bitangents 

3a? + 2f/ + 12-0, a,M2 = 0, a;-4«0, //-3-0, 

will illustrate Ex. 10 to 15. 

The conic* 6 a;'M 4 ./*^-} 3y* — 24a"H 8 // — 96 — 0 passes through the points 
of contact of the bitangents, and the conic 

52a:“ - r>2.r^ - 27 if ~ liSx ~ 152// - 48 = 0 
touches the six inflexional tangents (only two are real). Through the 
four real intersections of these conics passes another conic through the 
inflexions.] 

Ex. 12 . Let ; Ag, F ^^ ; F.^ be the three pairs of vertices of 

the quadrilateral formed by tlic bitangents of a (piarticj with a triple 
point 0. Show that, if the tangents ^3 at 0 are taken in a certain 

order, then : 

(i) # 2 ' h lihe pair common to the two involutions subtended at O 
by the points of contact of the pair of bitan gents which meets at A\ and 
the pair which meets at F^. 

(ii) The two conics through 0 and the points of contact of these two 
pairs of hi tan gents both touch at 0 and have four-point contact. 

(iii) The conic OF^FJJ J^\ touches at <>. 

(iv) Through A’a, Ag, Ag, F^ can be drawn a conic having double 
contact with the conic through the points of contact of the four 
bitangents at its intersections with ty^. 

(v) Let /Sj, *^21 conics of closest contact with the quartic 

at 0 , and /g, the lines joining 0 to their remaining intersections 
with the quartic. Then prove that and ly divide EyFy harmonically. 

(vi) The lines OKy and OAj, and I 2 , and 1^ form an involution. 

(vii) A conic passes thTough Aj, F^ and the four intersections of and 
> 3 . It touches at 0 the harmonic conjugate of ty for and 

(viii) The conic through tlie intersections of S 2 and touchi^ fy at 
O meets ^3 and in points collinear with the intersection of fy and FyFy. 

[Two pairs of bitangents are 

c" -f 4 ( \/ it ^/ b) { \/ d.i’ -f \/ />//) c — 8 (7i — (I h) ( \/ d.i’ 4 \/ by)" — 0, 
c- -f 4 ( \/rt — ( a/ — 's/by) c — 8 [h -f ah) ( \/ ax - by)~ — 0. 

Add and subtract these equations, and subtract each from the equation 
of the conic of Ex. 10. 

The conics of closest contact at O with § 8 (ii) are 
zy — a (.r^ — .ry -j- //“) — 2 hif = 0, zx — h (x^ — a;// + f) — 2 h.r~ = 0, 

z (x-\- y)-\- i^a + b) x"^ ( 3 a-f 36 — 27^) xy + [a-k-oh) tf — 0 .] 

Ex. 13. A line divided equianharmonically by a quartic with a triple 
point O envelops a conic touching the six inflexional tangents and 
touching the Hessian of the tangents at 0 . 

For the curves § 8 (i) and (ii) the tangential equation of the conic is 
4|^{AQAy — 4:AyA^ + — 4 — 3aj + ^a^A2 — <hAy) 

— 4 (<?3 yl 0 ~ 3 0^2 Aj ^ Uy A 2 A^) vy- 3 (dy ^2 ) ^ 

+ 3 (dods - dy tfg) Xft - 3 (dodg - dy") f ^ 0 ; 
X** -f /i“ — Xfx -f- 4 7i (X -f /m) v -f 4 (h^ -h dh) 1^“ == 0. 
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[Eliminate s' between \x -\- yty -{-vz — Q and the equation of the quartic, 
and write down the condition that the resulting^ pencil of lines is equi- 
anharmonic. 

The inflexional tangents are divided equianharmonically by any 
quartic.] 

Ex. 14. With the notation of § 8 (i) verify that 

(3 Cjo , 2 ~ + 2 Cji , 3) ( , 0 - Qi » 1) ■“ 2 C4J , 0 (- w + 1 >) 

~ ^ 20 > 2 (3 ^40 ^81 > 1 ^ + 2 C 22 , 2 )* 

where ^0,2 &c., arc invariants or covariants of u and v given by 
f 2012 = 

Cjl.g = •••) 

<^40 » 0 = ^0* ■“ 6 «o flg «3 + 4r?o '^2^ + 40i^ r/g - 

^ +K^2-0(“4^flfgH 6^2 «2 -4^(3 + a; + ..., 

^ 2 (^0^ «2‘‘' ~ 2 - 2 ^0 

^ + 2 ^ 3 («! «2 - % ) ( «0 ^^2 -(ti^)+ A, (Oo ttg - «!*)“, 

^3i> 1= 1-^0 (^^0 ^3^ + Oag*) 4 vl^(— IGnTgag^g +2Sai“nQ — 12aia2^) 
+ J 2 «^ 2 “ ~ 12 a I ag - 18 a^- a^) + A^ (4flo’*«8 ~ I^Oq Oi 4 12 ai*') 

f 22 > 2 — ["^o” ^*^8^ “ ^ -^ 0 -'ll ^2 ^^8 ^ -4q yl 2 2rtj f/g) 4 8yl j“ flfjj 

4u4p^g(2ao^/3“6^i^^2)--^i -'12(12^*1 ^2 + + 

4 8^1 ^3 4 6u42^ ((^ - 2 yl J J., ^^ 0 - 4^2 -L -^2 yl ^ r/o®] xU .... 

Deduce that the six inflexions lie on the conic 

^^40)0*^ ^ ^ 31 ^ + 2 C 22 . 0 == 0. 

For the quartic § 8 (li) the inflexions lie on 
2a {b + 3h) X" — 4 (ah 4 h"^) ,ry + 2h (a -f 8h) 

= (3a - 2h) zx 4 (36 ~2 /O zy ^ ^ 

[Dy Oh. VII, § 7, Kx. 14 (v) the inflexions lie oii 
3 Cgo- 2 2 Ciij 3 = O.J 

Ex. 15. The three conics of Ex. 10, 13, 14 pass through the same 
four points. 

Ex. 1(3. Show that tin* equation of a quartic with a tripl(; i)oiut Oat 
which (i) three tangents are real, (ii) one tangent is real, can be put 
into the form 

(i) ^ '! 6ay~y^ + 4bxy^ = 0, 

(li) ^ (3.r2y4y'*)--a*M ^ axr if - Ahxf/ = 0. 

Show that the bitangents of these curves aie 



where (i) 27 <^-(18u 4 l)f*-l 46* = 0, 

(ii) 27<H(18a4lj/--46* = 0. 

* For this equation, which suggests the mure general form, I tun indebted 
to Miss R. E. Colomb. 
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Ex. 17. The bitangents of a quartic with a triple point 0 at which the 
three tangents are real are all r(‘al or all unreal. 

If one tangent at 0 is real, two bitangents are real. 

Ex. 18. Find the condition that the conic touching the inflexional 
tangents of the quartics of § 8 (ii) or Ex. 16 should degenerate into a 
point-pair. 

Determine whether this point-pair is real or unreal, and find the 
bitangents in this case. 

[For § 8 (ii) the condition is — ah, and the point-pair is unreal.] 

Ex. 19. Tf the conic touching the inflexional tangents degenerates, 
three bitangents are concurrent. Each of them is divided harmonically 
by two of the tangents at the triple point O. The fourth bitangent is 
divided harmonically by the Hessian of the tangents at 0. 

Determine whether the i^oints of contact of the bitangents are real 
or unreal. 

[Illustrate by ti*acing 24.ry whose bitangents 

are the line of infinity and 

2j"-fy + 2 = 0, 2 j? — y-t3 = 0, 2 j? — // — G — 0. 

Their points of contact lie on 2 (a* - 2/ + (// ~ 1 )^ = 21. J 

Ex. 20. Determine the condition that the conics of Ex. 10, 14 should 
degeJierate into line-pairs. 

, [f«,o = 0. For § 8 (li) this becomes a -i /H h 0, when the conics 
become respectively unreal and real line-pairs.] 

Ex. 21. By replacing x, y, a, h, in § 8 (ii) respectively by 
X + iy, X - iy, p + iq, p - iq, I h) 

obtain the equation of a quartic with a triple point at which oiKi 
tangent is real. Obtain the conics through its inflexions, &c. 

Ex. 22. Sketch roughly the different types of quartic with a triple 
point 0, one tangent at O being the line at infinity, and determine the 
number of bitangents and inflexions for each type. 

[There arc four such types ; one is illustrated by 
36 y (// 4 1 ) a; = 4 // - 84 4 81 

with bitangents 

9 a? 4- 10 y 4-45 = 0, 3a:*-f 4y 4 18 = 0, 3.r-~2y4 9 = 0, 

9.r-8y4 36 = O.j 


1 1. Quartics having a Triple Point with two Coincident Tangents. 

Ex. 1. The equation of a quartic with a triple point at which two 
tangents coincide may be put in the form — y ‘(2 a? 4-y) 4 c(x\ 

The bitangents are z + y — ±2\^ a (x-\-y). 

Ex. 2. The inflexions lie on the conic Syz+2xz = 2ar®. 

[Eliminating a between the equations of the curve and its Hessian, 
we get 2y^4-aj“2? = 0, &c.] 

Ex. 3. The conic through the points of contact of the bitangents and 
the triple point 0 touches the linear branch at 0. 

- 2ax-l] 
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Ex. 4. The envelope of the line divided equianharmonically by the 
quartic is a conic touching the inflexional tangents and touching the 
superlinear branch at 0, 

[/i* + 12 = 6 Xi/.] 

III. Quartics with a Superlinear Branch of Order Three. 

Ex. 1. The equation of a quartic with a superlinear branch of order 
three can be put in the form — 

The bitangent is c = 0. 

The inflexions are (±«^, 1, 4a^) and the inflexional tangents are 
^ + 8a5 .r— 12«^y = 0. 

They meet the curve again at ( + 3fri, 1, 36a^). 

Ex. 2. The inflexions are real or unreal according as the points of 
contact of the bitangent arc real or unreal. 

Ex. 3. The tangent to the superlinear branch, the bitangent, the line 
joining the inflexions, and the line joining the remaining intersections 
of the inflexional tangents with the curve, are all eoniairrent. 

[Putting ^ = 1, we see that the curve may be projected into one with 
an axis of symmetry. Trace this jirojection, distinguishing the cases 
a > 0, a — Oy < 0. 1 

Ex. 4. Any line met by th(‘ quartic in an equian harmonic range passes 
through the intersection of the inflexional tangents. 

Ex. 5. The line divided harmonically by the quartic envelops a conic 
touching the curve at the singular point, and touching the inflexional 
tangents. 

[It is X2 + l()^//n/ + 128a^^ = 0.] 

Ex. 6. A conic passes through the inflexions and the remaining inter- 
sections of the inflexional tangents with the curve, which touche& the 
bitangent and touches the quartic at the singular point. 

|yc = 4a.r^] 

IV. Unicursal Quartics of Class Six with one distinct 
Double Point. 

Ex. 1. A quaitic has two linear branches liaving throe-point contact 
with one another. Show that its equation can be put in the form 
(f/- + = if ( px- + gi/). 

[By Ch. Ill, § 8, Ex. 6, the equation is 

0 = (//- + ./•*)“ + 2 1 / {yz + x^) {l.r -+ my) + (ax- 2hxy + by~). 

Choose a triangle of reference ABC such that C is the double point, 
B the other intersection of the osculating conics at C, A the intersection 
of the tangent Jit C with the other common tangent of the conics. We 
find that then Z = m = /t = 0.] 

Ex, 2. Show how to tiansform the quartic into a conic by quadratic 
transformation. 

[Put z — x-/y for in Ex. 1.] 

Ex. 3. The bitangents of the quartic of Ex. 1 are 

(p- + 4g) y ~ ^pz and if = 0. 
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Ex. 4. Show that the quartic can be projected into one with an axis 
of symmetry. Indicate roughly its shape in the cases 

^>0, q>0 \ p>0, g<0; i?<0, g'>0. 

Put c = 1. Properties of the curve can be written down from the 
symmetry; e.g. ‘A conic through two inflexions and the points of 
contact of a bitangent touches the curve at (7.‘] 

Kx. 5. Express the Coordinates of any point of the curve rationally in 
terms of a parameter. 

[Put ^ {\^f) q\ y.] 

V. XTnioursal Quartics of Class Five with one distinct 
Double Point. 

Ex. 1. If in IV, Ex. 1, a ~ l'\ the equation can be put in the form 

[Replacing z by z — lx-ntij we reduce the equation to 

An infinite number of conics meet the curve at seven points coinciding 
with (0, 0, 1), but no conic meets it eight times there. 

Choose a new triangle of reference ABC such that (7 is the singularity, 
CA the tangent at (/, Ji the point of contact of the tangent from (7, AB 
the tangent at B to that conic of closest contact at C which goes 
through B.] 

Ex. 2. Any ])oint on the quartic is 1, — — 

If the points with parameters ^4 collinear, 

= 0 , hhi + 1 = 0 . 

Ex. 3. The tangent at any point is 

(l+4/")x + /‘Ml-20y-f 2f: =0, 

and meets the curve again at the points with parameters + (1/2/)-’ 

The curve is of class 5. 

Ex. 4. One of the inflexions is real and two unreal. Thuy lie on a 
conic having double contact at B and C with that conic which passes 
through B and has closest contact at C with the quartic. 

The inflexional tangents meet the curve again at points lying on 
such a conic. 

[/ — Ja), ^oj*. Conics are yz + dx^ ~ 0, 8yc' + 35.r'^ == 0. More 
gencrafiy, if any such conic meets the curve at P, Q, B, the tangents at 
P, Q, H meet the quartic again in six points lying by threes on two 
such conics.] 

Ex. 5. The bitangents coincide with y =- 0. 

Ex. 6. Derive properties of the quartic from those of the conic by 
quadratic transformation. 

[Putting z—x“/y for z we obtain ./y.] 



CHAPTER XVIII . 


QUARTICS OF DEFICIENCY ONE OR TWO 
§ 1. Nodal Quartics. 

In this chapter wo shall consider quartics with deficiency 
one or two. 

A quartic with deficiency two has a single node or cusp. If 
it has a node 0, we take this node as (0, 0, 1). Each of the 



Fig. 1. 

100 /r — l(Kt— 4//) + ^2/2— 8*— 12//) f-(^I » + //) [fix 1 8//) — 0. 


tangents at 0 meets the curve at another point. We call 
these points I and J, and takfe the line IJ as z =‘0. 

Since (0, 0, 1) is a node, the equation of the quartic is of 
the form 

+ 2U3C + = 0 ; 

where U3, are homogeneous of degree 2 , 3, 4 in a; and y, 
and tto = 0 is the equation of the tangents at the node. Also, 
since = 0 and = 0 intersect at two points on the curve, 
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U 2 is a factor of U4. Hence the equation of the quartic may 

be written ^ n 

^ 2^2 + -^^ 3 ^ + ^ 2 ^ =0 vh 

= 0 being the equation of the lines joining 0 to the points 
H and K at which IJ meets the quartic again (Figs. 1 and 2). 

The si-x points of contact of the tangents to the quartic from 
the node 0 lie on a conic touching OH and OK at H and K. 

For the polar cubic of 0 is u.^ + u^z = 0, which meets the 
quartic six times at 0 and at the six intersections of the quartic 
with as is seen by writing (i) in the form 

^2 (^’2 - 


Ex. 1. We may without loss of generality take Wj if the 

node is a crunode, or as if the node is an acnode. 

Ex. 2. A line meets the quartic in J?, (7, 1> and OA, OB, OC, 01) 
meet the quartic again in A\ B\ C', D\ Show that 0, H, K, A\ B\ C\ D' 
lie on a conic. 

[If the line is c = Vj, the lines OA, OB, OC, OD arc 
r2 + 2 1 \ -f = 0, 
and the required conic is = Vi z,] 

Ex. 3. A line through H meets the quartic again in A, B, 0; and 
OA, OB, OC meet the quartic again in A\ B', C'. Show that K, A\ B\ C', 
arc collinear, and that the lines llABC, KA'B'C meet on the conic 
through the jjoints of contact of the tangents fioni 0. 

Ex. 4. If 11 and K are unreal, the quartic can be projected so as to be 
its own inverse with respect to a circle j whose centre is the node f>. 
Eight foci of the projected 4-ic lie on j, and the 4-ic is the envelope of 
a circle cutting y orthogonally whose centre lies on the polar reciprocal 
with respect to j of the polar cubic of O. The foci of the 4-ic on j are 
the points of contact withy of the common tangents of y and the polar 
cubic of O. 

Conversely, the envelope of a circle cutting any given circle ortho- 
gonally whose centre lies on a tricuspidal 4-ic with an infinite bitangent 
is a nodal 4-ic. 

[Project H and K into the circular points. See also Ch. XI, § 11, Ex. 3.] 

Ex. 5. If IJ touches the quartic at 7/,the points of contact of tangents 
from 0 lie on two lines through //. 

Ex. 6. Show that ; 

(i) The equation of a quartic with a biflecnode O can be i)ut in the 

form xyz^-tu^9 or + a = 0, where a is homogeneous of 

degree 4 in a? and //. 

(ii) The points of contact of the tangents from O are collinear. 

(hi) The sixteen inflexions other that O lie on another quartic. 

(iv) Any line through 0 is divided harmonically by the quartic and 
a fixed line. 


[(hi) Combine the equations of the curve and its Hessian. 

(iv) Putting 2; = 1, we see that the curve can be projected so as to 
have 0 as a centre of symmetry. From this fact other properties of a 
biflecnodal quartic may be written down.] 
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Ex. 7. Show that : 

(i) The equation of a quartic with a flecnode 0 can be put in the form 

+ 2 yttz + x'^v — 0 , 

where u and v are homogeneous of degree 2 in x and y, 

(ii) The tangents from 0 to the curve lie on a conic touching the 
n on-inflexional branch at 0. 

(iii) If a line meets the quartic in A, B, C, D and OA, OBj OC, OD 
meet the quartic again in A\ B', O', D\ then A\ B\ C', D' lie on a conic 
touching the non-inflexional branch at O. 

[(ii) M = 0, (iii) x{z-¥tv) + 2u = 0, if the line is 2 = w.] 

Ex. 8. Show that the theorem of § 1 can be generalized as follows : 
(liven an w-ic with an (n~2)-ple point O, wc can find an r-ic with an 
(r — 2)-ple point at Osuch that any line through Ois divided harmonically 
by the curves; r being any given number ^ Each curve passes 

through the points of contact of the tangents from 0 to the other.] 

[If + = 0, r,._ 2 ;r 2 + 2r,_,c' + tv = 0 are the curves, 

Un-2 + /q, r, . 2 = 2 V, _i . 

See Bateman, Archiv der Nath, tind Pliysik^ xiii (1908), 48.] 

Ex. 9. Show that Ex. 4 can be generalized as follows: If an n-ic with 
an (n — 2)-ple point 0 is self-inverse with respect to a circle y with eentie 
0, it is the envelope of a circle cutting y orthogonally whose centre lies 
on the polar reciprocal with respect to j of the first polar curve of 0. 
This polar reciprocal passes through A (11—2) foci of the n-ic lying on j. 

Ex. 10. A large number of polished wires in the form of concentric 
circles lie on a table. Light emanating from a fixed point is refiected 
at the wires to another fixed point. Find the locus of the point of 
reflexion. 

[A nodal circular quartic.] 

§ 2. Cuspidal Quartics. 

If a quartic has a single cusp 0, wc may take 0 as (0, 0, 1). 
As in § 1 the equation of the quartic is 

2163^-1- = 0, 

where in this case u., is a perfect square. Most oi* the results 
of § 1 hold with slight modifications. The points /, J coincide 
at the intersection of the quartic with the cuspidal tangent, 
and the tangent at this intersection meets the quartic again 
in H and K. 

We shall leave the verification of these facts as an exercise 
to the reader, and give here only the method of finding the 
bitangerits of a cuspidal quartic.* 

The polar cubic of the cusp 0 has also a cusp at 0 and the 
cuspidal tangents of the cubic and quartic coincide ; for this 


* H. A. Richmond, (}iiarkdu Journal Math,y xxvi ,181)3), pp. 5-26. 
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The quartic is 

Now by a proper choice of the triangle of reference we may 
reduce the equation of the polar cubic to 

= 0 . 

We have then = or?, and the quartic becomes 

{zx^ + — X? . 

Suppose that 

?y® ax) (y + hx) (y -f cx) (y + dx) (y + eo?) (y ; 
where a, h, c, d, e,f are subject only to the relation 
(t-\-h-\‘C-\-d'\-c ’b^/' ~ 0. 

We shall denote y + ax, y + bx, ... by a, 13, y, S, e, and 
zx^ + if by U. 

Now 

2V = oc^Y + Se^ 

is equivalent to 

x^{2z — (be + ca + ah + /ci + de) y — (aZ/o + def) x] = 0, 
and meets the quartic 

= oc^ySeC 

\vhere — = 0. 

Hence 

2 J — (&6' 4- ca + + of+fd 4* y — (ahe + def) x = 0 . (i) 
and the nine similar equations are the ton bitangents of the 
quartic.* 

Writing the quartic in the form 

(2 ^ “ P2yT ^ -JhV) 2/’" 

= { {^Ih -Pz) 2 - 'Ih Pz) '-^y + -Pz) y''} 

where p^, 2hy Ihy 'Jh products of 

a, h, e, d, e, f two, three, four, five, six at a time, we see that 
the tangent at 7 ( = /) is 

2z-p,^x-i\y =■ 0 , 

and that the points U, K of ^ I are its intersections with 

(^Pg ^ -Pilh) + (^ 2 ^ 4 -P^) 2 /" = 

Some of the properties of the cuspidal quaiiiic may be 
verified on Fig. 2. In it a, /3, ... denote the points of«contact 
of (X = 0, ^ = 0, .... They are the points with abscissae 
— the cusp being (0, oo ), and the cuspidal 

tangent aj = 0. 

^ The six qunntities a, /S, 7 , 5, €, f can he divided into two sets of three in 
ten ways. 
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The bitangenfc (i) may be conveniently denoted by the 
symbol {ahe, def). In Fig, 2 the equations of the bitangents 
are as follows : 

{ahe^ def) .r -h 45 2 / = 1 22 ; {abd, cef) cc — lOy = 23 ; 

{ahe^ def) a: — 5 2 / = 1 2 ; {ahf dec) 991 a; — 45027 = 859 ; 
{adc^ hef) 3.r + 15 2/ = — 34 ; (aer, hdf) 3a; + 302/ = — 61 ; 
(aA*, bde) 24 — 225 ?/ = 92 ; {ade, hef) a; — 45 2 / = — 68 ; 

{ftdf ire) 65 a; + 50?/ = — 51 ; [aef bed) 41 a; + 25 2 / = — 38. 

The bitangents (a/>e, def) and (abd, ref) have unreal points 
of contact. 

Kx. 1. Of the ten bitangents of a cuspidal <(uartic, ton, four, or two 
are real. 

[If a, h, Cy (1y e, /are real, ten bitangents are real. If four or none of 
them are real, four bitangents are real. If two of them are real, two 
bitangents are real.] 

Kx. 2. No two of a, 7?, r, e, / can be equal unless the quartic has 
a second double point. 

[If a = b, (1, —a, a^) is a node.] 

Ex. Through the points of contact of any bitangent can be drawn 
two conics touching the quartic at the cusp and each passing through 
the ]ioints of contact of three tangents from the cusp, 

[j[z — ahe 4 {he -k- ca ah) jcy + (a -V c) (Src.] 

Ex. 4. Show that the points of contact of e = 0, f = 0 and the 
bitangents (a&c, cdf) and («&/, ode) all lie on a conic through the cusi). 

Ex. 5. The point of contact of a — 0, the intersection of = 0 with 
the bitangent (aedy hef), and the intersections of the bitangents 
(ahcy cdf) and {ahf, ede) are collinear. 

[They lie on 2V + Od(i — CXyd 4- CX^e 4 - which is a straight line. 

The reader may refer to Richmond, loc, cit., for further examples.] 

Ex, 6. What modifications must be made in § 1, Ex. 4, in the case of 
a cuspidal cubic ? 

JSix foci lie on j. The centre locus is a cuspidal cubic having three- 
point contact with the line at infinity.] 

Ex. 7. A quartic with deficiency two is referred to a triangle both in- 
scribed and circumscribed to the curve, the double point being taken as 
(1, 1, 1). Show that its equation takes the form 
ayz H hzx + cxy = 0, 

the tangents at the double point being 4 - hv^ 4- cid^ = 0 ; where 
« = (1 4- A) X— y — ~ — iiu7 4' (1 4-i^) y “C, w ^ — x — Cy + (1 + C) z. 

Show also that CXu 4- f^v 4- yw = 0, and that the quartic has a cusp if 
he 4- 4 aft 7® = 0 ; 

where a, y denote BC+B-\ 1, CAa-C+ 1, AB-{-A + l, 

Show that the polar cubic of the node is 

aiy + z) td + h{z+j‘)v^ + c{>r-^y) = 0. 
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§ 3. Bioircular Quartics. 

If a real quartic has a pair of unreal nodes, they may be 
projected into the circular points at infinity. The quartic then 
becomes bicircular, and its equation is of the form 

c + 2/^)^ + 2{lx + my) {x^ f y^) 

+ ax^ -I- 2lixy + hif + 2gx + 2fy = 0, 

if the origin is taken on the curve. 

If we now invert with respect to a circle with centre the 
origin and unit radius, the quartic becomes the circular cubic 

c-\-2(lx-\' my) + ax^ + 2 hxy + hy^ + 2{gx+ fy) {x^ + y^) = 0. 

Since foci invert into foci and a circle and two inverse 
points into a circle and two inverse points, the properties of 
the foci of a circular cubic proved in Ch. XIV, §§ 2, 3, hold for 
a bicircular quartic, namely : — 

A hicircnlar quartic Is self-iyiverse with res^pect to each of 
four mutually orthogotuil circles each of whixh 2 ^asses through 
four foci. If the four real foci are concyclic^ the quartic 
consists of two ovals a'nd three of the four circles are real. If 
the four real foci are not conryclic, the quartic consists of a 
single oval awl two of the circles are real^ while each 'j)asses 
through two real foci. 

The reader will at once verify that, if the four lines 
2 /“^+ = 0 

each meet a bicircular quartic at only one finite point, the 
coefficients of x^y, xy^, y^, xy in the equation of the quartic 
are all zero. Hence the equation of a bicircular quartic becomes 
{x^ 4- y'^f + ax- + hy^ + 2gx + 2fy -f c = 0 . . . (i) 

when the line joining a pair of singular foci is taken as 2/ = 0, 
and the middle point 0 of the line is taken as origin. The 
four singular foci of this quartic are readily shown to be 
( + 1 V(6-a), 0), (0, {a.’-h)). We shall suppose h>a 

in the following. 

The quai tic (i) may be written 

(x^‘\-'jf—t)- + {a + 2t) x- + (l) + 2t)y^-\-2gx-]r2fy-\-c — t^ = 0. 

Hence the conic 

{a'^2t)x^’\-{h-ir2t)y^’^2gx-v2fy’\-e---i- — 0 . . (ii) 

has contact with the quartic at four points lying on a circle 

g?-\-y^:=.t (iii) 

with centre 0, whatever may be the valup of t. If 
+ 2 (a + h) f + (ai#— 4c) f--2 (ac + hc^p — g’^) t 

— (ahe — — hg^) = 0 . . (iv), 
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the conic (ii) is a line-pair. It is therefore a pair of bitangents 
in this case. 

We may exhibit the bicircular quartic (i) as an envelope in 
another manner. In fact it is the envelope of a circle whoso 
centre lies on the conic 

4xy(a + 20 + + 20 + 1=0 . . . ( v) 

and which cuts orthogonally the circle 

x^-h2/^+2ffj‘/(a’h2t) + 2 f^//(/^ + 2 t) = 0 . . . (vi), 

where t is any root of equation (iv). 

For, if we take the centre of the variable circle at 

(|(-«-20^'cos<^, f — 20^sinc/)) . . fvii), 

its equation is 

(^;2_|.7/^-_0 = cos(/) f (-a-2t)^x-(-a-2/)^\^j 

+ sin(f) 2 ()^^/} . . (viii), 

whose envelope is found in the usual manner to be (i), on 
making use of (iv). 

The variable circle has double contact with its envelope (i).* 

The foci of (v) are the singular foci of (i). 

The curve (i) is self-inverse with respect to the circle (vi), 
since the variable circle is self-inverse with respect to (vi), 
being orthogonal to it. Hence the four circles with respect to 
which (i) is self-inverse are obtained by putting into eepm- 
tion (vi) any value of i derived from (iv). 

The ordinary foci of the quartic (i) are the intersections 
of (y) and (vi), each value of t giving four such foci. 

For, if F is any intersection, the circular lines through P 
form a degenerate circle orthogonal to (vi) and touching the 
envelope of the circle (viii), which is (i). 

The conics (v), where t is a root of (iv), are called the ‘ focal * 
or ‘ deferent’ conics of the bicircular quartic. 

The reader will notice that (ii) and (vi) have the same centre. 
It follows that a pair of bitangents passes through the centre 
of each circle for which the quartic is self-inverse, as is 
geometrically obvious. 

In Fig. 3 is shown the bicircular quartic, whose real foci 
(0, 1), (-|i, -If), (¥» “!)» (I> I) on the focal conic 

^ = 9 . The centres of the circles for which the quartic 

is self-inverse are (f, 3 ), (-V-, (25., 3?^-), ( 5 |, being 

the harmonic points of the quadrangle formed by the real foci 

♦ As is the case in general with any singly infinite family of circle^;. For 
the similar result for circular cubics see Ch, XIV, § 3. 

X 
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and the centre of the circle through the foci. The quartic is 
drawn by the method described in Ch. XI, § 11, Kx. 3. 

Tlie real foci are denoted by O, the singular foci hy x , and 
the centres by • in the figure. 



Singular foci f ± Vn, 0) ; ordinary foci (±1,0), (0, ±2\ 

Ex. 1. Tho inverse of a bicircular quartic with res])oct to a point not 
on the curve is a bicireular quartic; the inverse with respect to a point 
on the curve is a circular cubic. 

Ex. 2. Througfh any point O of a bicircular quartic three real circles 
of curvature pass besides the circle of curvature at 0, and the three 
points of osculation lie on a circle through O. 

I Invert with respect to (K We may dcriv(‘ other theorems by inverting 
I)roperties of a circular cubic, e.g. Ch. XIV. ^ 3, Kx. 10, 11.] 

Ex. 3. The circles of curvature of a bicircular quartic at its four 
intersections wilh any circle for which it is self-inverse have four point 
contact. 

Ex. 4. If O is the point half-way between the real singular foci ol‘ 
a bicircular quartic, show that : 

(i) 0 is half-way between the unreal singular foci, itnd the sum of 
the squares of the distances of O from the singular foci is z(uo. 

(ii) The points of contact of the tangents from O ho on a conic. 

(iii) 0 is equidistant from the middle points of AB and C/>, where 
A, B, C, D are the intersections of any lino with the quartic. 

[Use equation (i) of § 3, and write down the first polar of O.] 

Ex. 5. The bisectors of the angle between any pair of bitangimts of 
a bicircular quartic are parallel and perpendicular to the line joining 
the real singular foci. 

[Equation (ii) of § 3 has no term in xy.] 

Ex. 6. The four intersections of two pairs of bitangents lie on a circle 
whose centre 0 is half-way between the real singular foci. 

The sum of the squares of the radii of the circles obtained by taking 
two pairs of bitangents and also the other two pairs is the same for each 
way of dividing into pairs. 

X 2 
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Ex. 7. The eight points of contact of any two of the conics (ii) of § 3 
lie on a conic. 

The eight points of contact of any two pairs of bitangents lie on a conic. 

[The points of contact of the conics for which t == and t = lie on 
a?® + (^4-2/j) 7/*4-2f7r + 2/}/ + c— fi+ + = 0, 

i. e. ax- + V 2^.3, l 2/^ -f c 4 1^) ( 4- ?/) - ^ = 0-1 

Kx. 8. The four intersections of any two of the conics (ii) of § 3 lie on 
a circle with centre O. 

The rectangular hyperbola through the intersections has fixed 
asymptotes. 

The conic through 0 and the intersections has a fixed tangent at 0. 

[Note the case in which the conics are pairs of bitangents as in Ex. 6.] 

Ex. 9. Find the centres of the circles for which the quartic (i) of § :> 
is s(‘11-!nverse ; and show that they lie on a rectangular hyperbola 
througli 0 ^7hose asymptotes are parallel and perpendicular to the line 
joining the real singular foci. 

\{-g/(a + 2t), -f/{h-\-2t)), wheie / is given by (iv). 

The centre of (ii) lies on b~a — 

Ex. 10. The centroid of the four finite intersections of a bicircular 
quartic with any circle whose centre O is half-way between the real 
singular foci of the quartic is a fixed point V. It is also the centroid of 
any four concyclic foci, and the centroid of the four points of contact of 
any pair of hitangciits. It is the intersection of the axes of the two 
parabolas of the family (ii) ; and the centre of tlie rectangular hyperbola 
of Ex. 9. 

I Eliminate .r 01 // between (i) and (iii) or between (v) and (vi). V is 
the point ig/ih-a). //(a-h)).] 

Ex. 11. In Ex. 10 the ratio of the distances from 0 of the centre 
of (ii) or (vi) and of Fis the square of the eccentricity of (v). 

^ [This enables us to determine the focal conic corresponding to any 
circle for which the quartic is self-inverse ] 

Ex. 12. The centres of three circles for which a bicirculiir quaid-ic is 
self-inverse arc the vertices of the common self-conjugate triangle of the 
fourth circle and its focal conic. 

[They are the harmonic points of the quadrangle whose vei-tices are 
the four foci on the fourth circle.] 

Ex. 13. If a hicircular quartic consists of two ovals one inside the 
other, the focal conic through the real foci is a hyperliola and the other 
three focal conics arc ellipses. 

If the quartic consists of two ovals external to each other, the focal 
conic through the real foci is an ellipse and the other three focal conics 
are hyperbolas. 

if the quartic consists of one oval, one focal conic is an ellipse, one is 
a hyperbola, and two are unreal. 

[Use Ex. 11 and Ch. XI, § 11, Ex. 3, 4.] 

Ex. 14. The directrices corresiiondiiig to four concyclic foci pass 
through the centre of the circle and form a pencil of the same cross- 
ratio as that subtended by the foci at O. 

[The line joining O to the point (vii) forms a pencil homographic with 
that traced out by the chord of contact of (viii) with its envelope.] 
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Kx. 15. The normals to a bicircular quartic at the points where it 
meets a circle for which it is self-invcisc touch a conic whose foci aie the 
singular foci of the quartic. 

[The corresponding focal conic. It follows that these normals foiiii a 
(juadrangle whose opposite sides subtend supplomenlary angles at eitlnn- 
singular focus, &c., &c.] 

Kx. 16. The pair of bitangents through the centre of any one of the 
circles for which a bicircular quartic. is self-inverse are perpendicular to 
the asymptotes of the corresponding focal conic. 

[See Fig. 8 and compare Ex. 13. | 

Ex. 17. The distances of any point P on a two-circuited hicircular 
quartic from three real foci A, C are connected by a liiioai* reflation 
L . PA -f m . PB -f n . PC = 0, wheie /, /n, n are constants. 

I Invert Ch. XIV, § 3, Ex. 20, with respect to any point, and we liiid 
that the result of Cli. XIV, § 3, Ex. 23, holds for the bicircular quartic. 

As in Ch. XIV, § 3, Ex. 26, we obtain results for the one circuited 
qua 1 tic. 

As an alternative, we may invert the result of § 6 (iv) or § 10, Ex. 3.] 

Ex. 18. If a two-circuited bicircular quartic with j’eal foci A^ Ji, C 
passes through real points P, P, then atwo-cireuiteil biciicular quartie 
with foci P, Qy li passes through A. P, ('. 

, PA PB PC I 

[By Ex. 17 we have QA QB QC , =0; which is unalteri‘d by 

i PA PB PC ' 

interchange of P, R and A, P, C.] 

Ex. 19. Any bicircular quartic can be iuveitetl into a, bicircular rpiartic 
symmetrical about two perpendicular lines on which lie th(‘ leal ioei 
and singular foci. 

[Invert with respect to the intersection of two real circles for which 
tlie quartic is self-inverse and on which lie the real foci. See Fig. 4.| 

Ex. 20. Obtain the e<|uations of the bicircular quartic syinmetrical 
about the axes of reference whose real singular and ordinary foci arc 
given and are on these axes, 

[There arc three types. We may take the real singular loci as 
( + w, 0). Then the curve is 

^ .;.2 + nr ) wP' - 2 (Z - m^) / -f kOC^ (6'^ = U, 

where 

(1) The real foci are ( ±Oi, 0), ( 0), [ni^- (/ir — A: = H 1. 

(2) The real foci are (0, ±a), (0, ±(i). - (m“4 a'*') (mN - -f- 1. 

(3) The real foci are ( ± 0), (0, ±ti), I' = [nr — Oi-) k — 1. 

As an exercise the reader may discuss the relative position of singular 

and ordinary foci, and the nature of the ovals and bitangents for each 
type. He may also find the relation connecting the distances of any 
jiointofthe curve from three foci (Ex. 17). For this purpose he may 
put cosh*€- sinh* e in type (1).] 

Ex. 21. Find the locus of the singular foci of a two-circuited bicircular 
quartic, given the real ordinary foci. 

[The circular cubics with the given foci. See Ch. XIV, § 3, Ex. 27.] 
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Ex. 22. Show that the equation of a two-circuited bicircular quartic 
can be put in the form 

(pc^ -f y*)* — 2 (Za? 4 mij) 4 — 1) -f ax^ 4 2 Imxy 4 = 0. 

[Take a7’*4y^4l =0 as the unreal circle with respect to which the 
quartic is self-inverse, and the axes of reference parallel and perpendicular 
to the line joining the real singular foci.] 

Ex. 28. Obtain the equations of the conics touching the quartic of 
Ex. 22 in four points, the equations of the bitangents, and the equations 
of the circles with respect to which the quartic is self-inverse. 

[The quartic is «^4t? = 0, where 

u ~ x^ — lx — nuj 4 ^ 

^5 = (a — Z--20 X- + — 2t) if + 2 (M- 1) {Ix + my) -I (1 -f). 

The conics are r = 0 ; and the bitarigents are t? = 0, where 
/ == — 1 or ^ , ^ 2 » ^3 1 
which arc the roots of the equation 

h + 2) + — — — t 

4-(2am"4 2 — — 8 /*>//■*) = 0. 

The required circles have their centres at the (tentre of — 0 wh(‘re 
— 1, ^ 1 , ^ 2 ) and are mutually orthogonal. Their equations arc 
therefore x^-i //“ j 1 = 0, ~ 0, where 

Si = X' 4 — 2 ( 4 1 ) lx/( 2 4 r- — a) — 2 (/j 4 1 ) niy/(2ti 4 nr — h) — 1, &c.] 

Ex. 24. Show that the squares of the tangents from any ])oint of a 
twc-circuited bic*ircular quartic to the three real circles with respect to 
which the quartic is self-inverse are connected by a homogeneous lineai 
relation. 

Conversely, if the squares of the tangents troin P to three given circles 
are connected by a homogeneous linear relation, the locus of P is a 
bicircular (quartic ; which is self-inverse with respect to each of the given 
circles, if these circles are mutually orthogonal. 

[The quartic of Ex. 22 is 

(^ 2 -/ 3 ) (2/i4/2-cH2/,4 ... 4 ... - U.J 

Ex. 25. Show how to find the foci of cN," -I 4 - 0, whcic 

‘S — 0, S 2 = 0, aS's = 0 are given mutually oithogonal circles. 

[The quartic, is the envelope of X*S\ 4 - /u.Sg 4 — 0 where 

X Vo 4 fi^/h 4 v^/c --= 0. 

Now make the radius of this circle zero.] 

Ex. 26. Given the circles with respect to which a bicircular quartic is 
self-inverse and one point on the curve, find the locus of the singular foci. 

Ex. 27. Find the locus of P, if 

(i) PA . PB PC . PD, 

(ii) PA . PB cc PC, 
where A, B, C, D are fixed points. 

[(i) A bicircular quartic such that an infinite nuinlitjr of quadrilaterals 
can be inscribed in it whose sides pass alternately through the two 
circular points. 

(ii) A bicircular quartic with A and B as singular foci. What is its 
inverse in respect to A, C or any point VJ 
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Kx. ‘28. Find the locus of P, if the product of the tangents from P to 
two fixed circles (i) is constant, (ii) varies as the square root of the 
distance of P from a fixed line, (iii) varies as the tangent from P to 
another fixed circle. 

[A bicircular quartic with singular foci at the centres of the two 
circles.] 

Ex. 29. Find the locus of P, if the product of the tangents from P to 
two fixed circles (i) varies as the distance of P from a fixed line, (li) 
varies as the product of the tangents from P to two other fixed circles. 

[The reader may consider the question, ‘ l^ndi'r what circumstances 
can a given bicircular quartic be generated by one of the methods of 
Ex. 27-29 ?’ For instance, any bicirciilar quartic can be generated by 
a point i* the product of whose distances from the singular foci varies as 
the tangent from f" to a fixed circle, if we allow this circ le to be unreal, 
or allow P to be inside the circle if real ; but not always, if we refuse to 
allow these alternatives.] 

Ex. 80. The locus of the intersection of two orthogonal circles one 
belonging to a given coaxial family and the other belonging to another 
given coaxial family is a bicircular quartic through the common points 
and the limiting points of the two families. 

[Invert with respect to a common point.] 

Ex. 81. Trace the quartic (i) as the inierseettion of circles. 

[It is easy to put the equation in the form =zr s\ where — 0, 

= 0, S = 0 are (drcles. 

Now find the intersections of = S’, S 2 ~ i for different values of 
the parameter t,] 

§ 4. Quarties with Two Real Nodes. 

In our discussions of quarties with two real double points, 
we shall adopt throughout the following notation. The I’oal 
double points are A and B. The harmonic conjugate of AB 
with respect to the tangents at A meets the curve again in 
and The harmonic conjugate of BA with respect to the 
tangents at B meets the curve again in />, and The lines 
Bfj^L^ meet at C. The tangents at A meet the curve 
again at and ; the tangents at B meet the curve again 
at and The line EjE^ meets the curve again at //, 
and 1L^\ the line F^F.^ meets it again at and The 

tangents from A touch at A^^ A, A. A ^ and the tangents 
from B touch at B^, B.j^, B.^, B^, The ranges [AU^ and 

(BV, Ajig) harmonic. The other diagonals of the quadri- 
lateral formed l)y the tangents at A and B meet AB at B^ 
and Bo intersect at (/ (Fig. 5). 

If A and B are not ordinary nodes, a slight modification 
of the above notation is necessary. Such modification will 
usually be quite obvious without explanation. 
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For instance, if 5 is a flecnode, one of the points and 
will be at J5, and the other will be denoted by F. The points 
and do not exist in this case. There are only three 
tangents from B (other than the tangents at B ) ; their points 
of contact are B^^B^^B.^ 

Or again, if jS is a cusp, the points F^ and F^ coincide at 
the intersection of the curve with the cuspidal tangent, now 
called F, The points and are the other intersections 
of the curve with the tangent at F. There are only three 



Taking ABC as triangle of reference, the coefficients of 
y^i ^^y^^ JTO zero in the equation of the 

quartic, which takes the form 


( 2/2 + + 27H xyz- + 2 (/a; + ^2/ + = 0 . (i), 

where and tangents at A 

and B, 

Replacing x and y by suitable multiples of x and y, we may 
simplify the equation (i). For instance; we may make //and y 
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both unity.* But in view of the following sections, it is better 
to leave /and (j general at present. 

Writing equation (i) in the form 

{ xy + (^71 — + qx^ 4- p'if + 2 tay -f 2 fxz 

’^{pq + 2h~\7)i- tY) = 0 , 

we see that the conic 

qx- + 2 )y- + 2 txy + 2fxz + 2gyz + {qyq + 2 A - [vi - tf) z^-0 . (ii) 
touches the quartic at its four intersections with 

xy-\-{m — t)z- = {) (iii) 

other than A and B, 

The conic (ii) is a line-pair, and therefore represents a pair 
of bitangents, if 

^2onL'^ + (m- - 2'pq - 2h) + 2 {fg -f- mpq) t 

+ {p^r + -pqiii'" -pp - qg'^) = 0 . . (iv). 

We shall take the values of t given by (iv) as a, />, c, (/. 

The pole oi AB with respect to tlie conic (ii), or the inter- 
section of the pair of bitangents, is 

(U^-J>Afi-qg, qyq-i^ 

The locus of this point when i varies is 

qj- -py- ^fxz--gyz = 0 (v), 

which jmsses through the points c, 

Ex. 1. The points Aj, /^ 2 > ^ lie on a conic. * 

[On m.ry -i- (//■ 4 gij -I liz) c = 0.] 

Ex. 2. The points of contact of the tangents from C lie on a conic. 

I On +PV' 2 (py 4- 2/;) 4- 2 mxy -I 3 (/r 4 (J]}) c = 0. 

Write down the first polar of C.] 

Ex. 3. The points A, Aj, A.^, A^, Lj, Xg lie on a conic, and so do 
B,, B,, B,, J/j, M,. 

'J’he two conics touch the conn* of Ex. 1 at A and B respectively. 

1 On py^ +(pq + 2h) + mxy -Vfxz + 2gyz = 0, 

and qx^ 4- (pq + 2 h) z‘ + mxy 4 2 fxz + yyz = 0. 

Write down the first polar of A and use 
z^ \py- 4- {pq -t 21i) z“ 4- mxy +fxz + 2gyz} 4- a? [xy’^ 4- qxz’^ 4 myz- 4/^) 

= (.r^ {ip 4“ qz^) 4- 2mxyz^ 4- 2 {fx 4 gy 4 hz) cl] 

Ex. 4. The three conics of Ex. 2 and 3 pass through the same four 
points, which also lie on the conic (v). 

[Add and subtract the equations of the conics in Ex. 3.] 


* Wo cannot, however, make /* : fir* ** y : p ; /or </ zero, &c. 
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Kx. 5. The points lli^ II 2 lie on a conic which 

touches AH ^ , AH^y BC, 

[On (/* 4 qm^) + 2 {fg — hm) xy 4 2 {qmg 4 hf) xz 

“ \vP + 27iwr — 2 fgm) z^ ^ 0. 

The conic By B^ B^ B^ A Ky is 

{g^ +pm^) y'^ + 2 {fg - hm) xy-^2 {pmf-V hg) yz 

“* W + Pq^n’' + 27*^2 - 2 fgm) z~ = 0. 

If we write A*" = (/^ 4 qnv) x+(fg~ hm) y 4- {qmg -f hf) z, the qiiartic 
becomes (,y® 4 - qz^) X^ + 2 X+{g^ + qz‘^) = 0, where 

f'z = {ifg-hm)y+(qmg + hf) c} ^ 4 - (/^ 4 (pf^ +pqm^ -{■2hm^ -2fgm) z- 
and is homogeneous of degree 3 in y and jC'. 

Hence the required conic is A"^ = Vg by § 1 ; the line EyK^ beiug 
X = 0, and the lines AHy , All^ being = 0. ] 

Ex. 6. A conic touches the quartic at Ly, L^, il/i, M^. 

[Put f = m in (ii).] 

Ex. 7. The conics (ii) meet the sides of the triangle ^^6' in involutions 
of which BV, AUf RyB^ are double points. 

Ex. 8. Through the intersections of any two of the conics (ii) passes 
a conic touching CA and CB at A and B. 

1 {q^’^ + Pif^ + 2 /j xy 4 2fxz 4 2 gyz 4 4 2 7^ - [m - tyf) z^ ] 

~ +py^ 4 2 f 2 + 2 /xz 4 2 gyz 4 (pq 4 2 A - [m - /g]^ ) j 

= ih - h) [2 {xy 4 [/// - ^ J z'^) 4 (2 / - - 1^) .] 

Ex. 9. If J\ Q are any two points dividing Ryli 2 harmonically, a 
conic can be drawn through 1\ Q and the intersections of any one ot 
the conics (ii) with any one of the conics (iii). It touches one of the 
conics (ii) at P and Q, 

[See Ex. 8.] 

Ex. 10. Through the iioints P, Qi of Ex. 9 a conic can be drawn passing 
through the.four points of contact of any one of the conics (ii) with the 
quartic. 

[In Ex. 8 put = ^.J 

Ex. 11. A conic can be drawn through the iioints of contact of any 
two of the conics with the quartic. 

[If the conics are given by ^ = P and t = put t --^ty=^ t’ and 
2U^t' + r' in Ex. 8.] 

Ex. 12. The conic through C and the intersections of any two of the 
conics (ii) has a fixed tangent at C and divides AU, BV harmonically. 

Ex. 13. The points of ( ontayt of any pair of bitangents lie on a conic 
touching CA at A and CB at B, 

[On conic (iii), where f a, h, c, or d.J 

Ex. 14. The intersections of the four ))airs of bitangents withMP form 
an involution whose double iioints are Ry and Pj. 

[See Ex. 7.] 

Ex. 15. The four intersections of the two pairs of bitangents lie on 
a conic touching CA at ^ and CB at B, 

[See Ex. 8.] 

Ex, 16. The conics through C and the intersections of any two paiis 
of bitangents touch one another at C and divide Ai\ BV harmonically. 

[See Ex. 12.] 
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Kx. 17. The points of contact of any two pairs of bitangents lie on 
a conic. 

[See Ex. 11.] 

Ex. 18. The conic touches the conics of Ex. 12 at C. 

The tangent to this conic and the tangent to conic (v) at C divide AB * 
harmonically. 

[The conic is 

+ h {g^ + - mh^ —pqm^) xg 

+ {gh-pqtn^) {fx-^gy) c = 0.] 

Ex. 19. Show that the pencils of tangents from A and B have the same 
cross-ratio. 

[The tangents are 

pf/'^2gfz’\-(2h-{ 2p(/-w/®) /c'M "2,{gq-mf)yz^+{2hq ^ = 0, 

+ ^foi?z -f (2 2pq - ui^) 4 2 {fp ~ mg) x£^ 4 {2hp •{‘p^q - f/®) z* = 0. 
Now use Ch. I, § 11. 

Another proof consists in projecting A and B into tlio circular points 
and using the fact that the foci of a bicircular quartic lie by fours on 
circles.) 

Ex. 20. The left-hand side of (ii) may be written in the form uv-k^l'zK 
where I'pq is the left-hand side of (iv) and 

u = VqtB,iil(X(x - . --g^) + /dpi'Ot- [y 4- Jz), 

Vqp ^ Vpq 

— / ^ , tan a , i , (X tan a 

V = -/gcot ia (.-«• + - + jptun „ (y - fi), 

vpq ^ ^ vpq 

i = 4 / j^q cosoc (X. 

[Taking i — a, h, c, d, we get the eight bitangents.] 

Ex. 21. The quartic is the envelope of the conic 

f>^iiz + 2p {xy+ {ni-f)z'^l +vz==0; 
where t is any root of (iv), and p is a parameter. 

The locus of the pole of cr = 0 with respect to this conic is a conic 
touching the tangents at A and B to the quartic. 

[qx^+pi/-2txy-^ (pq-t'^}zl = 0 .] 

Ex. 22. The sixteen intersections of tangents to the quartic from 
A and B lie by fours on four conics touching the tangents at A and B, 

[The intersections are the centres of the line-pair conics of the family 
of Ex. 21, and these lie on the pole-locus. J 

Ex. 23. The points Ay Ay, rtj, A^y A,, By B^.B.,y Yi,. /)\, U, V lie on 
a cubic. It passes through the intersection of AB with the tangent at 
C to the conic at Ex. 12 and the intersections of CVl and CB with the 
tangents at B and A to the conic of Ex 1. 

1 Dividing 

( + myz^ +/^) (yx^ 4 - pyz^ + mxz^ 4 - 

-xy q~^) + -imxyz‘ + 2(fx+gy + }K)i:-\ 

by z'^ we obtain the cubic 
^ + gg) ~ ^ [q^^^ + — 2h) xy-hpmy^} 

+®’ [(iy+W)^+(pf+niy)ys+fy^.] 
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Kx. 24. If one polygon of 2n sides can be inscribed in a binodal 
quart] c so that the sides go alternately through the nodes, an infinite 
number of such polygons can be inscribed. 

[Project the Steiner points of a polygon inscribed in a cubic (Ch. XVI, 
§ 6, Ex. 1) into the circular points and invert.] 

Ex. 25. All quartics with two given nodes and passing through seven 
other fixed points, pass thiough an eighth fixed point. 

[Project the nodes into the circular i^oints and invert with respect to 
one of the fixed points ] 

Ex. 26. Discuss the (juartic for which = q/p. 

[The quartic has either two crunodes or two aciiodes. In the first case 
we may take jo==^=:--l, ff—f* One root of (iv) is / = — 1, the 
corresponding pair of bitangents meeting at (1, The locus of 

the pole of AB with respect to the conics (ii) h x = /y. The quartic can 
be projected so as to be symmetrical. Similarly in the second case.] 

Ex. 27. Discuss the quartic for which fg — few. 

[The conics of Ex. 1 and 5 degenerate.] 

§ 5. Quartics with a Node and a Cusp. 

In § 4 A and B were any two real double points of a quartic. 
If A is a node and B is a cusp, we have ^ = 0 and we may 
also take /= 1, <ry = 1, as explained in § 4. 

The equation (i) of the quartic becomes 

{'if + qz^) + 2m xyz^ + 2 (./; + 2/ + hz) = 0 . . (i) ; 

while equations (ii), (iii), and (iv) become 

qx^-{-2ixy-\-'ZxZ'\-2'yZ’\-{2h — \n)b-‘tY)z" = 0 . (ii), 

xy + (m—t) = 0 (iii), 

— • . . (iv). 

If i is any one of the roots a, 6, c, d of (iv), (ii) represents 
a line-pair which must evidently be 

{z-\-tx) {qtX’^2t^y+{;:lt--(j)z] =0, 

and by § 4 this touches the quartic where it meets (iii). 

Taking i we obtain a tangent from the cusp z-\-ax = 0 
touching at the point (— 1, a), and a corresponding 

bitangent h-^ with equation 

qax d- 2 a^y + (2 a — g) 2 : = 0 

touching where 

+ (2a - q) yz + qa {a — m) = 0. 

JSirailarly taking t — h we get the tangent 2 ; = 0 from 

the cusp touching at B,^ and the corresponding bitangent fcg* 
qbx-\-2})^y’Vi^2h-‘q)z = 0 ; 
and so for ^ = c, ^ = d. 

The line 2y '=^ ^z meets the curve (i) again in coincident 
points, if 

(2/t — m^) e‘-^ + 4(y— m) e + 4(2gA— 1) = 0, 
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This is readily proved to be an equation in e whose roots are 
ad-\-hc, hd-\-ca^ cd-^-ah. 

Hence the tangents from the node A are 
22/ = (ad^-hc)z^ &c. 

The points of contact Aj, Ag, will be found to be 
(2fc + 2r;--2a — 2c7, 2<(d~-2hcj — &c. 



m)xhf + 2// . 100 + <.mx) - 144'* 2 + 30 r f 400 « 0. 

In Fig, 6 is shown the quartic 

lOOar-y^ -\-2y (100 + 90^;) - 144./- + 36.r + 469 =. 0. 
The tangents from the cusp (0, oo ) are 

Soj = — 5, 4tx =5, a; = 1, 3.'o = — 1 
and the con-esponding bitangents 7/^, arc 

12a*-102/ = 23, 9r/* + IO 2 / = -9, 36.T + 502/ = -27, 
12.r-502/ = 7. 
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The tangents from and at the node (co , 0) are respectively 
102/ = 13, 22/ = -3, 501/ = -87, and hi/ = + 6. 

In Fig. 6 &c., are represented by their suffixes only. 

Ex. 1. Ai^ply the method of § 2 to obtain the bitangonts of the 
quartic (1) of § 5 and the tangents from A. 

[ya;^ + = 0 is the polar cubic of 7? and the quartie is 
{ya^ + + mz^xf = (^ + ax) {z + hx) (z + rx) (c* + dx). 

Hence 2 {yx^ + c;* + mz^x) = ( 2 r+ ax) + (c? + hx) (c + c.r) (r + dx) is a bi- 
tangont touching where 

0 * (c* + ax) = (c- + h.r) (z + cx) (z + dx). 

Similarly 2 (yx^ + z^ + mz^ x) = c* ( c- + ax) (z + dx) + c' (- + hx) (z + cx) is a 
tangent from A touching where 

{z + ax) (z + dx) = (-c- + bx) {z + cx). 

The reader may consult Messenger Math xlvi (1916), p. 81.] 

p]x. 2. The conic Ay A., Ily Ih touches the quartic at B and touches 

Ally, AH^, 

[See § 4, Ex. 5.] 

Ex. 8. The conic; ABByE^P" touches the quartic at E. 

[See § 4, Ex. 1.] 

Ex. 4. The points of contact of the tangents from C lie on a conic 
through B, 

[See § 4, Ex. 2.] 

Ex. 5. The pencils BiByB^B^Jly) and A^AyA^A^B) have the 
^ame cross-ratio. 

Ex. 6. The conic through B, A, By and the points of contact of the 
l)itangent hy touches AC at A and BCixi B. 

[j7^ + (w—o) 2'® = 0.] 

Ex. 7. B, By, and the points of contact of hy , h 2 lie on a conic. 

I qy + (2 ^ - ni^ + am + hm — ah) 2 ® -f 2 -f- (« + &) xy + 2 =■ 0.] 

Ex. 8. The cross-ratio of the pencil formed by the tangents from B is 
jqual to the cross-ratio of the range formed by the intersections of AB 
vith the bitangents. 

Ex. 9. The conic touching AB, hy^ h^, hy touches AB at B^ and 
ouches AC, 

[2X» + 2;u'- 2A/1.] 

Ex. 10. The diagonals of the quadrilateral formed by the bitangents 
)a8s respectively through Ay, A^, ^ 

Ex. 11. Four, two, or none of the bitangents are real according as 
our, two, or none of the tangents from the cusp are real. 

Ex. 12. The points of contact of the two real conics through A, B, F 
sculating the curve (not at A, B, or F) lie on a line through A, 

[Tn Ch. IX, ,§ 1, take ABE' as the triangle ABC,] 



XVIII 6 


CARTESIAN CURVES 


319 


§ 6. Cartesian Curves. 

If a quartic has a cusp at each circular point oo, co', its 
inverse with respect to any point Q has Q as a focus (Ch. V, 
§ 4) and is a bicircular quartic (§ 3, Ex. 1), which is self- 
'inverse for a real circle ^ through Q. The quartic with a> and 
0 )' as cusps is therefore symmetrical about the line which is 
the inverse of^. 

Taking the line as axis of x, the ef[uation of the quartic 
takes the form 

(x^ + + 2 /^) ir + aoc^ + by^ ■\-2gx-\-c =: 0 . (i). 

The curve is of class 6, and -therefore there are three 
tangents from co other than the tangent at co. Hence the 
cui*ve has one distinct singular focus 0, the intersection of the 
tangents at co and and three real ordinary foci. 

Considerations of symmetry show that there are only two 
cases to consider. 

(1) The singular focus 0 and the real ordinary foci A, B, (J 
lie on the axis of x. 

(2) Tlie singular focus 0 and one real ordinary focus C lie 
on the axis of which is the perpendicular bisector of the line 
joining the real ordinary foci A’, F. 

Let us consider case ( 1 ). 

When we invert with respect to Q, the real foci are Q and 
the inverses of A, B, G, The.se lie on the real circle^’. Hence 
the quartic c’onsists of Uvo ovals (§ 3). 

Let us take 0 as origin and A, B, 0 as the points (a, 0), 
{P> ^)j (y> Then y = ± ix are asymptotes twice over, 
which gives = 0 and a = /> in (i). Also y = i(x — d) 
touches the curve (i), if 

4gcF ■^{4c — (r)d‘^--2ag(l — (Y = 0. 

This equation in d has the roots cx, y; from which it 
readily follows that (i) now takes the form 

{a)- + y^ — l3y — yOC — (xPY + 4a^y{2x — (x — ^~y) = i) . (ii). 

The curve is called a ‘ Cartesian curve 

We now show that : * 

The locus of a point P whose distances from two fixed points 
A, B are connected by a linear relation is a Cartesian curve. 

Suppose the relation is 

± m . P4 ± I . P^ = 71 . K . . . . (iii). 


* Or ^Cartesian oval’; but it consists of hvo ovals. 
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Take a point 0 on AB such that 

and let (7 be a point on AR such that 

i^:m‘^:a2 = 0A:0R:0C. 

Then the equation of the locus P, when 0 is taken as origin 
and A, 5, C as (a, 0), (/S, 0), (y, 0) is 

+ /82 \{(r — (xf-{-y^]^± {(oj — + = y^ (iS — a), 

which when rationalized proves to be the same as (ii). 



Conversely, the distances of any point P on a Cartesian 
curve from the foci A , B are connected by the linear relation 

±()B^.PA±0A-,PB^0a'-.BA . . . (iv), 

where 0 is the singular focus, and C the third real ordinary 
focus. 

A quartic with two cusps has one bitangont. The bitangont 
of (ii) is evidentlj^ 

2x = a + /34-y. 

In Fig. 7 0 is (0, 0), A is (2, 0), B is (| , 0), C is (8, 0). 
The curve meets OABC at points whose distances fi*om 0 
are - 13, 1, 5, 7. We have ± SPA ± 2PP = 10, &c. 

Case (2), in which the three real foci of (i) are not collinear, 
is not so interesting geometrically. The real foci P, P, C may 
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be taken as (^, ± rj), (0, y), and the singular focus 0 as origin. 
Then (i±iT), 0) are also foci. Hence the equation of the curve 
is obtained by replacing cx, /S in (ii) hy It is 

= 0 . (v), 

the bitangent being 

2x = 2^ + y. 

The curve consists of a single oval. (See Proc, London Math. 
Soc.^ iii, p. 115, for diagrams of this case.) 

Ex. 1, What does the locus of P become, if in (iii) I, m, or « is zero ? 

Ex. 2. The distances from a given focus of tlie intersections of a 
Cartesian curve with a variable line have a constant sum. 

[Use polar coordinates, taking the focus as pole.] 

Ex. 3. The points of contact of (ii) with its bitangent are real if 

2 (^y + ya + a/3) > (a^ + /32 + >2). 

Ex. 4. Show that, if 

PA + rB = 2u, PB~PA = 2v, AB^2c, 

where A and B are fixed points and P a variable point, then the ortho- 
gonal trajectory of the family of curves with differential equation 
Mdtt+N dv = 0 is JVM r* — c^) d u + JIf («* — c^) dv = 0. 

Ex. 5. Find the orthogonal trajectories of Cartesian curves (i) with 
given singular focus and two given ordinary foci, (ii) with two given 
ordinary foci and passing through a fixed point. 

[Use (iv) to obtain M and N in Ex. 4.] 

Ex. 6. Two Cartesian curves with the same real ordinary foci cut 
orthogonally . 

[Invert with respect to an intersection and use Ch. XIV, § 3, Ex. 10. 
Inverting with respect to any point, we see that any two bicircular 
quartics with the same four real concyclic foci cut orthogonally.] 

Ex. 7. What relation connecting the distances of a. point on the curve 
from two leal foci leplaces (iv) in the case of the quartic (v) ? 

[Use Ch. XrV, §3, Ex. 25.] 

Ex. 8. By inversion of (iv) obtain the results of § 3, Ex. 17. 

Ex. 9. Discuss the modifications which must be made in § 3 when the 
bicircular quartic is a Cartesian curve. 

[§ 3 (ii) becomes any circle with centre, on ^ = 0 touching the curve 
at two points only. The roots of § 3 (iv) are 

/3y + ya + a^, -(37 + ya + a/3, ^y-yOC+OC^, ^y + yOC-OC^. 

The first root makes (ii) become the bitangent, the other three make (ii) 
become the circular lines through a focus. 

§ 3 (v) becomes the circular lines through 0 or else § 3 (v), (vi) 
become the cii'cles 

4- y* = {x - Ocy + y» = (a - /3) (a - y), &c. 

Hence the Cartesian curve is in three different ways the envelope of 
a circle whose centre lies on a fixed circle with centre at the singular 
focus, and which cuts orthogonally a fixed circle with its centre at a 
focus. The other two foci are the limiting points of the fixed circles.] 

Y 


2216 
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Ex. 10. Show that the locus of P is a quai-tic with cusps at <o and (o\ if 

(i) The tangents from P to two fixed circles are connected by a 
linear relation. 

(ii) The square of the tangent from P to one circle varies as the 
tangent from P to another circle. 

(iii) The fourth power of the tangent from P to a circle varies as the 
distance of P from a line. 

Ex. 11. Find the locus of a point whose normal distances from two 
fixed circles have a constant ratio. 

Ex. 12. A man is in a pond at A, swims to the bank at P, and runs to 
a point B on the land. If his time from A to B is the same for all 
positions of P, find the shape of the pond. 

Ex. 13. Find the surface separating two homogeneous isotropic media, 
if rays of light emanating from a point in one medium are brought 
accurately to a focus in the other. 

Ex. 14. Given one focus and three points of a Cartesian curve, find 
the locus of the other foci. 

§ 7. Quartics with Two Real Cusps. 

Suppose that in § 4 both A and B were cusps. Then C is 
the intersection of the tangents at A and B» We have now 
^ = 0, (? = 0. As explained in § 4, we may suppose / = 1, 


0 = 1 ; and we shall put 

h = A— 

The equation (i) of the qiiartic becomes 

{xy + 7rtz^y^ {x + y-^kz)z^ 0 . . . . (i) ; 
while equations (ii), (iii), (iv), and (v) become 

txy + xz + yz-\-{k + mt^li‘^)z^ = 0 . . . (ii), 

xy + (m—t)z^ = 0 (iii), 

f {P-2mt^~2Jd + 2} = 0 . . . , . (iv), 

z{x-y)-0 (v). 

If we take the root ^ = 0 of (iv), (ii) becomes 5 = 0 and 
the bitangent x + y + kz = 0 


of the qiiariic (i). In fact from equation (i) it is obvious that 
this line is the bitangent of the quartic, the points of contact 
Tfi and lying on 

xy-hmz^ = 0. 

If we take the other roots t = a, h, c of (iv), (ii) gives the 
tangents 

0-f«2/=O, 5 + 62 / = 0, 5 + c2/ = 0 

from A touching at A^, A^, A^ and the tangents 

5 + = 0, 5 + = 0, 5 + ccc = 0 

from B touching at .fig, fi.^. 
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The coordinates of are (a^— 977a^ 1, -a), and so for the 
other points of contact. 

The reader may illustrate the properties of the curve by 
tracing 

9a;^2/2 + 96if2/4- 144 (a; + 2/) + 

The bitangent is 

3 X -f- 3 2/ ~h ^ ^ 

while the tangents from the cusp (0, oo ) are = 2, x = 

X == — 3 ; and so for tlie cusp (go , 0). 

Ex. 1. The points J, Ji, E, F, TEj, IFg lie on a conic. 

[Putting c; = 1 we see that the quartic can l)e in*ojecte(l so as to have 
an axis of symmetry. 

The reader can write down a large number of theorems which follow 
from this fact. For instance, A^, B^ lie on a conic, &c., &c. J 

Ex. 2. A, B, Ai, A 2 f Ag, L lie on a conic. 

[See § 4, Ex. 3.] 

Ex. 3. The conic TFi, TPjj A^, Az, A^ touches the quartic at A. 

[It is xy + mz^ = 2y {x + y + /rc').] 

Ex. 4. The points of contact of the other four tangents which can be 
drawn to the curve from any point of the bitangent lie on a conic 
through A and B, 

[The polar cubic of the point (x\ y\ z') on + y + = 0 with respect 

to (i) meets (i) on the conic 

^ 2z {y'x + x'y +'2 mz'z) = 3 z' {xy 4 mz^).] 

§ 8. Cassiniau Curves. 

Consider a quartic with a biflecnode at each circular point 
0 ), a>. It has two real singular foci F^, We may choose 
axes of reference such that these singular foci are ( ±c, 0), 
Writing down the general equation of a bicircular quartic, and 
expressing the fact that the four lines 

2 / = 

meet the curve only at co or co', we see readily (cf. § 3 (i)) that 
the quartic has the equation 

q- 7y2j2_26'® (ic® — 2/^) 4-r‘* = .... (i). 

The left-hand side of (i) is at once proved to be the square 
of the product of the distances of the point (x, y) from (±c, 0), 
Hence, if P is any point on (i), 

PPj . PPg = 

The curve is called a ‘ Cassinian Curve If <? = a, the 
curve is a lemniacate of Bernouilli. 


* Or ‘ Cassinian Oval \ But it 'consists of ttvo ovals if c > a. 

y2 
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The shape of the curve is shown on Fig. 8 for the cases 

a/c = 1, a/|, \/3, 

The most interesting properties of the Cassinian curve are 
given in the following examples.* 

In order to keep this chapter within reasonable compass, we 
shall confine oui’selves to a very brief account of the other 
varieties of quartic with unit deficiency. The reader who is 
interested will find in the examples their more important 
properties. 



Ex. 1. The real ordinary foci aSj, a% of (i) ( + rZ, 0) where 

if c>a; and are (0, +d^) where if c<a. 

Ex. 2. If P is any point of (i) and 0 is the centre of (i), i.e. the 
middle point of and of then 

. PS\ , P% = . P0\ 

Ex. 3. The angle between OP and the normal at P is the difference 
of the angles OPF^ and OPP\, 

Ex. 4. A family of Cassinian curves has given singular foci Pj, Fg* 
Show that 

(i) Their orthogonal trajectories are rectangular hyperbolas with 
Pj Pa as diameter. 

(ii) The locus of the inflexions is a lemniscate of Bernouilli. 

(iii) The locus of the points of contact of tangents parallel to F^F^ is 
the circle on F^P\ as diameter and the perpendicular bisector of F^F^, 

[The polar and pedal equations of (i) when O is pole are 
cos2^ == r* + c*-a* and 2a®jpr = + 

giving (3r^ + c* — a*)/) = 2a’*r\ The inflexions are shown in Fig. 8; 
their locus is + c* cos 2 d = 0.] 

* The reader may extend these results to the * w-poled Cassinoid i.e. the 
locus of a point whose distances from the vertices of a regular polygon have 
a constant nroduct. See Messmger Math., xlviii (1919), p. 184. 
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Kx. 5. Find tho orthogonal trajectories and the locus of the inflexions 
of Cassinian curves with given ordinary foci. 

[The curves are the inverses of the family in Fig. 8 with respect to 0.] 

Ex. 6. If ABCD is a parallelogram, find the locus of I* when 

(i) PA,1*C : PB,PD is constant. 

(ii) The sum of the angles made l>y PA and ]*C with a fixed line less 
the sum of the angles made by PB and PI) with the lino is constant. 

(iii) The Cassinian curve through J* with singular foci A, C and the 
Cassinian curve through P with singular foci B, D cut at a given angle. 

[Each locus is a Cassinian curve. | 

Ex. 7. Find the locus of P, if the polar conic of P with respect to 
a given Cassinian curve has a constant eccentricity. 

[A Cassinian curve with the singular foci of the given curve as 
ordinary foci.] 

Ex. 8. The locus of the foci of a variable conic concentric with and 
having double contact with two given confocal conics is a Cassinian 
curve with singular foci at the foci of the given confocals. 

[If (jf, y) is a focus of A\^ -\-2H\ii-\-Byr = 1 which has double contact 
with the confocals + = 1, (OK-f + /u® = 1, we have 

A- B, xy^ 11, {(X- A) {^-B) ^ A) Ah -B) ^ IP. 

Now eliminate A, B, //.] 

Ex. 9. The locus of the intei*seetionB of two circles having their 
centres at the foci of a given conic and touching any tangent of the 
conic is a Cassinian curve. 

Ex. 10. The locus of the foci of an ellipse with a given director circle 
and passing through a given point is a Cassinian curve. 

[If C is the centre and r the radius of the director circle, P tho fixed 
point and C bisects PQj while S and S' are the foci of the ellipse, 

PS . QS = PS . PS' CP\] 

Ex. 11. What do the results of § 3 become in the case of a Cassinian 
curve ? 

[§ 3 (iv) gives i — ±c^, or ±(c*'‘ — 

The Cassinian curve is the envelope of a circle which cuts orthogonally 
the director circle of a hyperbola and whose centre lies on the curve. | 

§ 9. Quartics with Two Real Biflecnodes. 

Ex. 1. A quartic has real biflecnodes A and B. With the notation of 
§ 4 its equation is {x^ Apz^) (y* + qz^) + 2liz^ = 0. 

Ex. 2. Any line through A is divided harmonically by BC and the curve. 

Ex. 3. The intersections of the curve with any line through C form 
two pairs of an involution with one double point at C and the other on AB. 

Ex. 4. The tangents from A to the quartic are ALi and AL 2 . The 
tangents from B are BM^ and BM^. 

Ex. 5. A conic touches the quartic at Aj, having ABC as 

self-conjugate triangle. 

\qx^Apy“ + {pq A2h)z^ — 0. 

Aliter, project the quartic into the curve with double symmetry 
obtained by putting 1 for z ; and so for other examples.] 
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Ex. 6. The eight inflexions other than those at A and B lie on a conic 
with ABC as self-conjugate triangle. 

\^qx^ -f -I 2 (pq 4 2 /i) — 0.] 

Ex. 7. Four of the bitangents of the quartic pass through C. Their 
eight points of contact lie on a conic having ABC as self-conjugate 
triangle. 

[In § 4 we have = / = ^ = 0. Two roots of § 4 (iv) are 

giving the bitangents 

qx ^ ± 2 2 /i)i xy 4 })y’^ = 0, 

which touch the curve where 

qx^ -f 'py'^ 4 2 4 2 fe) ^ = 0.] 

Ex. 8. The other four bitangents form a quadrilateral of which two 
vertices lie on CA, two on CB^ and two on AB, The two latter are on 
the diagonals of the quadrilateral formed by the tangents at A and B, 
The points of contact of the bitangents lie on a conic having ABC as 
self-conjugate triangle. 

If 9/i = H^iq each of these bitangents meets one bitangent of Ex. 7 on 
a tangent at A and another on a tangent at B. 

[Two roots of § 4 (iv) are / = ±(pq)^t giving the bitangents 
qx^ 4 2 (y>^) i xy 4^>y* 4 2 hz^ = 0 
which touch the curve where 4 2 ( = 9. 

Illustrate by tracing — 9x^-//425 = 0 with bitangents x^y, 
9aj = y, 3a?4y = 4, &c*.J 

Ex. 9. The conics of Ex. 5, 6, 7, 8 touch at two points on AB. 

[qx’^-^-py'^ = 2 : = 0.] 

Ex. 10. Discuss the conditions under which the inflexions, bitangents, 
and points of contact of the bitangents are real. 

Ex. 11. A quartic cannot have a biflecnode and a flecnode. 

§ 10. Quartics with Two Unreal Fleonodes. 

Ex. 1. A quartic has flccnodes at the circular points If the inter- 
section 0 of the inflexional tangents at the flecnodes is taken as origin 
and the intersection S of the non-in flexion al tangents as (~y, 0), the 
equation of the curve takes the form 

{x’^ 4 i/-\-2gx + c) — h. 

Ex. 2. The quartic has three real ordinary foci A, B^ C, If these are 
(a, 0), O, 0), (y, 0), the quartic is 
(a?^ 4 y^) { (0(2 1 4 y* - 2 i3y - 2 ycx - 2 OC^) {x'^ 4 y®) 4 8 OC^yx 

-20(^y(0(4^4y)} 4a2^2y2= 0. 

The directrices are 

2O4y-a)a? = ^y4yO(4O(0-a2^ &C. 

Ex. 3. If P is any point gn the quartic of Ex. 2 • 

BC . AP CA, BP AB. CP ^ 

VOA - ' ^/OB - ^OC 

[Rationalizing {^-y)OC^ {x- ■^y^-2ocx^OL ^)^ ... 4 ... = 0, we get 
the equation of Ex. 2.] 
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Ex. 4. Discuss the case in which the real foci are (^, +»?), (y, 0). 

[Cf. Ch. XIV, § 3, Ex, 25.1 

Ex. 5. The quartic of Ex. 1 can be generated as the locus of P in one 
of three ways. 

(1) The product of FO and the tangent from F to a fixed circle with 
centre S is constant. 

(2) FO . FS oz the tangent from F to a fixed circle with centre O. 

(3) FO . FS oc the chord thiough F perpendicular to FS of a fixed 
circle with centre S. 

[The three cases are given by 

(1) k>0, g^>c. (2) Jc < 0, > c, (3) k > 0, < c. 

Diagrams will be found in Froc. London Math. Soc., xii, p 22. J 

§ 11. Quartics with Two Real Rlecnodes. 

Ex. 1. A quartic has two real flecnodes A and B. With the notation 
of § 4 its equation may be written 

(^2 - -4 2 mz^ (xz + 1/Z + xy) -{ Miz^ = 0. 

[For the following examples see § 4 or use the symmetry in x and y. 

The non-inflexional tangents at A and B meet the curve again in 
A'and Fy and the inflexional tangents meet at T.\ 

Ex. 2. A, A^y Ag, /vj, //2 lie on a conic touching AT" at A. 

Ex. 3. Ay By Ey F lie on a conic touching AT, BT. 

Ex. 4. The conif* A Ag Ag B touches AEy BC. 

Ex. 5. Aj, Ag, Ag, i?i, B^y i ?3 lie on a conic. 

Ex. G. Ey Fy T,, l/g, 3/i, M 2 lie on a conic. 

Ex. 7. The tangents from C form an involution and their points of 
contact lie on a conic. 

Ex. 8. The tangents from the intersection of AE and BF form an 
involution. 

Ex. 9. Three pairs of bi tangents intersect on CT and the other pair 
on AB. 

[Putting = q = -ly </=^ ni in § 4 (iv), one value of ^ is - l.J 

§ 12. Quartics with a Node and a Biflecnode. 

Ex. 1. A quartic, has a node A and a biflecnode B. With the notation 
of § 4 its equation may be written 

(x^ + pz^) (y* + qz^) +2{x + hz)2^=^0, 

[The quartic may be projected into the symmetrical curve obtained 
by putting z = 1.] 

Ex. 2. Any line through B is divided harmonically by the curve and AC. 

Ex. 3. The two tangents from B touch at the points M^^y M 2 - 

Ex. 4. The four tangents from A form an involution pencil whose 
double rays are ABy AC. The tangents at A belong to the involution. 

The points of contact lie on a pair of lines through B and on a conic 
touching AB at A. 
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Ex. 5. 7?, Ely E 2 are collinear. 

Ex. 6. The intersections of the bitangents lie on AC or by pairs on 
lines through B, 

[Putting m = (j — Oy / = 1 in § 4 (iv), the bitangents are 
+ 2 txy + 2 irsf + (2)q — t^) — 0, 

where + + 

§ 13. Quartics with a Fleenode and another Double Point. 

Ex. 1. The quartic has a node A and a fleenode B, With the notation 
of § 4 its equation may be written 

(x^ — {if + gz'^) + 2 xyz'^ + 2 (fx + y liz) ssP = 0. 

Ex. 2. The conic ABEiE^F touches the inflexional tangent at B, 

Ex. 3. The points 2?, Biy B^^ B^y Mi, M 2 lie on a conic touching the 
inflexional tangent at B, 

Ex. 4. The conic B B 1 B 2 B 2 A touches at ^ and the non-inflexional 

tangent at B, 

Ex. 5. Transform the curve of Ex. 1 into a cubic by quadratic trans- 
formation, and investigate properties of the curve by this means. 
[Replace xhy z {z-x)/x.] 

Ex. 6. A quartic cannot have a cusp and a biflecnode. 

Ex. 7. The quartic of § 5 has a cusp and a fleenode, if 
(ad — he) (bd — ca) (cd — db) = 0. 

The tangents from B form an involution with BAy BC. The bi- 
tangents meet AB in two pairs of points forming an involution with A, B, 

^ 14. Quartics with a Tacnode. 

We now consider quartics with a tacnode, i.c. a double point 
at which two linear branches touch. We take the tacnode 
as G (0, 0, 1) and tlie tangent at (7 as 2 / = t). Then by Newton’s 
diagram, or otherwise, it is readily seen that the coefficients of 

Z^Xy Z^l/y Z^ X“ y X‘k] y ZX'^ 

in the equation of the quartic are zero. Hence the equation 
takes the form 

(i), 

whore and iue homogeneous of degree 2 and 4 in x, y. 
The polar cubic of G with respect to the quartic is 

2 /(- 2 / + «' 2 ) = 

Hence, if Ug does not contain y as a factor, 

The 2 ^oints of contart of the four tangents to a qiiartic from 
a tacnode G, other than the tangents at (7, lie on a conic 
touching the quartic at G. 

The conics of closest contact to the two branches of the 
quartic at C meet in two points at G and in two other points 
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joined by a real line. Let this line meet y = 0 at A (1, 0, 0), 
and let the point of contact of the second tangent from A to 
the conic zi/ + = 0 be li (0, 1, 0). Then with a proper choice 

of homogeneous coordinates, we have u,j. = and equation (i) 
becomes 

{yz + = (1 - to) (a:* fPiiff'y +p/x^y^ + p^xif +ppj*) . (ii), 

or, factorizing the right-hand side of (ii), 

(yz + a;-)- = (1 - to ) (x + uy) (x + by) {x + cy) (x + dy) . (iii), 



the lines 

X + ay = 0, + by = 0, x + cy = 0, x-\-dy :=: 0 

being the tangents from G to the curve which touch at 

C, (a, - 1, a^), (6, ~ 1, (c, - 1, (7, (c?, ~ 1, cP). 

The conics 


yz + x^= + -/(l-m) {oo^-^^Pixy + (^p^-^pi^)if} 
are the conics of closest contact with the quartic at G ; for, 
squaring this equation and subtracting from (ii), we see that 
either conic meets the quartic in seven points at G. Since 
these conics have y = 0 and a line through as a pair of 
cornmon chords, wo must have 

+ 6 + c + = 0 (iv). 
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Writing 

a = ^ (1 + v/m), /8 = (1 - Vm) 

wo find that the line 6 i 2 (or b.^,) . 

{a(a-l-b) + /3 (c + d)} x + (aab + j3c^)^—s = 0 . . (v) 

is a bitangent, touching where 

a (ic + ay) {x + hy) = /? (ic + cy) {x + dy). 

This may be seen by writing (v) in the form 

yz + x^ OL (j‘ + ay) (x + %) + ^ (a? + cy) (x + dy) 

and then squaring this last equation and subtracting from (iii). 
Interchanging oc and /3 we have anotlier bitangent 
We have thus three pairs of bitangents, excluding the tangent 

at G, namely and ?>23» ^^24 ^^3i» ^34 ^12* 

The bitangents arc shown in Fig. 9 for the quartic * 

l 6 (Sy + xy = 7 (aj + 3 )(a; + 2 ) (x-l) (a;~ 4 ). 

Their equations are 

3a; + 122/ + 43 = 0| 12a; + 24y + 59 = 0) 15a;+ 127/-ir = 0/ 
3^^122/~13 = Or ]2;c-242/~29 = or 15a; -127/ + 23 = 0) 
The points Cp Cg, G^ are 

(-3,-3), (-2,-1), (1,-^), (4, -V-j. 

Kx, 1. Cj , C2 and the points of contact of feja lie on a conic touching 
the 4 -ic at C. 

[On yz + oi^ = 2(X{x + ay) by),] 

Ex. 2 . Cg , 64 and the points of contact of 1^2 lie on a conic touching 
the 4 -ic at C. 

[On 2 ^{x + cy) {x + dy).] 

Ex. 3 . Any pair of bitangents divides CA harmonically. 

Ex. 4 . Of the vertices of the quadrilateral formed by ^34 ^14 > 

^23 two are the intersections oi‘ Cj Cg and Cg 64 , Cj C4 and Og C3. The other 
four lie on a conic touching the 4 -ie at C and dividing AB harmonically. 
[On 4 (yz’^a^) = (1 -w) { 2 x-h{a + c) y] { 2 x+{h-^ d) y\.] 

Ex. 5 . The bitangent 6^3 meets the 4 -ic, h^2 ^^^d ^>34, &14 and tgg in an 
involution with a double point on CA. 

Ex. 6. The intersections of each pair of bitangents lie on the same 
conic through A touching BC at C. 

[On Psy^ + 2 p 2 ^!/ == 42 ^ 5 ? {pi = 0 ),] 

Ex. 7. The points of contact of ^2, hi h® conic touching the 

4 -ic at C. 

[On yz + mx^ -f — 1 ) {ab + cd) y^ = 0 .] 

* For a more detailed discussion of tho tacnodal quartic see Messenger Math., 
xlvii (1917), p. 88. In Fig. 9 the suffixes only of Cj, &c., are given. 
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Ex. 8. If in § 14 «2 y as a factor, the curvatures of the branches 
touching at C are equal and opposite. In this case the points of contact 
of the four tangents from C are collinear. The equation of the quartic 
may be put in the form 

My^z^ + (a; 4- ay) (x + hy) (x + cy) {x-^dy) = 0, 

and the equation of the bitaiigent the form 

2^Mz {a + h’-c--d)x + {ah^cd)y 

[The quartic can be projected into a symmetrical curve, and its 
properties deduced from this symmetry or by modification of Ex. 1 to 7.] 

Ex. 9. Obtain properties of the tacnodal quartic by quadratic 
transformation. 

[We can transform § 14 (iii) into the quartic of Ex. 8 by replacing r 
by;. — x^ly. Or we can transform it into the cubic of Ch. XVI, § 8, 
by replacing a? by x{y- ax)ly, y by x^/y, c; by z-(y- ax)yy.] 



Fig. 10. 

(6// + .r2)* = 4x(a; — (a: + 5). 

§ 16, Quartics with a Rhamphoid Cusp.* 

Ex. 1. If a quartic has a rhamphoid cusp C, the points of contact 
^ 2 » tangents from the cusp lie on a conic osculating the 

curve at C, 

[Write down the polar cubic of C. See Ch. Ill, § 8, Ex. 2.] 

Ex. 2. The equation of a quartic with a rhamphoid cusp can be put in 
the form ^ 4:y {x + ay) (x -¥ by) {x + cy). 

The bitangents bj, bj, bg are (b-f c + 1) a7+ (a + bc)//~ 2 r = 0, &c. ; is 
(a, —1, a*), &c. 

[CA is the tangent at C, and AB touches the conic of Ex. 1 at B.) 

* In Fig. 10 C is (0, oo ) and CA the line at infinity. C,, C, are 
(S, -I), (0, 0), (5, -6) ; bi, ba, b, are 6a; * 5J/ + 3, 3a; - 5y + 16, 2x + by « 6. 
The equation of the curve is (6!/ + a.*)® 4a;(x — 8) (a; + 6). In the figure 

C?j, bi, &c., are represented by their suffixes only. 
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Ex. 3. The intersections of AC with &j, form together with C 
a range of the same cross-ratio as the pencil C{Ci C^A). 

Ex. 4. The points of contact of and Cj lie on a conic osculating the 
quartic at C, 

2y (jr-haij).] 

Ex. 5. The line joining the intersection of and bg to the intersection 
of and AC passes through Cj. 

Ex. 6. The points of contact of b^ and bg lie on a conic through C, Cg, Cs, 

Ex. 7. There is no loss of generality in taking a = 0 in Ex. 2. 

Obtain properties of the curve by transforming it quadratically into 
a cubic in this case. 

f(i) Take S as C\ on the conic ol Ex. 1, (ii) Replace y by x'^/y and 
- by 2 ? - y.] 
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NON-SINGULAR QUARTICS 
§ 1. Non-singular Quartics. 

In this chapter we consider the non-singular quartic without 
double or triple point. It is of class 12, has twenty-eight 
bitangents, and twenty-four inflexions. 

Of the geometry of the inflexions practically nothing is 
known, except such properties as are special cases of theorems 
relating to the inflexions of a curve of any degree. 

The properties of the twenty-eight bitangents have been 
worked out in very great detail. We cannot spare space for 
more than the most interesting of these results. The reader 
who wishes to pursue the matter further may consult Weber's 
Algebra, II, §§ 112-122 ; Miller, Blickfeldt, and Dickson's 
Grou'ps, ch. xix ; and the references in GrelUy xeix, p. 275 ; evii, 
p. 1 ; cxxii, p. 209 ; Proc, London Math, Soc,, II. ix (1910), 
pp. 145, 205 ; &c., &c. 

We shall return to the subject in Oh. XX, § 8. 

Ex. 1. Find the inflexional tangents and bitangents of 

+ = 0. 

[y — ( — z, &c., are twelve undulatory tangents, counting as twenty- 
four inflexional and twelve bitangents. 

The remaining bitangents are y + 1* r == 0, &c.] 

Ex. 2. The bitangents of 

+ by^ + cz^ + 2 ^•2gz^x^^-2 hx^y'^ — 0 
are Bz^ — 2Fy^ + Cy* = 0 and eight similar bitangents, 

(F- x±{G- y ± (//- y/A~B)iz = 0, 

and the same with two of the — changed into + V* 

[The notation is that of Ch. XVII, § 3. See Mathews, Proc, London 
Math. Soc,, xxii (1891), p. 173.J 

Ex. 3. The equation of any non-singular quaitic can be put in the form 
ax * -f by* -I- cz* +fyz (2/y* — '^yz-\‘2^) 4 - gzx (2z^ — Szx + 2a^) 

+ hxy (2 a?* — 3iPy + 2 y*) -\-px^ {Syz -xy- xz) + gy* (3 zx-yz-^ yx) 

■^rz^{^xy-zx-zy) =» 0. 


[The polar cubic of (1, 1, 1) is canonical.] 
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§ 2. Bitangents of Non-singular Quartics. 

Suppose that any two of the twenty-eight bitangents of 
a non-singular quarfcic are taken as a: = 0, j/ = 0. Let its 
equation arranged in descending powers of z be 

2 :^ + 22 ?^ {ax -h St/) + . . . = 0. 

When we put y = 0, the left-hand side reduces to a perfect 
square, say {z^ + azx -f- cx^Y ; and when we put a; = 0, it reduces 
to a perfect square, say {z^ + hzy + dy^y^. 

The equation must therefore evidently be of the form 

z^ + xyii -f- 2az'^x-{- {a^ + 2 c) z^j?- + 2 aczx^ + irx^^ 

-h 2 bzr^y -f- {U^ -I- 2d) z^y- + 2 bdzy^ + d^y"^ = 0, 
where u = 0 is a conic. 

This may be written 

mjTJ =V^ (i), 

where 

U = 2ahz^ + 2{bcx + ady)z-\-2cdxy — u, 

V = z^-^{ax + by)z-\-{cx^-j-di/}] 

so that = 0 and F = 0 are conics. 

Now (i) may be written 

xy {U’\-2kV+k^xy) = (V^kxy)^. 

Choose k so that U +2kV+k^xy has a pair of factors p, q 
linear in x,y^ z. The condition that U+2lcV+k^xy should 
factorize is readily seen to be of degree 5 in k, so that k may 
be chosen in general in five ways. The equation of the quartic 
then takes the form 

xypq = If 2 (ii), 

where IT = F+ kxy. 

It is evident that p = 0, g = 0 are also bitangents, and that 
the conic IF = 0 passes through the eight points of contact of 
the four bitangents a; = 0, y = 0, = 0, ^ = 0. 

Hence : 

Through the four points of contact of two bitangents of 
a non-singular quartic pass jive conics each of which passes 
through the points of coritact of two more bitangents. 

Since k can be chosen in five ways, we obtain thus six pairs 
of bitangents, namely a; = 0, y = 0 and five pairs such as 

= 0, 5 ^ = 0. Now these six pairs have the property that 
the eight points of contact of any two of these pairs lie on 
a conic. 
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For suppose that any two such pairs are p = 0, q = 0 and 
r = 0, s = 0. Then the quartic is / = 0, where 
/= ayypq — W^ = ayrs—Z^; 

W=0 and Z = 0 being conics. 

We deduce 

xq {'pq — Ts) = (]V—Z) {W + Z). 

Now wo cannot have x a factor of W-Z and y of W+Z, or 
vice versa. For otherwise 

W^i{W^Z)^l{W-Z) 

will vanish when x — y — 0, and ilie quartic will go through 
the point ( 0 , 0, 1 ) ; which is impossible, since x = 0 and 2 / — 0 
only meet the curve in their points of contact. 

Hence we must have 

x 7 / = /i(WT^) and 
where /z is a consliant. 

Now a hi tangent is not altered by multiplying its equation 
through by a constant. Hence there is no loss of generality in 
supposing ytz = 1 and the upper signs taken in the ambiguity. 

Then we have 

— 4/= -4xy 2^7 + 4TP = 

= — 2xy'pq — 2xy rs — ipq re. 

The equation of the quartic is therefore 

(xy)^ + {pq)^ + (r.s)t =0 (iii). 

The symmetry of this result shows that the eight points of 
contact of = 0, g = 0 and r = 0, .s= 0 lie on a conic, which 
is the required result. ^ 

Three bitangents of a quartic are called syzygetie or asyzy- 
getiCy according as their six points of contact do oi* do not lie 
on a conic. Similarly four bitangents will be called ^yzygetic 
or asyzygetic according as their eight points of contact do or 
do not lie on a conic. 

Consider now the pair of bitangents x = p 0 . There 
are five pairs of bitangents such that the points of contact of 
any pair lie on a conic through the points of contact of a; = 0 
and = 0, One such pair is y = 0 and q = 0 . Let another 
pair be ^ = 0 and u = 0. 

We have shown that, if IT = 0 is any conic through the 
points of contact of a; = 0, = 0, ji? = 0, 7 = 0, 2 TT is of the 

form xy/fi^fi {pq — rs) ; similarly it is of the form 

xp/v-^v iyq — tv). 
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Comparing these expressions for 2 TT we get 
— ^ (yy — fip) ~ firs — ytu. 

Therefore the line through the intersections of r = 0, = 0 

and s = 0, u = 0 passes through the intersection of either 
aj = 0, = 0 or y 0, p =■ 0. 

Hence : 

The 378 intersections of the hitalngents lie hy threes on 
straight lines. 

Ex. 1. A conic through the points of contact of two bitangents meets 
the curve again in C, D. Show that a conic can be drawn touching 

the quartic at A j B, (7, D. 

[If the quartic is xyU^ and the conic is V+Jexy = 0, the required 
conic is U ->r2kV+h'^xy — 0. For the quartic may be written 
a>y{U^-2hV^Tc^xy) = {V-^-kxij)\\ 

Ex. 2. Two conics are drawn through the points of contact of two 
bitangents. Show that their eight other intersections with the quartic 
lie on a conic. 

[Taking the conics as F+7rj.ry==0 and F+Z^'a^// = 0, the x'equired 
conic is Z7 + (Aji + A'g) F+ Z’a j?f/ = 0. The preceding example is a 
limiting case of this. See also Ch. XII, § 6, Ex. 5.] 

Ex. 3. If ABC is the triangle formed by three real bitangents whose 
points of contact are Pj and Jg, and Q 2 ) Pg, then 

PPi . PPg . Cft . •-iB2 = ± BR, . PPg . AQ^ . AQ 2 . CPj . CPg ; 

the upper or lower sign being taken according as the bitangents are 
syzygetic or asyzygetic. An even or odd number of the involutions 
{BC, P 1 P 2 I, [CAfQiQ^ji {AB, P^Pg) overlapping in the two cases 
respectively. 

[Use Ch. I, § 6, Ex. 2. Compare Ch. II, § 3, Ex. 19 ] 

Ex. 4. If four biiangeiits, not all concurrent, are such that any three 
are syzygetic, then all four bitangents are syzygetic. 

[Project the points of contact of one of the bitangents into the circular 
points, and remember that a pair of common chords of a circle and conic 
are equally inclined to the axes of the conic.] 

Ex. 5. Three concurrent bitangents are syzygetic. 

[By a proper choice of coordinates the bitangents become 
x^-{-2hxy'\-y^ = 0 and y == 0. 

The equation of the quartic is (a?^+ 2^iry + y®) F^ and, if y = 0 
is a bitangent, we find that 

77+ 2 A; F+ A:® (rr® + 2 ^ary + y®) 
will have y as a factor for a suitable value of Jfc.] 

Ex. 6. Four concurrent bitangents are syzygetic. 

[As in Ex. 5, taking a? = 0 as the fourth bitangent.] 

Ex. 7. The four common tangents to two ovals of a quartic are 
syzygetic. 

[Use Ex. 3.] 
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Ex. 8. If the sides of the triangle of reference are three bitangents of 
a quartic, the equation of the quarlic can be put in one of the two forms 
+ <ftj^ + + 2 qD'ijz ± 2 ± 2 pqxy = xyzu\ 

where qy r, w are linear functions of Xy y, r. 

If the upi>er signs are taken, the bitangeiits are syzygetic and 
p(lx->t qdy + rdz is an exact diti'erential. 

If the lower signs are taken, the bitangonts are asyzygetic. 

If fxlx ■{■ qdy -{ rdz is an exact difterential in this latter case, the 
bitangents are the diagonals of a quadrilateral whose vertices are their 
Ijoints of contact. 

[Suppose that when we put a? = 0, y = 0, x? = 0, the equation reduces 
to {hy^ + 2 fyz + ( ± cz“ + 2 gzx + ax^fy { ± ax'^ + 2 hxy + hy'^fy 

respectively. The signs of h, e may be changed without loss of 
generality ; and we readily obtain in the two possible cases 

p = ax-hhy + yzy q = hx + hy+fZy r = yx+fy + cz, 

or p = ax -f- liy — yZy q~ — lix + hy -f /xr, r = gx —fy -f cz. 

Jf in the second case pdx-^ qdy+ rdz is an exact diffenmtial, 
f^g-=h = 0. 

See Humbert, TAonriUds' Journaly IV. vi (1890), p. 423.] 

§ 3. Steiner’s Complex. 

Six pairs of bitangents such that any two pairs are syzygotic 
are said to form a Steiner's ConvplejrJ^ 

We shall denote the pairs by a^h^y 

The points of contact of will be denoted by and &c. 

Either bitangent of any pair of a mrwplex is met by the other 
five pairs in an involution. The j'^oints of contact of the given 
bitangent also belong to the involution. 

Let cIq be the bitangent. It meets all conics throiigli 
A^y Afy 7:^/ in an involution. The lines and ?>,, the 
conic A.^A^' A^^A^fy and the conic A.^Af A^A^ B^Bf 

are three such conics. Suppose a^ meets this last conic in 
P and Qy and meets , a,y in a,, ofg, jSg. Then 
{PQy A,A^'} 

is an involution, and similarly (PQy ^c^oO involu- 
tion. Hence J/, 0(J^2) involution, and similarly 

for the intersections of a^. with and 6.^, &c.t 

The twelve hitaa gents of a complex touch a curve of the third 
class. 


* Or Siteiner's Gioup or Steiner Set or Douhlc-six. Wo shall say ‘a complex’, 
t Another proof is the following: Take x -- 0, ?/ = 0 as CgZ/c. Then taking 
§ 2 (i) as the equation of the quartic, the lino-pairs a^h^y , ag^h^ arc included 
among the conics U-^2kV + k^xy =* 0. But it is at once proved that these* 
conics cut X = 0 in an involution. 

2216 ^ 
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For it is readily proved tliat the envelope of a line divided 
by three line-pairs in an involution is a curve of the third 
class* touching the lines in question. 

Three Ititancjents of a complex, no two of which helomj to the 
same pair^ are asyzygetic. 

Taking the bitangents as the sides of the triangle of reference, 
the equation of the quartic tabes the form 

+ m^xy 4- n^xz)'^ + {/pjx + m^y^ + npjz)^ 

4* (InZX 4" m.^zy 4* — 0 

by § 2 (iii). 

The intersections of this with the sides of the triangle of 
reference are at once found, and can readily be shown not to 
lie on a conic. t 

The six intersections of each pair of a complex lie on a conic. 

This is equivalent to proving that the six centres of the six 
line-pairs included in the family of conics 

(i), 

where 

S = ax- 4* by- -I- cz- '\-2fyz~\- 2(jzx 4- 2 lixy, S' = a'x^ 4- . . . , 
lie on a conic. 

For the sake of symmetry we have replaced the ?7, F, and 
xy of § 2 by S. S', S". 

If S = 0 is a line-pair, its centre {x, y, z) is given by the 
equations 

ax 4- hy 4- y- = 0, hr 4- by +fz = 0, (jx +fy 4- cz = 0, 
which give 

x^/A = y yii = z^G = yz/F = zx/G = xy/H, 
where A^bc—f'^, F:=(jh—aJ, &c. 

Suppose now (i) is a line-pjiir when h = k^, , or /v^. ; 

and that the quantities A, B, ... become A^i, B^, ... when we 
replace S by S+^lpS' + k^^S" {i = 1, ... , 6). 

The conditions that the centres of the line-pairs lie on a conic 

SiX^ + h'if -h cz'^ + 2fyz + 2gzx + 2hxy = 0 
are 

a^li + bi^i4-cC^4-2fi^;4-2gG,.4-2h7/,. = 0, (/ = 1, , 6). 

See Cl). XV, § 5, Ex. 2. 

t By Ciii net's theorem, or otlierwise, the points 
X = l>^?/ + Ciff 2 + 2 a?/s -- 0 , y = + u.,x^-h2e::x = 0 , 2 : = + <- 2705 ?/ ^ 0 

lie on a conic, if (ts^iC.^ - a.^h^Ci. In this case wo get = 0, as the 

condition tl>nt the intersections should lie on a conic, which is excluded. 
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Therefore the six centres lie on a conic, if the detoi’ininant A 
of the sixth order whose rows are 




vanishes. 

But this is the case, lor A = 0 considered as an equation in 
is of the fourth degree, and lias five roots 

~ ^ 4 > ^‘'5 5 and /'g. 

Hence A vanishes identically.* 

There are sixty-three comylexxs of bitangeafs. 

For any two bitangents determine a complex. There are 
^^0,^ = 378 sucli pairs. Any one of the six pairs of a complex 
determines the same complex. Hence the number of complexes 
is 378 -r 6 = 63. 


Ex. 1. Any non-singular quartic is the envelope of the polar conic of 
any point I* on a certain fixed conic with respect to a fixed cubic. 

[The quartic is the envelope of the conic TJ-f 2kV = 0 for varying 
k. The cubic is a ( iirvo of whicdi the Jacobian of f/ — 6, F == 0, = 0 

is the Hessian.] 

Ex. 2. The pairs of bitangents of a complex are the polar conics of P 
in Ex. 1, if Pis at an intersection of the fixed conic; with the Hessian. 
The ciiive of the third class touched by the bitangents of the complex is 
the corresponding Cay 1 cyan. 

[See Ch. XV, § 4.] 

Ex. 3. Use Ch. XVI, § 6, Ex. 25, to deduce from Ex. 2 that the inter- 
sections of pairs of bitangents of a comidex lie on a conic. 


§ 4. Relations between Complexes. 

We have seen in § 2 that from any two bitangents a single 
complex may be obtained. In the complex whoso pairs are 
a^b^, a^h^, aJ)Q take any two bitangents not 
forming a pair, say and These determine a complex 
with the pairs aji/gs remaining bitangents of this 

new complex are not in the original complex. For by the 
result that three bitangents of a complex are asyzygotic, if no 
two belong to the same pair, no one of b^, , Uq, bQ can 

be syzygetic to both and b^b^- Similarly and b,^ deter- 
mine a complex containing the pair a^b ^ ; and no two of the 
three complexes thus determined by aff 2 i^^spec- 

tiveJy have a bitangent in common other than a^y 6^, b^ 
which are common to all three. We call three such complexes 
a complex-triple. Between them they contain all the twenty - 
eight bitangents ; four of the bitangents' lying in all three 

^ This proof is due to Baker, Proc, London Math. Soc., II. ix (1910), p. 148. 

z 2 
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complexes, and the other twenty-four lying in one of the 
complexes only, ^ 

Two pairs of the given complex such as can be 

selected in = 15 ways. Hence each complex is a member 
of fifteen complex-triples including in all thirty-one complexes. 

Returning now to the given complex with pairs 

o,6i, ^^6^6 5 

take any bitangent not in the complex. We get two new 
coinpl()xes determined by and h^c^. Since c, can be 

chosen in sixteen ways, we get thus thirty-two more com- 
plexes, which with the thirty-one complexes just mentioned 
make up the total of sixty-three. 

We shall show that the complexes determined by 
have six bi tangents in common, i.c. their pairs are of the form 

ajCj, <’^ 2 ^ 2 * ^ 4 ^ 4 » ^^5^55 ^ 0 ^ 6 ’ 

^ 3 ^ 3 » ^ 4^4 5 ^ 5 ^ 6 ’ ^^ 6 ^ 0 * 

For the bitangent must lie in the complex determined 
by or in that deteimined by There is no loss of 

generality in supposing it to be in the former; for the given 
complex determined by a-^h^ is nob altered by interchange of 

and ftg* Suppose then that c-^c^ are pairs of a complex, 
and consider the three* complexes with pairs 

C| , (-ttiC^y ...» . . . i 
a^Co, ........ 

These form a complex-triple and therefore contain all the 
bitatigents, and in particular and h.^. Neither of them is in 
the first complex of the triple. They cannot both be in the 
second (or both in the third) complex. For they are not a pair 
of this complex, and three bitangonts of the complex no two 
of which are a pair are asyzygetic, whereas ag, are 
syzygetic. Since and arc interchangeable in the given 
complex, we may witliout loss of generality suppose to be 
in the second (and in the third) complex of the triple. Let 
then OiCj. C 2 C 2 , throe pairs of the second complex. 

Now the complex with the pairs contains the pair 

since O 3 , b,^ arc syzygetic. Hence the complex 

with the pairs 1)^0^, contains the pair This argu- 

ment is at once extended, and the result proved. 

Summing up we have 

Two complexes luive either four byzygetic bitangents in 
common and form with another complex containing the same 
four Idtangents a compUx-tripte including all the twenty-eight 
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bitangents ; or else they have six hitangents in common no 
three of which are asyzygetic^ and form a complex-pair of 
eighteen hitangents. 

The complexes fojmed by 

a^h.^, (t^bQ^ 

^4^4> ^6^*6 5 

^6 

are such that any two have six asyzygetic bitaiigeuts in 
common. The seven bitangents ^4, ^<55 b^ are 

such that no tliree of them are syzygetic Such a set of 
bitangents is called an ‘ Aronhold Seven Another Aronhold 
Seven is b^, b,^, 6.,, b^, 65, Cg. 

§ 6. The Hessian dotation. 

In the three complexes at the end of § 4 alter the notation 
by interchanging a^^ and b^^, and by writing c for Cq. They 
become 


af)-^y a^b.j^y 

^^4^4 ’ 


a^b^ 

a^c-^y a.ji\j^y a.^c,y 


dfiCg, 6^.0 ; 

S^*l’ 



a^o. 


Then a^, (^3, a^, a^, c is an Ai’onhold Seven ; and so 

is b^, h.^, 63, b,^, Ik, b^, c. 

Denote the bitangents t%, a^, ar,y a^> by the symbols 

18, 28, 38, 48, 58, 08 or 81, 82, 83, 84, ‘ 85, 86, and the bi- 
tangents b^y ^3, 64, 65, ig by 17, 27, 37, 47, 57, 67 or 
71, 72, 73, 74, 75, 76. Denote 0 by 78 or 87. 

Now c must occur in one complex of the triple 

(ilb^y ajbj, ... ; a^Uy, b^bj, ... ; a^ibj, ajh^y ... ; 

i and^’ being any two of the digits 1, 2, 3, 4, 5, 6. 

It does not occur in the first by definition, and cannot occur 
in the second as it is asyzygetic to ((laj. Hence it must 
occur in the third. The bitangent paired to it in this complex 
is denoted by ij ov ji. 

There are = 28 symbols such as ij =jL Hence we have 
a notation which will include all the twenty-eight bitangents. 
We note that the bitangents ij and rs cannot be the same. 
For, if they were, 

Ujb^y ••• 

is a complex ; therefore 

••• 

is a complex, contrary to the supposition that a^, a;, a ^ are 
asyiiygtitic. 
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Tho notation is not syniinetrical, but it is perhaps as con- 
venient as any we can find. 

Wc may visualize * the notation by considering the quartic 
/iy 4- € = 0, where e is a small constant, and / = 0, gr = 0 are 
equal ellipses of small eccentricity and nearly concentric, the 
major axis of one being parallel to the minor axis of the other. 
The quartic consists of four portions each lying inside one 
ellipse and outside the other; see Fig. 1. 

These portions are narrow ovals each touched by one 
bi tangent, while any two ovals have four tangents in common. 

Hence the quartic has twenty-eight real bitangcnts each 
touching the curve in points which lie very close to two of the 
points labelled 1, 2, 3, 4, 5, 0, 7, 8 in tho figure. * 



Fig. 1. 

If we proceed to the limit in which the ovals are indefinitely 
narrow, we may consider tho bitangcnts as tho twenty-eight 
lines joining in pairs the eight points 1, 2, ... , 8 (Fig. 2). 

The bitangents are now denoted by the symbols 12 or 21, 
13 or 31, &c. We shall show that this is the same notation 
for the bitangents as that before derived at the beginning of 
this section. 

The criterion of § 2, Ex. 3, applied to Fig. 1 will readily 
show that three bitangents are syzygetic, if (i) their symbols 
in Fig. 2 involve six distinct digits, o. g. 12, 34, 56; (ii) their 
symbols involve two digits twice and two digits once, e. g. 
12, 23, 34. 

It follows from § 2, Ex. 4, that four bitangents are syzygetic, 
if their symbols are of one of the two types 12, 34, 56, 78 
or 12, 23, 34, 41. 

* Fonten6, BviLl, de la Soc. Math, da Frayvx^ xxyii, p. 229. 
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In Fig. 3 the foui' bitangents either join lour distinct pairs 
of points or else ai'e the sides of a quadrilatci'al. 

It follows at once that we have complexes of the two types 

18 17, 28 27, 38 37, 48 47, 58 57, 68 67 ; 
or 14 23, 24 31, 34 12, 58 67, 68 75, 78 56. 

The fii-st type contains **6*^ = 28 complexes and the second 
^ = 35 complexes. Hence we have thus all possible 
sixty -three complexes; and then, retracing our steps, we see 
that we have given above ever}'^ possible set of three or lour 



syzygetic bitangents. Moreover, since we have just shown that 

i7j8, ij 78, ... 

is a complex in Fig. 1, we see that tlio notation for the bi- 
tangents obtained at the beginning of the section agrees with 
that obtained from Fig. 2. 

We can deduce the fact that three bitangents of the typo 
qr, TO or three of the type jxy, rs, are syxygctic, from the 
original definition without the use of Fig. 1.* 

We begin with the type qr, rs. 

First take the case in which two of qt, q, r, s are 7 and 8. 
We have the possible types f 

j7, 78, 8i and 87, 7j,ji and 7j,j8, 8i and 7j,ji, i8. 

* The figure only gives a special quartic, and therefore must not be relied 
upon for a proof, though it assists us to visualize the results obtained in this- 

chapter. . « .i 

t Jjkj If ... denote any of the integers 1, i-, 3, 4, o, 6. 
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These are all syzygetic, for 

i^j7^ i7j^, ij7%, ... 

is a complex by definition. 

Now take the cases in which one of 2>, <]i ^5 is 7 or 8 . Wc 
have the two possible types 

i 8 , 8 ji‘, and 87, /A;, Icj, 

For the first t^^pe we note that is in one of the triple of 
complexes 

18 17, 28 27, 38 37, 48 47, 58 57, 68 67 ; 

78 j7, 77^8, ?>'78, ... ; 

78 j 8 , 77 i7, ... 

It is not in the first. It is not in the second ; for j7 ^ 7i^^jk 
are syzygetic. Therefore it is in tlie third ; which makes 
'^ 8 , 8 j, syzygetic. 

It follows that 78 is in the complex y 8 yA;, .... But, 
changing the notation, y 8 , 87, ik are syzygetic. Hence 

y 8 y A/, 'v 8 '}/k^ . . » 

is a complex, for otherwise ‘we should have three bitangents 
in difierent pairs of a complex syzygetic. Therefore for any 
value of k 

18 lA^ 28 2k, ... , 78 7k 

is a complex. 

It follows that the other type 8 A, ik, kj is also syzygetic; 
since this complex is 

78 ik, jHjk, .... 

A similar process bolds if we interchange 7 and 8 . 

Now take the type ij,jk, kl. 

We have shown that 

A 8 Ik, 78 7k,jSjk, ... and 17 18, 37 28, 37 38, ... 
are complexes, whence 

kl kj, 8 A 87, 71 7.j, ... 

is a complex. 

KcpetitioJi of this argument shows that 
11 Ij, 21 2j, ..., 8 A 8 j 

,is a complex ; and ij,jk, kl are syzygetic. 

This exhausts all trios of the type qr, rs. 

Wc have now shown that there ai’e complexes of the type 
l 2 ) Iq, 22) 2q, ... , Sp Sq, 

where p and q arc any of the integers 1, 2, 3, 4, 6 , 6 , 7, 8 . 
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Now consider three bitangents of the type for 

instance, 12, 34, 56. Since 56 is in one complex of the triple 

12 14, 32 34, 52 54, 62 64, 72 74, 82 84 ; 

21 23, 41 43, 51 53, 61 63, 71 73, 81 83; 

12 34, 14 32, ..., 

and is not in the first two, it is in the third. Hence 12, 34, 56 
are syzygetic. 

This completes the proof that three bi tangents of the type 
qr, rs or pq, rs, tn are syzygetic. Then the proof that 
complexes are of two types; and that there are only two 
types of three or four syzygetic bitangents follows as before. 

Ex. 1. Obtain all the 288 Aronliold Sevens of bi tangents. 

[Lines in Fig. 2 joining one point to tlie other seven ; or lines forming 
a triangle together with the lines joining one of the remaining points to 
the other four.] 

Ex. 2. How many sets of four syzygetic bi tangents exist? 

[105 4 210. 1 

Ex. 3. The bi tangents Cj, Cg, ( 3 , of § 5 are 16, 26, 36, 46, 56. 


§ 6. Lines on a Cubic Surface. 


If we take any point 0 on a cubic surface as the point 
(0, 0, 0, 1), the equation of the surface in liomogcnoous 
coordinates is 


/ = tv“ + 2'a.^iu + = 0 , 


where is homogeneous of degree r in Xy y, 

The tangent-lines from 0 to the surface have their points 
of contact on 


= + = 0* 


Eliminating ic between / = 0 


and = 
dw 


0, we have tlie 


equation for the intersection of the tangent-lines 

with the plane w = 0. This is a plane quartic with the inter- 
section = 0 ot w 0 and the tangent-plane at 0 to the 
surface as a bitangent. The points of contact of this bitangent 
lie on = 0, ^2 = 0, i. e. on the inflexional tangents of the 
cubic at 0. 

Conversely, any non-singular quaitic can be derived from 
a cubic surface in this manner ; for the equation of any quartic 


* The proof is similar to that which shows that the pointy of contact of the 
tangents from 0 to a plane curve lie on the first polar curve of 0. 
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can be put in the form = tt*/, where = 0 is any 

hi tan gent. 

Tills result enables us to deduce properties of the plane 
quartic from those of the cubic surface and vice versa.* 

For the present let us denote the bi tangent w = 0, = 0 

by 1. The plane joining 0 to any bitangent of the quartic, 
other than Z, touches the Surface in two points P, Q one on 
each of the lines joining 0 to the points of contact of the 
bitangent. Hence the curve of intersection of the plane with 
the surface has P and Q for nodes. But the curve is of 
degree 3, and must therefore degcnci*ate into the line PQ and 
a conic. 

Hence tlie projections from 0 on to iv = 0 of the lines on 
the surface are the bitangents of the quartic other than I, 

It follows that there ai'c twenty-seven lines on a cubic 
surface. 

In Ch. XX we shall show that either 4, 8, 16, or 28 of the 
bitangents of a non-singular quartic are real. Hence either 
3, 7, 15, or 27 of the lines on a non-singular cubic surface are 
real. 

There is evidently no loss of generality in supposing that 
tlie plane w = 0 passes through a line of the surface. Take 
the line as = c = 0. The equation of the surface is 

a , 4- 2 Vw + ITz = 0, 

where JJ and V are homogeneous of degree 2 in a;, ?/, o. 

The surface meets the plane iv = kz where 

c; ( r/-f- 2 /j F-h ;) = (). 

Hence the conics in which planes through the line tt; = o = 0 
meet the surface again project from 0 into the family of conics 

By choosing k to make such a conic a line-pair, we obtain 
tive pairs of bitangents of the quartic which together with the 
pair ' m; = c = 0, w = = 0 make up a Steiner complex (§ 3). 

Tile plane tv = Icz for such a value of k meets the surface in 
three lines which form a degenerate cubic with three nodes, 
at each of which the plane touches the surface. Hence : 

Through any line m of a cubic surface five planes can be 
draivn each touching the surface in three points and meeting 
it again in a line-pair • The projections of these five line- 
pairs form with I and the projection of m a complex of 
bitangents of the quartic curve. 


The method is due to Geiser, Math. Annalen, i, p. 129. 
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The number 6f such triple tangent-planes is evidently 
27x5^3 = 45. 

The above result gives us all the twenty-seven complexes 
which contain 1. We now proceed to find the other thirty-six 
complexes. 

§ 7. Schlafli’s Double-six. 

Suppose that the line of a cubic surface is met by the five 
line-pairs (§ 6) 

&iCp 

the planes &c., being triple tangent- planes of the 

surface. 

No two of Cj, (*3 can meet. Suppose that meets the 



hyperboloid with ('i, c.^ as generators in two points. 

Through each of them passes a generator of the opposite 
family to One of these is a^.; let the other be 

Since meets Cg, in four points lying on the surface, 

6^. is a line of the surface. 

The plane of meets the surface in the three Hnes 

^6- Hence meets one of these lines. It cannot 
meet there is no loss of generality in supposing it to 
meet Cg. 

Let the planes 6^01, ftgCg, meet the surface 

again in the lines a,, a^. Then it is at once seen 

that the configuration of twelve lines on the surface 

( Oj (^3 ) 

( Z>1 bj 64 65 J 
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is such that any line does iiot meet each of the lines in the 
same row or column in the array { }, but does meet the other 
five lines. For instance, meets ^4? ^6 ^^^7* Such 

a configuration is called a ‘ Schlafli^s double-six 

Since the triple tangent-planes through are 

^ 1 ^ 2 ’ ^ 1 ^ 3 > ^ 1^55 ^ 1 ^ 6 > 

it follows readily that we might have constructed the double- 
six starting from the pair instead of In other words, 

the double-six is syiiiinetrical as regards its six pairs 

aj)^, 

Denoting the bitangents into which the lines aj, q, ... 
project by the same symbols, we showed in § 6 that ci^h^y 
are pairs of the complex determined by I and Hence 
^i» or is a pair of the complex 

deteimined by Similarly for &c. Hence: 

A double-six 2^Tojecfs into a com^^lex of bitanyents. 

We showed that each line on a cubic surface meets ten other 
lines, and therefore does not meet sixteen lines. Hence there 
are 27x16-^2 = 216 non-intersecting pairs of linos on the 
surface. Therefore, as each double-six may be determined by 
any one of its pairs, the number of double-sixes is 216 -f- 6 = 36. 
Hence all the complexes of bitangents are projections of 
double-sixes or else contain I, 

The projections of the generators of a hyperboloid from any 
point 0 on to a plane all touch a conic, namely the conic in 
which the tangent-lines from 0 to the hyperboloid meet the 
plane. For the plane through 0 and a generator touches the 
hyperboloid. 

Now the lines c6.,, 64, 65, 6g of a^ double-six lie on 

a hyperboloid, a , being generators of one family, and 
64, b^yh^f which meet them, being generators of the other 
family. Hence the corresponding bitangents of the quartic 
touch a conic. These lines can be chosen out of ... , 

in twenty ways. Hence : 

In any complex of bitangents of a quartic there are twenty 
sets of six bitangents touching a conii\ No two of these six 
Intangents belong to the same pair in the complex. 

From the theorem that the intersections of each pair of 
a complex lie on a conic we obtain : 

T)ije six lines drawn through any point of a cubic surface 
each intersecting a pair of a given double-six lie on a cone of 
the secowd degree. 
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Ex. 1. By takinpf 0 of § 6 on a lino of the cubic surface obtain 
properties of the bitangents of a quartic with a node. 

Ex. 2. By taking 0 at the intersection of two lines of the surface 
obtain properties of a binoclal quartic. 

Ex. 3. The intersection of any plane with the tangent-lines from a point 
0 to a, cubic surface not passing through 0 is a sextic with six cusps. 
These cusps are the intersections of a conic with a cubic touching the 
sextic at the cusps ; and the twenty-seven bitangents of the soxtic are 
the projections from 0 of the twenty-seven lines on the surface. 



CHAPTER XX 

CIRCUITS 


§ 1. Circuit and Branch. 

Heretofoiie, when we have discussed singularities on a 
curve, we have not alwfiys distinguished real from unreal 
singularities. Such a statement as ‘ the number of inflexions 



09 




of a non-singular 7i-ic is S — is only true if we include 
unreal inflexions. In the present chapter we shall make the 
distinction between real and unreal points on a curve, and by 
‘point', ‘inflexion’ mean ‘real point’, ‘real inflexion’, &c., 
unless the contrary is stated. 

Suppose a point P starts from any point 0 on a curve, and 
travels along the curve, so that the dii’ection of the tangent 
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at P varies continuously. Suppose that, it* in its journey 
P travels outwards to infinity from a very distant point A, it 
next travels inwards from infinity to a very distant point B 
such that A and B are neighbouring points on any projection 
of the curve. This means that in general P jumps from one 
end of an asymptote to the other. Eventually P returns to 0. 
The part of the curve thus traced out by P is called a circuit 
of the curve. The portion of a circuit traced out by P between 
two infinitely distant positions of P is sometimes called a 
branch of the curve. Thus a hyperbola has one circuit com- 
posed of two branches.* 

These definitions will apply to any continuous curve with 
continuously varying tangent. The curve need not be alge- 
braic, though we shall be mainly concerned with algebraic 
curves. 

Fig. 1 shows a curve with two circuits, one composed of 
three branches, and the other closed and crossing itself. 

§ 2. Ovals. 

Suppose that a circuit is closed, i. e. all its points are finite. 
Suppose, moreover, that it does not 
cross itself, i. e. has no crunodc. Such 
a circuit will be called an oval. An 
oval can be reduced to a point by con- 
tinuous deformation, as shown in Fig. 2 
which gives successive positions of the 
oval as it shrinks to a point. 

It is to be noticed that an acnode is 
not counted as a circuit. A curve loses 
one of its circuits, if an oval shrinks 
into a point. 



§ 3. Odd and Even Circuits. 

Suppose that a line is moving in the plane of a circuit. If 
the number of its intersections with the circuit alters, the 
number is increased or decreased by two (or some even 
number) as is obvious from Fig. 3, which shows three con- 
secutive positions of the moving line. It follows at once that 

* In German, Zwgr ~ circuit, = branch. Some English writers use 
^pait’ for ‘circuit’, and speak of curves witli one, two, three, ... circuits as 
‘ unipartite ‘ bipartite \ ‘ tripartite \ . 

Tlie reader must distinguisli between the use of the word ‘ branch ' as 
defined above and its use in such a phrase as ‘ branch of a curve at a multiple 
point 



352 


ODD AND EVEN CIRCUITS 


XX 3 


circuits can be divided into even circuits which are met by 
every straight line in an even number of points, and odd 
circuits which are met by every straight line in an odd 
number of points. 

Any closed circuit, in particular any oval, is even ; for it 
meets the line at infinity in an even (zero) number of points. 

The oddness or evenness of a circuit is evidently unaltered 
by projection. 

In general an n-ic has an odd or even number of odd 
circuits, as n is odd or even. 

The least number of points in which a circuit is met by any 
line is called its index. The gi’eatest number of points is 
called its order. The index and order are both odd or both 
oven according as the circuit is odd or even. 



Fig. 3. 


Tv'o odd circuits meet in an odd number of points; two 
even circuits, or an odd ami an even circuit, meet in an even 
number of points. 

To prove this we first notice that, if one of the circuits is 
continuously deformed, and the number of its intersections 
with tho other circuit alters, the number is increased or 
diminished by two (or other even number). In fact the argu- 
ment of Fig. 3 still applies. We now show that the first 
circuit can be deformed so that all its points are veiy distant. 
Its intersections with the second (fixed) circuit will then he 
practically identical with its intersections with the asymptotes 
of the second circuit. But an odd number of lines meets an 
odd circuit in an odd number of points, an even number 'bf 
lines meets an odd or even circuit in an even number of points, 
and any number of lines meets an even circuit in an even 
number of points. The theorem will therefore be established 
if we show how to deform the first circuit so that all its 
points are distant. 

First of all deform the circuit so that its crunodes are ‘ cut ' 
This is done by replacing the part near the node by the dotted 
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line as shown in Fig. 4 (i). The method of Fig. 4 (ii) is 
inferior, for it would necessitate the alteration of the direction 
in which a moving point traces out the circuit, as shown by 
the arrow-heads. 

The cutting of the nodes may really resolye the circuit into 
two or more distinct circuits, but for our present purpose we 
shall think of these distinct circuits as a single circuit whose 



Fig. 4 (i). 



Fig. 4 (ii). 


oddness or evenness is evidently unaltered by cutting the 
nodes. 

The circuit now consists of distinct nodelcss branches and 
ovals, no two of which cut. Keeping the two distant ends of 
each branch fixed, we can evidently withdraw such a branch 
continuously to an indefinitely great distance as shown in 
Fig. 5. 

Also each oval can be deformed into a point; and we have 
achieved our purpose. 

A nodeless curve cannot have more than one odd circuit. 

A a 


2216 
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For two odd circuits would meet in one or more nodes of the 
curve. 

A non-singular 7i-ic has thei'efore one or no odd circuit as 
n is odd or even. 



Fig. 6. 


Ex. 1. An odd circuit is projected on to any sphere from its centre. 
Show that the projection is a closed circuit on the sphere met by any 
great circle in 4r + 2 points, whose points can be divided into dia- 
metrically opposite pairs. 

Ex. 2. If an even circuit is projected similarly, the projection is a i)air 
of diametrically opposite circuits each met by any great circle in an 
even number of points. 

Ex. 3. Use Ex. 1, 2 to prove the theorem of § 3. 

[Project after cutting the crunodes. On the sphere an even circuit is 
deformable into a point-pair and an odd circuit into a great circle in 
such a way that each pair of diametrically opposite points remains 
diametrically opposite.] 

Ex. 4. The difference between the order and index of a circuit is even 
and greater than zero. 

Ex. 5. An odd circuit of a (singular) quartic cannot meet any other 
circuit in more than one point. In particular, it cannot meet an even 
circuit. 

[If it met in two, the line joining them would meet the quartic in 
five points.] 
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Ex. 6. Two^odd cirtniits of a quintic cannot meet in more than one 
point. 

A quintic with two intersecting: even circuits cannot have more than 
one odd circuit. 

Ex. 7. A closed circuit has n (trunodes. Sliow that, if a node is cut as 
in Fig-. 4 (i), the circuit is divided into two closed circuits. Also that, if 
all the nodes are cut, the number of circuits obtained ditfers from n + 1 
by an oven number. 

What happens if a node is cut th(i wrong way as in Fig. 4 (ii) ? 

[See Landsberg, Math, Annalen^ Ixx (1911), p. 5G3.] 

Ex. 8. Show that, if the circuit is even, but not closed, the cutting of 
a node either divides the circuit into two even circuits or into two^odd 
circuits. In the latter (-ase it is possible, by cutting a second node, to 
reconvert the figure into a single even circuit with two nodes less than 
the original. 

[See Fig. 4,] 


§ 4. Beciprocation of Circuits. 

We call now an odd circuit ‘point-odd ’ and an even circuit 
‘ point-even A ‘ point-odd * circuit meets any line in an odd 
number of points. To its reciprocal with respect to any base 



Point-even, tangont-evon. Point-even, tangent-odd. 




Point-odd, tangont-even. 

Fig. (>. 


Point-odd, tangent-odd. 


conic we may therefore draw an odd number of tangents from 
any given point. The reciprocal will be called ‘ tangent-odd *. 
Similarly we obtain ‘ tangent-even ’ circuits as the reciprocals 
of point-even circuits. Fig. (> shows the four possible varieties 
of circuit. 

As a point P travels from a fixed point 0 on a circuit in 
a fixed direction, finally returning to 0 (§ 1), the tangent at P 
turns through an odd multiple of tt, if the circuit is tangent- 
odd. For the tangent at P has passed an odd number of times 

Aa2 
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through any fixed point A, nince the number of taj^igents from 
A to the circuit is odd. Similarly the tangent at P turns 
through an even multiple of tt, if the circuit is tangent-even. 

§ 5. Inflexions and Cusps of Circuits. 

A poiiii-odcl or 2 ^ 0 iibt-eveib cireuit cunUiitbs re^yyectively an 
odd or even number of inflexions, A tangent-odd or tangent- 
even circuit contains respectwely an odd or even namfjer of 
cusps. 

One of these statements is the reciprocal of the other. We 
may confine our attention to the first. 

Suppose that the tangent at a point P travelling along the 
circuit meets a fixed line I in Q. Lt^t the tangent at a fixed 
point 0 of the circuit meet Hn A (Fig. 7). As P starts from 0, 



traverses the circuit, and returns to 0, Q starts from A and 
finally returns to A, arriving at A in the same direction as it 
left A, 

Hence a + 6 + c must be even, a being the number of times 
Q passes through Afl h the number of times Q jumps from one 
end of I to the other, and c the number of times Q travels up 
to a certain point of I and then begins to move back again. ^ 
Now a is the number of tangents from A to the circuit, and 
h is the number of tangents parallel to 1. Hence a and h are 
both odd or both even, according as the circuit is tangent-odd 
or tangent-even. Therefore a -h ft is even ; so that c is even. 

But Q reaches a limiting position on I and then moves back 
again, if and only if P is an inflexion or an intersection of the 
circuit with which proves the result. 

* 

* The initial starting from A and tho final arriving at A taken together 
count as passing through A once. 
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Kx. 1. If the tangent at P meets the circuit at when 

does the product PQ^ . PQ^ . PQ^ .... change sign as P travels along the 
curve ? 

Deduce the theorem of § 5. 

Ex. 2. An odd circuit without node or cusp has at least three inflexions. 

1 Project one inflexion to inlinity.) 

Kx. A non-singular curve of odd degree has at least three real 
inflexions. 

Ex. 4. An odd circuit of order three without node or cusp has exactly 
three inflexions (Mobius’s theorem). 

[Project one inflexional tangent to infinity. There is only one other 
tangent through the infinite iikflexion, since the circuit is of order 3. 

Let the ta.ngent at P meet the circuit again at P. As P travels along 
the circuit, It travels along it twice in the oj)posite direction, and there- 
fore coincides with twice. Hence there aie two finite inflexions.] 

Ex. 5. Denoting the three jiarts into which the inflexions divide the 
circuit of Kx. 4 l>y Zj, /o, show that there are two tangents from any 
)ioint of whose points of contact lie on aaid ; and that the tangent 
from the inflexion at which and meet has its point of contact on 1^, 

Show that if two lin(‘s meet the circuit in ABC, A'B'C'\ A, A', B, B\ C, C 
cannot he in this order on th(i circuit. 

Ex. 6. An odd circuit has 2y+.3 inflexional tangents no one of which 
meets the circuit at moie than three iioints (coinciding with the point 
of contact). Show that it has r(2r-h3) bitangents. 

Show also that 2r-f-l tangents can be drawn from any inflexion, and 
2r + 2 tangents from any other point of the circuit. 

[Project one inflexion to infinity. The reader may enunciate a theorem 
concerning the positions of the points of contact similar to that of Kx. 5.] 

Ex. 7. All even (odd) cinmit has no node or cusp, but has 2;? (2^> + 3) 
inflexions and q bitangents. Show that — g is even. 

[Deform the circuit into some standard position, and notice that during 
the deformation p — qis never increased or diminished by an odd number.] 

Ex. 8. The inverse of a circuit of r branches with respect to a point 0 
not on the circuit is an (‘ven closed circuit with an r-])le point at ()» 

If (> is an r-ple point ol the circuit, the inverse circuit is odd or even 
as r is odd or even. 

Kx. 9. An even number of circles of curvature of a circuit (i) iiass 
through a given point 0, (ii) cut orthogonally a given circle. 

[(i) Invert with respect to'O. (ii) Deform the circle continuously 
into its centre.] 

Ex. 10. Describe the circuits of the curves in the diagrams contained 
in Ch. HI to XIX. 

[State whether point- or tangent-even or odd, give their order and 
index, &c.] 

Ex. 11. Draw a one- or two-circuited cubic and show the portions of its 
plane from which 0, 2, 4, or 6 tangents can be tlrawn. Treat similarly 
some non-singular quartic curves. 

[The curve and inflexional tangents divide up the plane into these 
various portions.] 
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Ex. 12. Every tangent to a circuit without node or bitangent meets it 
in the same number of points. 

Ex. 13. Show that the result of Ex. 12 cannot be true for a circuit with 
a bitangent, but may be true for a circuit with a node. 

fE.g. .T® — Another example is 

1 / — 4 + 2y® + a?® — = 0. 

The theorem is true for each circuit of this quartic, and for the quaHic 
as a whole.] 

Ex. 14 An oval without double point Inis at least four Vertices’, i.e. 
points at which the circle of curvature has four-point contact, and the 
radius of curvature is a maximum or minimum. 

[Invert with respect to a point O of the oval and use Ex. 2, remember- 
ing that the circles of curvature at two points of the oval lying between 
two consecutive vertices cannot both pass through 0.] 

Ex. 15. If the oval of Ex. 14 has no inflexion, the sum of the maximum 
radii of curvature less the sum of the minimum radii of curvature is half 
the perimeter of its evolute. 

§ 6. Method of Variation of Coefitibients. 

Wo shall require a method enabling us to obtain the equa- 
tion of a curve with an assigned degree, number of circuits, 
inflexions, &c. 

Such a method consists in giving small increments to the 
coefficients in the equation of some given curve C, The new 



equation thus obtained represents a curve of the same degree 
as C and lying very close to it. This is illustrated in Fig. 8, 
where the curve C is shown with a cruiiode, an acnode, a cusp, 
and two adjacent curves also. 

It will be noticed that in general, if G has a crunode while 
an adjacent curve has none, the adjacent curve has an inflexion 
close to each inflexion of G and two more inflexions close to 
the crunode of C\ Similarly for a cusp. 

In general also an adjacent curve on one side of G has 
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a small oval enclosing the acnode of which is in general 
a convex oval without inflexions.* 

The adjacent curve on the other side of C has no circuit 
near the acnode. 

To each tangent from a node of 0 to C corresponds either 
two bitangents of an adjacent curve which are both real with 
real points of contact, or no real bitangent. 

To each line joining two nodes of C corresponds four real 
bitangents of an adjacent curve having real points of contact, 
or no real bi tangent. 

The results for the case of a cusp are at once written down 
from Fig. 8. 

We shall call a real ))itangcnt with unreal points of contact 
an ideal bitangent. The name is due to W. K. Clifford. The 
number of ideal bitangents of an adjacent curve is the same 
as for C and these bitangents arc adjacent to those of C, pro- 
vided C has no imaginary nodes or cusps. 

If, however, C has a pair of conjugate imaginary nodes or 
cusps Ey Fy an adjacent curve has respectively two or three 
ideal bi tangents adjacent to EF, 

For take the case in which Ey F are nodes. Let Q be the 
(juartic with a real cusp which approximates most closely to C 
at Ey F; and as (' passes into a consecutive position let Q pass 
into a consecutive quaitic still approximating to C near Ey F, 
The quartic in the position in which it has E, F as nodes 
consists of one circuit and has two real bitangents t^y as 
may be readily proved by projecting Ey F into the circular 
points and inverting with respect to the cusp. In the neigh- 
bouring position Q will have four bitangents of the first sort, 
i. e. bitangents wliose points of contact are unreal or lie on the 
same circuit. This will be proved in § 8 by reasoning which 
does not involve the use of the result we are here establishing. 
Two of these bitangents are consecutive to t^y The other 
two must be consecutive to EF. Now since the quartic Q 
approximates to the curve G near EFy a bi tangent of C must 
approximate to each bitangent of Q near EF.\ 

A similar argument holds if Ey i^^are cusps. 

♦ Taking the acnode of C as origin, tlio adjacent curve has an equation of 
tlie form 0 == a + bo: + c?/ + px^ + 2 gx?/ + + siS + . . . , whore < pr and a, 5, c 

arc small. The approximation near the origin is the ellipse 
0 =- a + hr + <{! + px^ + 2 qxy + n/, 

t Zeuthen, Math. Annah-riy vii, p. 424, reasons as follows : The line joining 
two nodes counts as four bitangents. If the nodes Ey F are conjugate 
imaginary, the line EF counts as the limiting position of four bitangents. 
Two of these must he real bitangents in their final position just before 
becoming unreal, and the other two must be unieal becoming real, as Cvaries. 
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As illustrations of the above remarks which will be useful 
later on, let us take one or two theorems. 

If a mn-aingular and exist having respectively 

ni{n, — 2) and n^(n^-2) inflexions and no ideal bitangent, 
which meet in n^n^ real points, there exists a non-shignlar 
(ni + n.^)-ic with (ai + W2)(/t^ + 'n.^-2) inflexions and no ideal 
hitangent. 

For if /i = 0,/^ = ^ equations of the /q-ic and /t^-ic, 

/j/2 = 0 is an with crunodes, 

inflexions, and no ideal hitangent. Then where € is 

any small constant, is a non-singular with 

(7ii — 2) + (i^2 - 2) + 2 /tj = {'ih + '^h) Oh + 

inflexions and no ideal bitangent. 

Jf^ov any given value of )i there ejcisis a twii-singular n-w 
with n{n^"Z) inflexions and no ideal hitangent. 

Let us assume that such a curve exists and that moreover 
it meets an ellipse in the 2n (real) points. The reader will 
readily establish the truth of this statement in the cases 
71 = 2 and ti = 3. 

Take n^% lines each meeting the ellipse in real points. 
Then if /= 0, 6 = 0, gr = 0 are the equations of ?7-ic, ellipse, 
and lines, e/= €g, whore € is a small constant, is an (7^^-2)-ic 
meeting the ellipse in the 2 (71 + 2) real intersections of 
0. It has also (n^2)n inflexions and no ideal 
hitangents as in the proof of the preceding theorem. 

Now use induction. 

Ex. 1. If f = 0 has h real branches through a point 0, prove that one 
of the adjacent curves f±^4) = 0 (where (p = 0 does not go through 0 
and « is a small constant) has 2r inflexions near 0 and that the other 
has 2 ik-r). If k is even, r^\k\ but, if k is odd, r may have any of 
the values 0 , 1, 2, ... , k. 

Ex. 2 Obtain the equations of (i) a unicursal curve, (ii) a non-singular 
curve, of degree n consisting of one circuit only which is of index 0 or 1 
as n is even or odd. 

[(i) X !/ = </> (0? ^ = V' W' where /, (/>, yjr are polynomials of 

degree n and ^ = 0 has not more than one real root. 

(ii) + f where /= 0 is any unreal non- 

singular (w --2)*ic or (n — l)-ic with real equation.] 

For we shall see in § 7 that the number of leal bitangents of any non-singular 
n-ic adjacent to an n-ic with nodes at E and F is the same. 

Perhaps neither line of argument will appear quite convincing. But the 
I’esult is only required in the second part of § 7, and does not affect our dis- 
cussion of the circuits of a non-siugular curve in §§ 7, 8. 
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Ex. 3. Aj3-ic is cut by a straight line I in p real points, no two of 
which are consecutive. Show that an «-ic exists cutting the p-ic in 
np real points, n being any given integer. 

[/= ^ where /= 0 is the equation of n straight lines each meeting 
the curve in p real points. The line / can always be found if p = 2 or 3, 
but not if p > 3.] 

§ 7. Klein’s Theorem. 

ht any curve of degree n and class m 

4* ^ 4" = m -j” /ij -f* *^d, 

where i is the number of real inflej^ions, t is the mimher of 
Ideal bitan gentti (real, with unreal points of contact), k is the 
number of real cus 2 )s, and d is the number of real acnodes, 

I. First consider the case of a non-singular a-ic. Suppose 
the coefficients in the equation of the curve to vary con- 
tinuousl}^ Then the curve is continuously changing its shape, 
and we may thus continuously deform the >t-ic till it coincides 
with some standard non-singular 7t-ic. 



Fig. 1). 

(The straight line is a bitangent in each case.) 


We may suppose that during the deformation there is never 
more than one relation between the coefficients. During the 
deformation tlie curve may have one triple tangent, or one 
node, (fee., but not a quadruple tangent, or flecnode, or pair of 
unreal nodes, &c. 

Now in the process no two ideal bitangents can coincide, 
for this would imply the exi.sterice of a quadruple tangent.* 
Hence the only way in which i + "2t can alter is 

(i) by the coincidence of two inflexions at a point of undula- 
tion and their subsequent disappearance; 

(ii) by the points of contact of a bitangent becoming real 
instead of unreal, or vice versa; 

(iii) b}^ the appearance of a node. 

i^ow Fig. 9 shows that cases (i) and (ii) are really the same 
and that such an event decreases i by two and increases t by 
one, or vice versa. Also we have shown in § 6 that in case (iii) 
the numbers i and t are not permanently altered. For instance, 

* This would not apply to two bitangents with real points of contact, for 
they might coincide to torm a triple tangeAt. 
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if a crunode appears, i is diminished by two, and is increased 
by two again as the node disappears. 

Hence zH-2^ is the same for all non-singular 7i-ics. 

But we have shown in § 6 that an n-ic exists for which 

i = n (n— 2 ), ^ = 0 , k d = 0 , 'at = n (n—1). 

Hence the theorem is established for a non-singular curve. 

II. Now suppose the -Ji-ic has nodes and cusps. Let it 
have ^k' pairs of conjugate imaginary cusps, pairs of 
conjugate imaginary nodes, and crunodes, besides its k real 
cusps, d acnodes, i real inflexions, and t ideal bitangents. 

An adjacent non-singular n-ic has by §6 i + 2^^ -f- 2/<; in- 
flexions and t + d'-^^k' ideal bitangents. Therefore by Part I 
of the proof 

+ ('^ ■f 2 (/j -f* 2 /u) -{- 2 4* d' 4" ■§ ~ ^ — f )* 

Hence 

71/ 4" 4" 2 ^ ~ 71 — 1 ) — 2 (d-^ "{- dj d ^ — 3 (k k ) -h 2 -f- Z* 

= 7^(7^— 1) — 25— 3/c4-2(i4“/v = m + k + )ld, 

as required. 

The theorem of this section is due to F. Klein (Math* 
Annalenj x (1876), p. 199). It may be put in the form : 

^The quantity 714- /4*2^ is the same for a curve and its 
polar reciprocal.’ 

As a corollary from Klein’s theorem we deduce : 

No ib-ic has more than rm{n~2) real inflexions. 

For a non-singular )i-ic 

i = — — = n {■n — 2) — 2f 

by Klein’s theorem, which proves tlie result. 

For an uAq with double points it is sufficient to notice that 
we can find an adjacent non-singular 76-ic for which i may be 
greater, but cannot be less. 

We have already shown that for any assigned value of n 
an 76-ic with n{n — 2) real inflexions exists. 

Kx. 1. Klein takes as standard «-ic with n (w-2) inflexions, &c., the 
following: For n ~2r, a curve adjacent to the curve consisting of r 
equal concentric ellipses with major axes parallel to the r sides of a 
regular polygon. For ?i = 2/*4-3, add to the ellipses a cubic whose 
odd circuit cuts all the ellipses in six points. 

Verify this. 

Ex. 2. What property of a curve do we obtain by applying Klein’s 
theorem to its evolute ? 

[Use Ch. XI, § 2, Ex. 5, 6, 7.] 

Ex. 3. Prove t-3« + 6d= <-3Ar-i-6f. 
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Ex. 4. A curve has no acnode and not more than a third of its cusps 
are real. Show that not more than a third of its inflexions are real. 

[Use Ex. 8.] 

Ex. 5. An ^?-ic with crunodes cannot have more than w(n — 2) — 
inflexions. 

Ex. 6. What modification must be made in Klein’s result, if the curve 
has a multiple point with distinct tangents ? 

[Apply Klein’s theorem to an adjacent non-singular curve. Cf. § 6, 
Ex. 1. The reader may illustrate on r— a cos 3^, which has the line at 
infinity as ideal bitangent.J 

§ 8. Circuits of a Quartic. 

We have already discussed (Cli. XIV, § 1) the possible 
circuits of a cubic. Wc consider here the case of the quartic, 
and discuss in detail the non-singular quartic.* 

Such a quartic cannot have an odd circuit (§ 3). It cannot 
have more than four even circuits. For if it had five^I the 
conic through a point on each circuit would meet the curve in 
ten points. 

Klein s relation (§ 7) becomes / -+- 2^ = 8 for the non-singular 
quartic. There is some line meeting tbe curve in no (real) 
point. If there is an inflexion, the reader will easily convince 
himself of the truth of this statement by projecting the 
inflexional tangent to infinity.f If there is no inflexion, there 
are four ideal bitangents each meeting the curve in no real 
point. The quartic can therefore be projected into a closed 
curve, which consists of one, two, three, or four ovals. Each 
oval is of order two or four. 

If there are two ovals, they may lie one inside the other or 
be external to eacli other. In the former case tlio inner oval 
has no inflexion, (or an inflexional tangent to the inner oval 
-would meet tbe inner oval in four points and the outer oval in 
at least two, which is impossible for a curve of degree four. 

If there are three or four ovals, no oval can lie inside 
another. For if a quartic had three ovals A, By G with B 
inside Ay a line cutting B and (' would meet Ay B, and G in at 
least two points each. 

If two ovals arc external to each other, it will be readily 
s^en that they have four and only four common tangents 


* See Ex. G for the case of quartics witli double points, 
t There is then a circuit approximating at infinity to a semi-cubical 
parabola = x®) and with one asymptote also. This will be seen to have 
two branches with a common tangent, and a line adjacent to this tangent 
will meet the curve in no real point. 
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which are bitangents of the quartic.* Such bitangents are 
called hita agents of the second sort. 

Bitangeats of the first sort are those whose points of contact 
are either unreal or lie on the same oval. 

A non-singular quartu has four hita agents of the first sort. 

Imagine a string wrapped round an oval of order h>ur. If 
AjB is a straight portion of the string touching the oval at 
A and J5, AB is a hi tangent subtending a ‘bay' ACB of the 
quartic with two inflexions (Fig. 10). Hence the quartic has 
twice as many inflexions as it has bitangents of the first sort 
with real points of contact. 

The relation ii-2t = 8 now proves the result. 



A I ton-singular <iuartio has 4, 8, 16, or rnd bita agents. 

It has four bitangents of the first sort. If it has r ovals 
external to each other, it has also 1) x4 bitangents of 

the second sort; where r is 1, 2, 3, or 4. Hence it has 
[), 4, 12, or 24 bitangents of the second sort and four of the 
first sort, which proves the theorem. 

Non-singular quartics may be classified by means of their 
ovals and the nature of their bitangents. We give an example 
to show how an equation may be found which shall represent 
a quartic belonging to an assigned class. Suppose ,we require 
a quartic with lour ovals each with a bitangeiit. There will, 
of course, be also eight real inflexions and tw^enty-four bi- 
bangents of the second sort. The equation 

(9.^2 + 36) (4a;2 + 9'/-36) = e, 

* If tlio curve is of degree higher than live, there miglit be more than four 
iucli common tangents. 
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where e is a small negative constant, will represent a quartic 
adjacent to the pair of ellipses 

9 + 4?/2 = 36, 4.r‘^ + = 36, 


and lying inside one ellipse and 
outside the other, as shown in 
Fig. 1 1 by tlio dotted line. It 
will evidently be a (][uarbic of the 
kind stated. 

If we take e a small positive 
constant, we obtain a quartic 
with two ovals, one inside the 
other, as shown by the narrow 
line in Fig. 11. The outer oval 
has eight inflexions and four 
bitangents. 



Kx. 1. The eight points of contact of the four bitaiigents of the first 
sort lie on a conic. 

[Use Ch. XIX, § 2, Ex. 3. Kach of the involutions is non-overlapping. 
See Ch. XIX, § 2, Ex. 6, for the case of four concurrent bitangents.] 

Ex. 2. No triangle formed by three hitangents of the first sort can 
enclose two ovals external to one another. 

[The argument of Ex. 1 would show that the conic through the points 
of contact of the three bitangents passes through the points of contact 
of one of the common tangents to the two ovals ; which is impossible.] 

Ex. 3. Describe the nature of the ovals and bitangents of the quartics 
fg = + e, where t is a small positive constant, and / = 0, ^ — 0 are the 
curves given below : 

(i) = 2:z;2^y^ + l = 0. 

(ii) or* + «/“ + + 3 =«= 0. 

(iii) x^ + if = 4, 2j^'^ + ?/^ = 1. 

(i v) — b = 0. 

(v) f + 4:f — 4, = 4. 

(vi) — //* = 9, -f 9f/“ + 2 a? = 8. 

(vii) + 4^** = 4, .c" — /y* = 2ir. 

Ex. 4. Describe the nature of the quartic fg = ±f(/), where 
/= + 4?/ - 5, (T/ = 4 a:® -f f/® - 5 

and <#) is 

{i)x-{y-2, (ii) (a: + y-2)(a:-^ + 2), 

(iii) (iv) {x-y){x + y-2)(x + y + 2). 

Ex. 5. Describe the nature of the quartic {x^+y‘- 5y)^= ±e6, where <#. is 

(i) (!/-l)(!/-2)(y-S)ly-i), (ii) (y-l)(y-2)(y-3), 

(iii) (y-l)(y-2), (iv) (y-1), 

(v) x--y’, (vi) (y-2x)(y-4)(y + x). 
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Ex. 6. Describe the natur(‘ of the circuits of the quartics in 
Oh. XVIII, §§ B-15. 

[The nature of the bicircular quartics may be obtained by inversion 
from the circular cubic,. The nature of their bitansrents is ffiven bv 
§ 3, Ex. 13 and Ifi. j 

For § 4 take A and i? at infinity and consider the possible positions 
of the conic of § 4, Ex. 1, relative to the tangents at A and B. 

For §§ 5, 7, 14, 15 we may classify the various tyjies of curve by 
considering the cases in which none, two, or four of a, h, c, d are unreal. 

For § 9 project the curve into a-y + + c* = 0, and similarly 

for §§ 11, 12.| 

Ex. 7. To ovals of a quartic external to one another have two external 
bitangents (i.e. a bitangent such that the ovals lie on the same side of 
it) and two internal bitangents (the ovals lying on opposite sides). 

Ex. 8. A quartic with three real imsps has one bitangent which is 
ideal. A conic meeting the curve in eight real points intersects the 
bitangent. 

A (piartic with one real and two unreal cu8))s has ope bitangent with 
real points ot contact. A conic meeting the curve in eight real points 
does or does not intersect the bitangent. In the latter case all the six 
common tangents of curve and conic are real. 

[The quartic can be projected into a three-cusped hypocycloid or 
a cardioid.] 

Ex. 9. Show that x^fj -\-i/z + z^oe ^ 0 has exactly six real inflexions 
and four real bi tangents. The real inflexions lie on a conic. 

[Drawing the curve, after putting 1, we see that the quartic 
consists of a single oval touched in real points by three bitangents. 
The fourth bitangent is y 4 c = 0. 

The real inflexions are (1, 0, 0), (1 + J (1 - 1% 1 - 1), &c., where 
f-\- \ = + 9 ^ They lie on l/a-+ 1/y + \/z^ 0.] 

Ex. 10. To two ovals of a quintic external to one another four common 
tangents can be drawn. 

Ex. 11. No oval of a quintic can have more than twelve inflexions or 
six bitangents. 

[Three real inflexions lie on the odd circuit, and no quintic has more 
than fifteen real inflexions.] 

§ 0. Maximum Ifumber of Circuits. 

A curve of dtficiemnj D has at most D-\-l circuits. 

This result, due to Harnack,* is familiar if i) = 0 (Ch. X, 
§ 4). To prove it in general, suppose the curve to be of 
degree n with r odd circuits. These odd circuits meet in at 
least ^r (r— 1) crunodes, since two odd circuits meet in one or 
more crunodes. Let the curve have s other double points, 
acnodes, unreal, or lying on odd or even circuits. Then 

D = 1 (71-2)- |r(r-l)-8. 


I^ath. Anncden, x (1876), p. 189. 
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Suppose that, if possible, the curve had i) + 2 or more 
circuits. It will have at least i>— r + 2 even circuits. 

First consider the case in which n is even. Then r is even. 
Take one point on each of the D — r + 2 even circuits, the 
double points, and + r — 4 more points on one 
of the even circuits. The total number of these points is 
(/) — r+ 2) +-|r (r— 1) -f 8+ (a + 7‘ — 4) = -^ (/t-i- 1) (n-~2). 

Hence a (/6--2)“ic can be drawn through them. This 
(/(.— 2)-ic meets each odd circuit oi' the Ji-ic at least twice ; for 
it meets them each once at a erunode, and u — 2 is even. Also 
it meets each even circuit in an even number of points, so 
that it meets one of them in at least 7i-h '/‘ — 2 points and the 
others at least twice. Hence the 7^-ic and (7i~ .2)-ic meet in at 
least 

2{^r(r— l) + s}+r + 2(Z> — l) + (ii + v* — 2) = — 2) + 2 

real points, which is impossible. 

For the case of // and odd, take one point on each of the 
even circuits, the 1) + 6* double ‘points, another point 

on each of the r odd circuits and 7t~4 more points on an even 
circuit. 

Since 7^ — 2 is odd, the (7^-~2)-ic meets each odd circuit in 
three points at least, and the n-ic and (n — 2)-ic meet in at 
least 

2{^-r (r — l) + 8} + 2r-f2(i) — r+ l) + ('>^ — 3) = (a — 2) + l 
real points, which is impossible. 

Ex. 1. Show that not every non-singular «-ic can he projected into 
a closed curve, if is a given number greater than 4. 

[If n is odd, the curve can never be closed, for it has an odd circuit. 
For n — 6 take 

(a7’>-h8y*-f32t/ + 28) 8y"-322/-f 28) = e.] 

Ex. 2. Let (/) — 0 he the equation of six lines parallel to the line of 
inflexions of a two-circuited cubic / = 0, four being on one side and 
two on the other side of the line of inflexions, and all meeting the odd 
circuit of the cubic in three points. Then. +60 are (1) a sextic 
with twenty-four inflexions and eleven ovals, (2) a sextic with eighteen 
inflexions and nine ovals (i. e. projectable into such a sextic). 

I To find all possible arrangements of the circuits of a non-singular 
n-ic is a difficult problem, which has been solved only for n = 3, 4, 6. 
For n = 6 we have the result : ‘ If a sextic has eleven ovals, they consist 
of ten ovals all external to each other and an oval enclosing either nine 
of them or only one ’ ; as in the above example. The reader may discuss 
the cases in which </) = 0 represent six or less lines in various positions.] 

Ex. 3. Prove that 

{2/^sin3(^-fd)4-3r2-l] {8r3Bin3^-f 11/^} -f6 = 0, 
where 6 and S are small and positive, is a sextic with eleven ovals. 
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§ 10. Nested Ovals. 

A set of ovals co^, cog, (o^ such that lies inside cd^, 
a >2 inside inside is called a iamily of r neded 

ovah. 

If an ri’-ic has r nested ovals ^ we have: 

(i) n even ; r < -I (>1 — 2), or r = the nest being the whole 
n~w. 

(ii) n odd; r < J (^— 3), or r = ^ — 1), the nest and one 

odd circuit being the whole n-ie» 

Suppose n even. Then, if the curve had ^ n nested ovals 
and another circuit as well, a line cutting this other circuit 



and the innermost oval would cut the 'n-ic in more than 
n points. 

Suppose n odd. Then, if the curve had ^('n.— l) nested 
ovals* and also an even or two odd circuits in addition, a line 
cutting this even circuit (or two odd circuits) and the inner- 
most oval would cut the 7i-ic in more than n points. 

It will be noticed that a nest may contain ovals not belong- 
ing to the nest, as in Fig. 12. In this diagram we have the 
three nests ahcd^ abf^ ae. 

In the following section we prove the converse of this 
theorem, showing that for an assigned value of n it is always 
possible to find a non-singular ^i-ic with its maximum number 
of nested ovals and its maximum number of circuits and real 
inflexions. 
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Ky. Find the equation of an «-ic with \n nested ovals when n is even, 
and — nested ovals and an odd circuit when n is odd. 

+ (a?* + y’*-2) ... == €X ; 

(x^ + y^-l)ix^ + y^-2) ... {x^+y‘^-\{n-l]){x-H) =- €.] 

§ 11. Hilbert’s Theorem. 

For evei'y assigned value of n greater than 3 there exists an 
n-ic (vith ^le following pro 2 )erties : 

(i) It is non-singular. 

(ii) has the maximum mimher ^ + of 

circuits. 

(iii) It has the maximum number ^{n — 'l) or ■|(/^ — 3) of 
nested ovals. 

(i v) It has the maximum number n{n — 2) of real inflexions. 



Fig. 13. 


The theorem may be considered to hold even in the cases 
n = 2 or 3, if we adopt the convention that a single oval 
shall count as a nest of one oval when n>^ and shall not 
count as a nest when n = 2 or 3. 

Suppose that in Fig. 13 we have a circle (shown by the 
thick line) with equation e = 0. Suppose we have also a 
curve (shown by the thin line) with equation /=0, which 
possesses a nest of }) ovals, such as is shown at the bottom of 
221« B b 
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the diagram, and an oval 12 meeting the circle in 2 q points 
(only) passecl tbroiv^h in the same order whether we traverse 
the circle or the oval X2. There is a portion of the plane not 
containing the nest, which is bounded by an arc of the circle, 
and an arc of 12 lying inside the circle. On this arc of the 
circle take 2t points R^, ... , ; and let the equation of 

the lines RoR. B.^.B^r be 7 = 0. 

In the diagram jo = 2, q = 3, r = 2. 

Then, if e is a small constant of suitable sign. 

is a curve such as is shown by the broken line in Fig. 13. 

It has a nest of />+ 1 ovals and has in all 2q— 1 more ovals 
than the original curve. It has too 4^ more inflexions, since 
each intersection of th(^ circle and original curve gives rise to 
two extra inflexions by § 6.* 

It has also an oval of the same nature as the oval 12, meeting 
the circle in 2r points passed thiough m the same order 
wheth^ we traverse the circle or the oval. 

Supposing now we have an i<,-ic / = 0 satisfying the con- 
ditions of the theorem, with ^ {n^ — Sn-\-4) circuits of which 
^{n — 2) or — 3) form a nest as in Fig. 13 and one is an 
oval such as 12 meeting a tixed circle 6 = 0 in 2 u points (q = n). 
Suppose also the n-io has n{n--2) real inflexions. If we 
take r = a + 2, the derived curve 

^9 

is an (a + 2)-ic with a nest of or |(a— 1) ovals and an 
oval such as 12 meeting the circle in 2(^i-f-2) points. The 
derived curve has also 

'll (71 — 2) + 4>t = ( a + 2) It 
real inflexions, and the number of its circuits is 

— + 4)H-2')r--l = {(^ + 2)^ — 3 ('}i + 2) + 4}. 

We have now only to e.stablish the existence of the -Ji-ic 
with the nest, Ijhe oval 12, and the n(n--2) inflexions for the 
cases 'll = 2 and 71 = 3. 

The result will then follow by induction. 

For 71 = 2 it is sufficient to take any ellipse meeting the 
circle in four real points. For 71 = 3 we may take the curve 

eh = eg, 

where 6 = 0 is a cii'cle, /t = 0 a straight line not meeting the 
circle, and 7 = 0 three straight lines all meeting the circle. 

* Fig. 18 is purely diagrammatic, and inflexions are shown in the figure 
which do not really exist. 



XX 11 


HILBERT’S THEOREM 


371 


The reader who wishes to pursue further the subject of 
circuits may consult : 

American Journal Math,^ xiv, p. 245 ; xxix, p. 305. 

Annuli di Mat, Puva ed Applicata, III, xxii, p. ]17. 

Berii hte der K. Sdchsischen GeselL der Wiss. zu Leipzig^ 
Ixiii, p. 540. 

Bull, New Yorlc Math, Soc,^ i, p. 197, 

Or pile, cxiv, p. 170. 

Math. Aniudetb, vii, p. 410; x, p. 189; xxxviii, p. 115; 
xli, p. 349; Ixvii, p. 126; Ixix, p. 218; Ixxiii, p. 177; Ixxiv, 
p. 319 ; Ixxvii, p. 416, 

Berniwonti del Reale Idituto Lombardo, II, xliii (1910), 
pp. 48 and 143 ; xlvii (1914), pp. 489 and 797 ; xlviii (1915), 
p. 182 ; xlix (1916), pp. 495 and 577. 

Trans. American Math, Soc., iii, p. 388. 

Ex. 1. A curve /= 0 has a circuit meeting a line = 0 in g points 
(only) which are passed through in the same order whether we traverse 
the lino or the circuit. The r lines g — 0 meet e = 0 in r points, suoh 
that the two segments containing the q points and the r points on e == 0 
do not overlap. Prove that ef— €g, where € is a small constant of 
suitable sign, has ^-1 more circuits than /= 0, and has a circuit 
meeting c = 0 in r i)oint8 only which are passed through in the same 
order whether we traverse the line or the circuit. 

Ex. 2. A non-singular ji-ic exists for any given value of », having its 
maximum number of circuits, with a circuit meeting a given line in 
n points passed through in the same order whether we traverse the line 
or the circuit. 

[Take q—n, r = « -i- 1 in Ex. 1, and use induction.] 

Ex. 3. {x^ + y^} (y-ax) (y-cx) ... (y-kx) — y iy-hx) (y-dx ) ... (y-lx\ 
where a, h, c, d, ...,h, 1 are 2 m— 4 constants in ascending order of 
magnitude, is an ??-ic of zero deficiency with a single circuit of index n — 2. 
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CHAPTER XXI 


CORRESPONDING RANGES AND PENCILS 

§ 1, Correspondence of Two Pencils. 

Suppose we take two lines PA^ PB y = tz, x Tz respec- 
tively through the points A and B of the triangle of rel'erence 
AB(', such tliat / and Tare connected l)y a relation of the form 

Ti (a,,tP + ' + . . . + -f {\tv + h, + . . . -f 

+ . . . + + /‘'i + . . . + = 0 . , (i). 

To every position of l^B correspond p positions of PA, and 
to every position of PA correspond q positions of PB, The 
lines PA and PB are ^aid to trace out with vertice^^ 

A and B haviotg a p:q corref^^pondence. 

Eliminating t and T between (i) and y =i tz, oj = Tz we 
obtain the locus of P. It is a {pAqyie with multiple points 
at A and B of orders p and q respectively. The p tangents 
at A are thc^; lines of the pencil with vertex A which corre- 
spond to the line BA with vertex B ; and similarly for the; 
tangents at B. These facts are obvious either from the equation 
of the curve or from simple geometrical considerations. 

Plucker’s numbers are at once written down, remembering 
that a /c-ple point counts as ^h{k — 'i) nodes (Ch. VIII, § 8). 
We have * 

n -p^q, m = 2pq, 5 = 1 + = 0/ 

r = + + l = ^('^pq—p — q), 

I)^(p^l)(q^l) 

The tangents from A to the curve are the tangents at A 
each counted twice and the 2((/ — l)y> lines given by those 
values of t which make (i), considered as an equation in P, 
have equal roots. We verify easily from this that m = 2pq. 

In (i) we have supposed -=f=. 0. If = 0, the line AB 
corresponds to itself in the two pencils. The locus oTP is now 

* Assuming that the tangents at A and B are all distinct, and that the 
curve has no multiple point other than A and B. This assumption may not 
be valid, if certain relations hold between the coefficients of equation (i). 
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the line AB together with a (p + g~l) 4 c having a 
point at A and a (<7— l)-ple point at B, For this curve 

+ m = 2(pq-l), S = l(p^ -h(f -Sp — Sq -hA),' 

K — i\ r — 2(p^q^-72yjf + 2p + 2q-^4>), 
i=^3{2pq-p-q-l), D ^ {p-l)(q-l) 

The case 7; = 7 = 1 is very well known. We have thei» 
that the intersection of corresponding rays of two hoiiiographic 
pencils is a conic, or is a straight line if the line joining the 
vertices of the pencils corresponds to itself. The reader may 
also vo]*ify the results obtained by taking 7; — 2, 7 = 1 or 
/> = 7 = 2. 

Tf — 0, the locus of P is similarly a (/) + 7 — 2)-ic 

with — 2)-ple and (7 — 2)-ple points at A and B respectively ; 
and so on. 

W^e readily show that, conversely, the linos PA and PB 
joining any point P on a (y) + 7)-ic to multiple points A and B 
of orders p and 7 respectively liave a p \q correspondence. In 
fact, putting y ■=^ tz and .r = Tz m the e(j nation of the curve 
we have a relation of the form (i). 

More generally, any 7i-ic witli an r-plc point A and an 
s-ple point P* may be considered as the locus of P, when 
the pencils traced out by PA and PB have a (71 — .9) : (n — r) 
correspondence such that a — r — .s* of the lines through A 
correspomling to BA coincide with AB, and n — r—s of the 
lines through B corresponding to AB coincide with BA. 

This is evident on putting t for y/z, T for x/z in the equation 
of the curve, when we get a relation of the form (i) with 

C/q* • • • 5 S*-1 » J 1 • • • , _ y-x-Si j • • • 

all zei*o. 

FiX. The qna<liatic transform of the (p-hq)-ic of § 1 with respect to 
a conic touching CA and CB at A and B is the intersection of pencils 
through A and B having a q:p correspondence. 

[The quadratic transform of a line through A is a line through i?.] 


§ 2. Correspondence of Two Ranges. 

The polar reciprocals of two pencils with a p:q corre- 
spondence are ranges of points on two lines* with a p:q 
correspondence. To any point of the first range correspond 
q points of the second, and to any point of the second range 
correspond p points of the first. We have a relation such 


* 7 - 0 if .4 is not on the curve, r = 1 if >1 is an ordinary point of the 
curve ; and so for £. 
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as (i) of § 1, if f and T are the distances of corresponding 
points measured from fixed origins on the two lines. 

Two pencils with 2 ^ piq correspondence meet any two lines 
in ranges with (ip:q correspondence, and the pencils formed 
by joining any two vertices respectively to the points of 
ranges with a ;>:<7 correspondence have themselves a p:<i 
correspondence. 

The line joining corresponding points of two ranges with a 
p.q correspondence in general envelops a curve of class p + q 
having the lines on which the ranges He as jf>-ple and ^-ple 
tangents respectively. 

Kx. 1. Two ranges on the same line with p : q correspondence have 
p-\-q self corresponding points. 

Two pencils with a common vert«'X and p : q correspondence have 
jo + g self-corresponding rays. 

Ex. 2. A, B. C are fixed points. Any line through A meets a fixed 
conic through B in 1* and a fixed line in Q. Find the locus of the 
intersection of BP and CQ. 

[The i^encils CQ and BP have a 1 : 2 correspondence. The locus is 
therefore a cubic through C with a node at B ] 

Ex. 3. Find the locus of the intersection of tangents from two fixed 
points J5 to a given family of confocal conics. 

[The tangents from A and B have a 2 :2 correspondence in which AB 
is self-corresponding. The locus is a cubic through A and B.] 

Ex. 4. Find the locus of the foci of curves of the w?-th class touching 
m — 1 given lines when the line at infinity (i) is not, (ii) is. one of the 
given lines. 

f(i) A (2 w — 1 )-ic with (w — l)-ple points at the circular points. The 
singular foci of the locus lie on the locus. 

(ii) A (2w — 2)-ic with (m — l)-ple points at the circular points. 

Consitler the correspondence of the tangents to the curve from the 
circular points. 

See also Ch. V, § 2, Ex. 5.1 

Ex. 5. A, Bf C are fixed points. Through A and C are diuwn con* 
jugab* chords of a fixed conic through A and B meeting the conic in 
P and Q respectively. Find the locus of the intersection of and BQ, 

[The pencils AP and BQ have a 1 : 2 correspondence.] 

Ex. 6. A conic is drawn through three fixed points A, P, C to touch 
a fixed line I at any point P. The tangent at A meets I at Q, Find the 
locus of the intersection of BQ and CP. 

[The pencils BQ and CP have a 1 : 2 correspondence.] 

Ex. 7. A conic is drawn through four fixed points A, B, C^ D and 
meets a fixed line through .4 in P and another fixed line in Q. Find the 
locus of the intersection of BP and CQ. 

[The pencils BP and CQ have a 1 : 2 correspondence, BC being self- 
corresponding.] 
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Kx. 8. A,B, C, I), Ey F are fixed points. Any conic through A, By (7, D 
meets two fixed lines in P and Q respectively. Find the locus of the 
intersection of EP and FQ. 

[The pencils EP and FQ have a 2 : 2 correspondence.] 

Kx. 9. Ay By Cy D are fixed points Tangents are drawn from A and B 
to any conic of a given confocal family to meet a given line in P and Q 
respectively. Find the locus of the intersection of CP and DQ, 

[The jiencils CP and DQ have a 2 : 2 correspondence.] 

Ex. 10. Ay By Cy Dy E are fixed points. A fixed conic passes through C. 
A variable conic touches fixed lines at A and B, and meets the tangent 
.it C to the fixed conic in P. A common tangent of the two conics meets 
this tangent at C in Q. Find the locus of the intersection of UP^bmlEQ. 

[The pencils DP and PJQ have a 2 : 4 correspondence.] 

Ex. 11. yiy By Cy Dy Ey Fy Gy Jfy InrQ fixed points. Any cubic through 
Ay By Cy Dy Ey Fy Gy If lucets a fixed line at P, Find the locus of the 
mtersection of the tangent at A and the line IP. 

[The tangent and /Phave a 1 :3 correspondence.] 

Ex. 12. How many solutions are there to the iiroblem : ‘ Dimw a circle 
thiough two given points to meet two given lines in iiointsV^, Q collinear 
with a given point O’ V 

[OP and OQ have a 2:2 correspondence. Thciefore by Ex. 1 the 
answer is 2 h 2 — 4.] 

Ex. 13. liow ma.nj' circles can be drawn through a fixed point A 
touching a given line at 7' su<*h that Paiid the intersection Q of another 
fixed line with the tangent at A are collinear with a fixed point 0 ? 

[ OQ and OP have a 1 : 2 correspondence. Therefore the answer is 
1 + 2 = 3.] 

Ex. 14. How many solutions are theio to the problem : ‘ Draw a circle 
through two fixed jjoints A, B meeting a given conic at P and a given 
line at Q so that PQ meets the conic again at a given point 0 ’ ? 

I OP and OQ have a 4:2 correspondence. The answer is G. Discuss 
the case in which the given line passes through jI.J 

Ex. 15. X is the distance of a point on a given line from a fixed 
origin and f{x), cf) (x) aie polynomials of degree ?i, the group ot u jioints 
given by /(x)=/c(p(x) is said to trace out un ivrolutioii-ya'ime of 
de<jree n as Ic vaiies. A similar definition holds for pencils. Show 
that the involution-range has 2{n—\) double points. 

Ex. 16. The two involutions of degree n and N given by the equations 
f{x) = and F[y) = (//), 

are said to be project ive, if h and F are connected by a relation of the 
form akh' A-hkAcF d = 0. Show that two jirojective involution-ranges 
on the same line have n + JV self-corresponding iioints ; and that the line 
joining corresponding points of two projective involutions along different 
lines envelops a curve of class n + N having the lines containing the 
involutions as n-plc and A-ple tang^ts respectively. Show also that 
a corresponding result holds for pencils. 
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Ex. 17. Two families of curves have respectively degree, class, 
characteristic (Pi> k) ^ 2 > ^^ 2 * h)- Show that, if the 

families have a 1 : 1 correspondence, the locus of the intersection oi 
corresponding curves is in general of degree n^p^-^n^lh and of class 

[Corresponding curves have equations 

/i ^’) = ^ and /a (:r, y, A*) = 0, 

where and/j, are of degrees and Wg in x and y, and p 2 
intersections of the locus with y = 0 aie found by eliminating h from 
/j (^, 0, A;) = 0 and (.r, 0, h) = 0.] 

§ 3. Curves with a One-to-One Correspondence. 

We may iiso our knowledge of the locus of the intersection 
of corresjjonding rays of two pencils to establish the theorem : 

If the 'poirhU of tivo curves have a 1 : 1 correspondence, the 
cuo^^es hove the same dejiclency. 

This means that, if to eacli point V with Cartesian coordinates 
{x, y) on one curve corresponds a point P' with coordinates (a;', /) 
on the other so that x\ y' may he expressed rationally in terms 
of and vice versa, then the curves have the same deficiency. 

It is at once scon that, if points P , are taken on 

three curves, such that the coordinates of P can be expressed 
rationally in terms of P' and vice versa, while the coordinates 
of P' can be expressed rationally in terms of P" and vice 
versa, then the coordinates of P can be expressed rationally 
in terms of P" and vice versa. 

Now we have proved (Ch. IX, §§ 1, 8) that two curves 
derived from each other by cpiadratic transformation have 
a 1 ; I correspondence and have also the same deficiency. It 
will suffice therefore to prove the result for any two curves 
into which the given curves may be transformed by a scries 
of (quadratic transformations. Now by a series of quadratic 
transformations we may transform a given curve successively 
into curves with less and less complex singularities, till we 
obtain a curve with no singularities other than ordinary 
multiple p/>ints with distinct tangents. Hence it suffices to 
prove the theorem for two curves with ordinary multiple 
points with distinct tangents only. 

Suppose Q, P corresponding points on two such curves of 
degrees n, N and classes m, M. Take two fixed vertices A, B, 
and let AQ, BE meet in P. The locus of P is an algebraic 
curve ; for we may eliminate the coordinates of Q and E from 
the rational equations connecting them, from the equations of 
the given curves, and from the equations of the lines BE and 
AQ, thus getting an algebraic eliminant which is the equation 
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of the locus of P. To cacl» position of AQ con-espond vi- posi- 
tions of RR* and to each position of Bit correspond JV positions 
of AQ. Hence AQ and BE have an iV: w correspondence, 
and the locus of P is an (a + iir)-ic, with A and B as J\'^-ple 
and a-ple points. 

The tangents from A to tho locus of P are the A tangents 
at A each counted twice, together with the m lines through A 
touching tho locus of Q. For two of the lines BE corre- 
s])onding to such a position of AQ coincide. Hence the class 
of the locus of i-* is 2N+ m. Similarly it is + M. There- 
fore m-2n + 2 and are equal. But these are 

twice the deficiencies of the curves since they have no cusps 
(Ch.VIII, §3, Ex. 1). 

For example, we pointed out that the coordinates (f, ?/) of 
a point on the evolute cori espondim;- to a ])oint {x, y) of a given 
curve f(x^ y) = 0 are expie.ssilde rationally in terms oi x and y 
by means of equations (i) of Cii. XI, § 2, 

Conversely, when we solve for x in terms of ?/ by 
eliminating y from these equations, making use of/(ir, 2 /) = 0, 
we express x rationally in terms of r/, hor otherwise^ (f>^) 
would be the centre of curvature at more than one point of 
y) = 0, which is not in general the case. Similarly for y. 

Hence a curve and its evolute have a 1 : 1 correspondence, 
and have therefore the same de^icienc}^ 


Ex. 1. A curve and its recipiucal have tho same deficiency. 

[See Ch. Vlir, § 1 (vi).J 

Kx. 2. The Hessian, Steincrian, and Cayleyan of a curve have the 
same deficiency. 


Ex. 3. If p and q arc relatively prime integers, p being positive, the 
deficiency of H t ^ ^ 


[The transformation x — y — establishes a 1 : 1 correspondence 
between the given curve and + = 0 which is non-singular of 

degree p. See V. Jamet, Bull de la Hoc. Math, dv France, xvi (1888), 
p. 132.] 


4. Correspondonc© in Thre© Dimensions. 

Just as in § 1 we had two pencils of lines with p : q corre- 
spondence, so wo may have two pencils of planes with p : q 
correspondence, the planes of each pencil passing through a 
given line called the axis of the pencil. 

Corresponding planes meet on a ruled surface of degiee 'p -h q 
having the axes of the pencil as ^-^-ple and {“plo lines respec- 
tively. This is evident from the fact that any plane meets 
the two pencils of planes in two pencils of lines with a 
coi respond ence ; or it may be proved indeptudently as in § 1. 
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If the axes of the pencil intersect at 0 , the ruled surface 
becomes a cone with vertex 0. 

Reciprocating, the line joining corresponding points of two 
ranges on non-intersecting lines with p:q correspondence 
generates a ruled surface 22 such that p + q tangent planes can 
be drawn to 2 through any lino 1 . But these tangent planes 
are the planes joining I to the generator through the inter- 
sections of I with 2; so that these intersections are ^y-^q in 
number. Moreover, the reciprocation shows that the lines on 
which the ranges lie are 5-ple and p-ple lines of 2. 

We see then that the line joining corresponding points of 
two ranges on non-intersecting lines with b, p:q correspondence 
generates a ruled surface of degree ^> + 3 with the given lines 
as (/-pic and ^>ple lines respectively^ 

The case = ry = 1 is well known. 

Ex. If the coordinates of two points P and P, one on each of two 
given twisted curves, are connected by rational relations so that p points 
P correspond to each position of 1*' and q points 1*' to each position of P, 
then the line PP traces out an algebraic ruled surface of degree p + 3 . 

[The planes joining any given line I io P and P have a p : g corre- 
spondence, and thep + g sell-con esponding planes give the generators of 
the surface which meet ^.J 


§ 6. Curves on a Conicoid. 

The (y^ + (/)-ic of § 1 may be employed to study algebraic 
curves on a conicoid, that is, the whole or partial intersection 
of the conicoid with any algebraic surface.* 

Let 0 be a point of the conicoid and let any plane 11 meet 
the generators through 0 in and B, 

Consider the projection from 0 on to II of any curve on y, 
which does not pass through 0 . All generators of one family 
on j intersect OA ; they therefore project into straight lines 
through A, Similarly the other family of generators project 
into straight lines through B, 

Suppose that the curve on j we are investigating is the 
intersection of with a surface of degree 76 having a generator 
of the same family as OA as an (76 — (/)-ple line, and a generator 
of the same family as OB as an (a— y>)-ple line, these two 
generators not being counted as part of the curve of inter- 
section. Then OA meets the curve in points all projecting 
into the point Ay and OB meets the curve in q points all 
projecting into B, Any generator of the same family as OA 

* Every twisted curve of the third or fourth degree is of this nature ; for 
a conicoid through nine points of the curve must contain the curve. 
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meets the curve in p points, and projects into a line meeting 
the projection of the curve q times at B and p times elsewhere. 
Similarly for a generator of the other family. Hence the 
projection of the curve is a (y? + g)-ic with A as p-ple point 
and B as (/-pie point The tangents at A to the projection lie 
in the planes tlii’ough OA touching the twisted curve where it 
meets OA ; and so for B. 

Each inflexion of the plane curve is the projection of a point 
of the twisted curve at which the osculating plane passes 
through 0. 

Every propcity of the plane curve gives a property of the 
twisted curve on projecting back on to the conicoid j ; and 
vice versa. 

A conic on j projects into a conic through A and B ; and 
conversely. This is clear on putting = g = 1, or otherwise. 
Let V ho the pole of the plane of a conic on j, which meets 
OA and OB in P and Q. Then 0 VP and 0 VQ are the tangent 
planes at P and Q toj. Hence the lines VP and VQ project 
into the tangents at A and B to the projected conic; i. e, the 
pole of the plane of a conic on j projects into the pole of AB 
with respect to the projected conic. 

If the plane of any other conic on j passes through F, the 
polar of V with respect to it is the line of intersection of its 
plane with the polar plane of V. Projecting we see that, if 
the planes of two conics on^ are conjugate, their projections 
are two conics through A and B such that the pole of AB for 
on(i conic is the pole of their other common chord for the 
second conic ; in other words, the projections are two conics 
through A and B with degenerate harmonic locus and 
envelope.* 

We have so far supposed that the point 0 does not lie on the 
given twisted curve. If 0 does lie on this curve, the generators 
OA and OB meet the curve respectively in ^> — 1 and (y — 1 
points other than 0. If we project on to the plane H, we obtain 
a (y>+(y — l)-ic with A as (y? — I)*ple point and B as ((/ — l)-ple 
point. The projection meets AB again at a point P on the 
tangent at 0 to the given twisted curve, and the tangent at P 
to the projection lies in the osculating plane of the curve at 0. 

A twisted curve on j meeting all generators of one family 
in p points and all generators of the other family in q points 


* This is obvious on projecting A and B to the circular points, when the 
conics become orthogonal circles. The harmonic envelope is the envelope 
of a line divided harmonically by the conics, and the harmonic locus is the 
locus of a point from which a liarmonic pencil of tangents can be drawn to 
the conics. 
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may be called a curve of type p + q on the conicoid. The 
curves of type S + 1, 2 H- 2, 3 + 1 are well known. 

Any twisted cubic curve is the partial intersection of two 
conicoids with a common generator and is of the type 2 + 1. 
For since a twisted cubic meets an}^ conicoid not containing 
it in six points, it must lie wholly on all conicoids through 
any eight points of the curve. 

Similarly a twisted quartic lies on the conicoid through any 
nine points of the curve. If it lies on a second conicoid, it is 
of type 2 + 2 ; otherwise of type 3 + 1. 

Kx. 1. The points of contact of the three osculating planes of a twisted 
cubic which pass through any point 0 lie on a plane through 0. 

[The cubic lies on a conicoid through 0. Projecting from 0 we 
have : ‘ The three inflexions of a plane nodal cubic are collineav.’j 

Kx. 2. With any point Oas vertex three cones of the second degree can 
be drawn having six-point contact with a given twisted cubic. The 
tangent planes to the cone at the points of contact pass through the 
points of contact of the osculating planes through 0. 

Kx. 3. Four tangent lines of a given twisted cubic meet any given 
line in space. 

[Project from a fjoiiit on the line.J 

Fx. 4. Through the line joining a fixed point 0 to any point ot a 
twisted cubic two tangent planes are drawn to the curve touching at 
Q and it?. Show that the plane OQB envelops a cone of the second degree. 

[See Ch. XIII, § 4, Kx. 13 (hi).] 

Kx. 5. The planes joining four given points I*, Q, 11, S of a twisted 
cubic to any chord form a pencil ot constant cross-iatio. 

[Let AB and CD be two chords. Projecting from A, we see that 
the pencils AB{PQRS) and AC{BQltS] have the same cross-ratio. 
Similarly project from C for the ]>encils joining CA and CD to P, Q, R, 5.] 

Kx. 6. If in Ex. 5 the pencil is harmonic, the tangent at P meets the 
osculating plane at P in a point on the plane RQS. 

[Project from P.] 

Ex..7. Nine osculating planes of a curve of type 2 + 2 pass through 
a given point 0 on the curve. The plane through O and any two of the 
pennts of contact jiasses through a third ijoint of contact. * 

[Project from O.J 

Ex. 8. Through any variable chord of a curve of type 2 + 2 four 
tahgent planes can he drawn, and the cross-ratio of the pencil of planes 
is constant. 

[Let AB and CD be two chords. Projecting from A, we have the fact 
that the pencils of tangent planes through AB and AC have the same 
cross-ratio. Similarly project from C for the chords CA and CD,] 

Ex. 9. The tangent planes through any point 0 to a curve of type 
2 + 2 at the points where it meets the generators through 0 of a conicoid 
containing the curve meet the curve again in four coplanar points. 

[Projecting from 0 we hii\e Ch. XVlll, § 4, Ex. l.J 
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Ex. 10. Obtain properties of a twisted curve of type 3 + 1 by projecting 
from any point of the conicoid containing the curve. ^ 

[See Ch. XVIT, § 8.] 

Ex. 11 . The three points of contact of the osculating planes of a curve 
of type 3 + 1 which pass through a point 0 of the curve lie on a plane 
through 0. 

Ex. 12. 0 is a fixed point on a curve of type 3 + 1, and P is any other 
point on the curve. The tangent planes through OP to the curve touch 
at Q and R, Show that the plane OQR envelops a cone of the second 
degree. 

Ex. 13. The line of striction of one family of generators of a hyper- 
boloid is a curve of typo 3+ 1. 


§ 6. Curves on a Sphere. 

If the coniooiJ j of § 5 is a sphere, we must have p = q 
when the curve ony is real ; and the degree of the curve is even. 
If we take 11 as the diametral plane parallel to the tangent plane 
at 0, the projection becomes the well-known stereographic 
projection. The generators OA, OB become the circular lines 
through 0 in the tangent plane at 0, while A and B become 
the circular points co and o/ in IT. The properties of conics 
on j proved in § 5 now become the well-known theorems that 
a circle on j and the pole of its plane project into a circle and 
its centre, and that two circles ony whose planes are conjugate 
project into orthogonal circles. In particular, all great circles 
project into circles orthogonal to a fixed (unreal) circle which 
is the projection of the circle at infinity. We may show 
similarly that angles are unaltered by stereograpbic projection. 
These results also follow from the fact .that a spherical curve 
and its stereographic projection from 0 are inverses of each 
other with respect to 0, 

If the generators through a point F on the sphere j/ touch 
a curve on F may be called a focus of the curve. The 
generators through F project into lines through m and o)'. 
Hence the stereographic projections of the foci of a spherical 
curve are the foci of the projected curve. 

Suppose a spherical curve of even degree n has 8 nodes 
and K cusps ; while m great circles can be drawn through any 
point to touch the curve, r great circles are bitangent to the 
curve, and l great circles osculate it. Then the projected 
curve is of degree n and class m ; it has 8 nodes and k cusps 
besides a |'/^-ple point at each circular point; while it has 
r bitangent circles and l osculating circles which ai*e orthogonal 
to any fixed circle. 
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Looking at the results of Ch. XI, § 11, Ex. 1, we get 

m = ^ — 25— 3/f, I = I (n— 2) — 65— 8/c, 

= la (m — 1) — 2r — 3 l. 

These may be regarded as Plucker’s equations for a spherical 
curve. 

Kx. 1. Two points P, on a sphere are said to be ‘inverse with 
respect to a circle ’ on the sphere, if the line I'F' passes through the 
pole of the plane of the circle. If F traces out a locus on the sphere, so 
does and the loci of F and P' are ‘ inverse ’ with respect to the circle. 

Show that (i) the stereographic ])rojection of a circle and two inverse 
points is a circle and two inverse iDOints. (ii) The angle between two 
spherical curves is equal to the angle between their inverses with respect 
to any circle of the sphere, (iii) The inverse of a &]>herical ‘2>/-ic is in 
general a spherical ‘2w-ic of the same t^qie (with the same Plucker’s 
numbers), (iv) A self-inverse spherical 2n-ic is the intersection of the 
sphere with a cone of degiee n. 

[For (i) use the fact that the circle is cut orthogonally by any circle 
through the points. It follows that the stereographic projection of a 
(‘ircle and two inverse curves on the sphere is a circle and two inverse 
curves ; whence wc get (ii) and (iii). ) 

Ex. 2. The foci of a spherical 4-ic lie by fours on four circles with 
respect to which the 4ic is sell-inveisc. 

The 4*ic is the intersection of the sphere with four cones of the 
second degree. 

Ex, f). Obtain properties of the spherical 4*ic from those of the plane 
bicircular 4-ic. 

Ex. 4. Show that properties of a plane bicircular quartic whose real 
foci are coney die may be obtained from the pioperties of a conic as 
follows: Project the conic on to a sphere from the centre. Then project 
the siiherical carve thus obtained (a sphero-conic) stercographically into 
a bicircular quartic. 

Ex. 5. A bicircular quartic has real concyclic foci A, B, C, D. Show 
that the bitangents to the curve from the intersection 0 of AB and CD 
make equal angles with OAB, OCD, 

[The tangent-arcs to a sphero-conic from a point P make equal angles 
with the focal distances of F. Project fioui the point diametrically 
opposite to P. See also Ch. XVI li, § 8, Ex. 5.J * 

Ex. 6. A chord PQ of a circular cubic subtends a right angle at a fixed 
point 0 of the curve. Show that the circle through FQ bisecting the 
circumference of a fixed circle with centre 0 passes through two fixed 
points. 

Ex. 7. Two bicircular quartics with the same four real concyclic foci 
cut orthogonally. 

[Two confocal sphero-conics cut orthogonally. See also Ch. XVIII, 
§ 6, Ex. 6.J 

Ex. 8. P and Q are two points on a bicircular quartic with real 
concyclic foci A, B, C, D. Show that the four circles APC, AQC^ BFD^ 
BQD are all touched by the same two circles. 
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Ex. 9. The locus of a point on the Earth’s surface at which a given 
place has a given azimuth is a spherical quartic.. 

Ex. 10. The spherical quartic has a node 0 and foci 5, S', Show that, 
if P is any ]ioint on the curve, 

(sin 1 SP . cosec }^OS±&m\ S'P . cosec 1 OS') cosec I OP 
is (constant, the plus or minus sign being taken according as 0 is an 
a.cnode or criinode. 

[Projecting stereogi’aphically from 0 we project the curve into a conic.] 

Ex. 11. Two spherical qnartics with a common node and foci cut 
orthogonally. 

Ex. 12. Two orthogonal circles are drawn through the node 0 of a 
spherical quartic touching the ( urve. The locus of their second inter- 
section is a circle. 

Ex. 13. Two (drcles are drawn through the cusp 0 of a spherical 
quartic touching the ( iirve and cutting ea(h other at a I'onstant angle. 
The locus of their second intersection is n sj)heri(*al quartic with a 
node at 0. 

[Projecting stereographically from 0 we have : ‘ The isoi^tic locus of 
a parabola is a hypeibola.’] 

Ex. 14, A spherical cpiartic has a node 0 and foci S', A ( ircle 
through 0 toLK'hing the curve is met again by the orthogonal cindes 
through 0 and N, 0 and S' at T’'. Y'. Show that Y and Y' lie on a fixed 
circle, and that 

sin },SY . sin J iS'T' . cosec' I OY . cosec | OY' 

is constant. 

[The reader will find a very inteiesting discussion of spherical quarthjs 
in Darboiix’s Sur vne rhia^e vcmarquahle de courhes et de surfaces alq2hnques 
(Paris, 1873), pp. 1 60.] 

Ex. 15. A spherical sextic has a triple point 0. Show that three real 
(drcles of curvature of the sexti(* pass through 0, and that their points of 
contact lie on a circle through 0. 

[Projecting stereographically from 0 we have : ‘ A cubic has three real 
col linear inflexions.’] 

Ex. 16. Show that tin* method of Ex. 4 is api)licable to any curve 
which is self-inverse with respect to a circle. 

Ex. 17. Two properties of a plane curve are derived by projecting a 
given spherical curve stereographically from two different points of the 
sphere. Show that the two i)roperties are obtainable fuun each other 
by ordinary inversion. 

Ex. 18. Through a given point 0 of a sphere any great circle OP is 
drawn meeting a given spherical 2w-ic in ft, •••> ftn- 

0 = 2 sin J 0Q\ , sin I OQ^ sin 1 Oft. . 

cosoc I PQ^ . cosec J Pft cosec I PQ^ 

(the summation extending over terms), find the locus of P, 

[Project stereographi(jally from the point diametrically opposite to 0 
and use Ch. YII, § 1.] 
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of perspective, 5. 


Base-conic : 

of quadratic transformation, 120. 
of reciprocation, 62. 

Base-point of pencil, 12. 

Bay of quartic, 364. 

Bicircular curve, 31. 

quartic, 304, 882, &c. 

Bitiecnodal quartic, 299. 
Biflecnode, 23. 

Bipartite, 215, 351. 

Bitangent, 25, 63, 64. 

Bi tangents of quartic, 25, 270, 283, 
305, 313, 316, 320, 322, 326, 328, 
330, 331, 332, 333, 334, 363, 364. 
Branch, 21, 351. 


Canonical equation of cubic, 228, 
233, 236, 252, 255, 261. 
Canonical equation of quartic : 
bi circular, 304. 

biflecnodal, 285, 288, 299, 323, 
325, 327. 


Canonical equation of quartic 
(contd ,) : 
binodal, 312. 
hecnodal. 288, 326. 328. 
non-singular, 333, 337. 
tacnodal, 289, 329. 
tricnspiclal, 283. 
tri nodal, 269. 

unicursal with one distinct double 
point, 135, 296, 297. 
with ihaiiiphoid cusp, 290. 331. 
with triple point, 291, 294, 295. 
296. 

Caibon-point curve, 285. 

CardioLd, 75, 171, 266, 284. 

Cainot’s theorem, 9. 

Cartesian coordinates, 1. 

curve or oval, 319. 

Cassinian curve or oval, 323. 
Cayleyan, 107, 248. 

Centre of curvature, 21, 161. 

Centre of curve, 36, 37, 91. 

Ceratoid cusp, 51. 

Characteristic, 66, 111, 376. 

Circle of curvature, 21. 

Circuit, 215, 351, 363, 306. 

Circular cubic, 190, 217. 
curve, 31. 

lines and points, 8, 61. 

Cissoid, 175, 177, 203, 207. 

Chp, 58, 87, 125. 

Coincidence point, 358, 261. 
Complex of bitangents, 337. 
Complex-triple, 339. 

Coordinates, 1. 

Conchoid, 177. 

Conchoid of Nicomedes, 179. 
Conditions determining a curve, 34, 
185. 

for double point, 26. 

Confocal curves, 69, 71, 75. 

Conic of closest contact, 53, 83, 143, 
206. 
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Conicoid,' 378. 

Conjugate point, 22. 

points on cubic, 241, 245, 258. 
Coresidual groups of points, 197. 
Correspondence of pencils and 
ranges, 372, 873. 

Critic centres of cubic, 2i)5. 
Cross-curve, 285. 

Cross ratio, 8. 

of tangents to a cubic, 220, 226, 
228, 285, 286, 248, 254, 262. 
Crunodal cubic, 209, 256, 257, 262. 
Crunode, 21, 68. 

Cubic curve, .w ‘ Contents \ 
equation, 16. 
surface, 345. 

Curvatures of touching curves, 9. 

, Curve-tracing, 37. 

Cusp, 22, 52, 54, 68, 78, 85, 188. 
856. 

Cuspidal cubic 204. 262, &c. 
quartic, 300. 
tangent, 68, 86. 

Cutting of a crunode, 352. 

Deferent conic, 805. 
parabola, 222. 

Deficiency, 113, 115, 116, 127, 129. 

186, 144, 164, 165, 169, :176. 
Degeneracy, 9. 

Degree of curve, 8, 139. 

Director circle. 61 825. 

Directrix, 70, 164, 224, 808, 

Double cusp, 45. 
point, 21. 

points of involution, 8. 
Double-six, 348. 

Kquianharmonic cubic, 229, 238. 

pencil and range, 17. 

Even circuit, 215, 352. 

Evolute, 161. 

Expansion near origin, 76, 83. 

First polar curve, 88, 96, 109. 
Flecnodes, 22. 

Focal conic of bicircular quartic, 
305. 

parabola of circular cubic, 222. 
Focus, 68, 69, 164, 169, 173, 181, 
182, 299, 300, 374. 

Focus : 

of bicircular quartic, 804. 
of circular cubic, 220. 
of evolute, 164. 


Focus (contd ,) : 

of inverse curve, 74, 165. 
of i^edal, 168. 

I of spherical curve, 881. 
Four-cusped hypocycloid, 28. 

Genus, 118. 

flarmonic cubic, 220, 223, 227, 229, 
237. 

envelope and locus, 61, 379. 
pencil and range, 3. 
perspective, 7. 

polar of inflexion of cubic, 95, 
235. 

Harnack's theorem, 866. 

Hart triangles of a cubic, 260. 
Hesse’s notation for hi tangents, 341 . 

theorem, 245. 

Hessian, 89. 98, &c. 
of cubic. 101, 208. 209, 229. 237. 
244. 

Higher plane curve. 8. 

singularity, US, 129. 

Hilbert’s th(*oreni, 869. 
Homogeneous coordinates. 2. 
Hour-glass-curve, 285. 

Ideal bitangent, 68, 64, 302, 306. 
859, 861. 

Index of circuit, 852. 

‘ Inflexion, 19, 54. 68, 77, 86, 138, 
192, 856. 

of cubic, 24, 95, 188, 204, 207, 
215. 227, 235, 253. 
of quartic, 24, 863. 

Inflexional tangent, 19, 63, 85, 108. 
Intersections of curves, JO, 81, 124. 

of curve and adjoined curve, 130. 
Invariants of fiubic. and quartic 
equations. 16. 

Inversion, 14, 74, 123, 164. 
Involution, 3, 875. 

Isolated point, 22. 

Isoptic locus, 174. 

Jacobian, 108, 241. 

j Klein’s theorem, 361. 

I Lame curve, 62. 

I Latent singularity, 127. 
Lemniscate, 286, 323, 324. 

Lima^on, 55, 64, 74, 171, 179. 
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tine at infinity, 4. 
of inflexions of cubic, 209, 211, 
216. 

on cubic surface, 346. 
Line-singularity, 33. 

Linear branch, 76. 
branches touching (see ‘Tac- ■ 
node’), 125, 126, 127, 129. 

Loop of nodal cubic, 210. 

Mcnelaus’s theorem, 9. 

Mobius’s theorem, 357.* 

Multiple point, 23, 115. 

Negative pedal, 169. 

Nest of ovals, 368. 

Newton’s diagram, 38. 
y/-ic, 9. 

D-ic with (n — l)-ple point, 104. 

with (>^-3)-ple point, 98. 

Nodal quartic, 298. 

Node, 22, 137. 

Non-singular curve, 33. 

Odd circuit, 215, 352. 

Opposite point, 190. 

Older of circuit, 352. 
of inulti])le ))oiiit, 23. 
of superlinear branch, 76, 87 
Orthoptic locus, 169. 

Oscnodal quartic, 135, 296. 

Oscnode, 53. 

Osculation, 21. 

Oval, 215, 336, 351, 363, 366, 367. 

Tarallel asymptotes, 31. 
curves, 179. 

Pamineter, 13, 53, 137, 252, &c. 
Partial superlinear branch, 76. 
Pascal’s theorem, 188, 193, 259. 
Pedal curve, 166. 

equation, 73. 

Pencil of curves, 12, 59. 

Perspective, 5. 

Pippian, 107. 

Pliicker’s numbers, 112, 201, 264. 

numbers for spherical curve, 382. 
Point-equation, 57. 

Point-even and point-odd circuits, 
355. 

Point of contact, 58. 

Points at infinity, 29. 
Point-singularity, 33. 


Polar conic, 88. 
coordinates, 2. 
curve, 88. 
line, 88. 

reciprocation, 62, 86. 

Pole, 88, 107. 

; of quadratic transformation, 120. 
Polo-conic, 102, 240. 

Projection, 3. 

Projective involution, 375. 

Quadratic transformation, 120. 
Quadruple tangent, 63. 

Quartic curve, ftee ‘Contents’, 
equation, 16. 

Quintic curve, 25, 35, 65, 123, 866. 

i Radial, 183. 

Radius of curvature, 21. 

Ramphoid, see ‘ Rhamphoid ’. 
Rational curve, se** ‘ Unicursal ’. 
Reciprocal of (ircuit, 355 
Reciprocation, 62, 74. 

Residual groups, 196. 

Reversion ot series, 79. 

Rhamphoid cusp, 51, 52, 80, 134. 
Ruled surface, 377. 

Ruler construction, 191, 245. 

Schlafli’s double-six, 348. 

Septimic curve, 25, 65. 

Sextactic point, 144, 189, 257, 260, 
261. 

Sextic curve, ‘25, 36, 65, 367. 
Singular focus, 71. 

of orthoptic locus, 173. 
of parallel curve, 181. 
of pedal curve, 168. 

Sort of bitangent, 364. 

Species of cusp, 51. 

Spherical curve, 381. 

Sphero-conic, 882. 

Spinode, 22. 

Standard equation, see ‘Canonical 
equation ’. 

Steiner complex, 337. 

]>air on a cubic, 259. 

Stein erian, 104, 249. 

Stereographic projection, 16, 381. 
Superlinear branch, 76, 79, 86, 116, 
135. 

Symmetrical bicircular quartic, 809. 

circular cubic, 224, 225. 
Symmetry of cubics, 229, 230. 
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bitancents, 335. 
cubics, 237, 240. 

Tacnodal quartic, 289, 328. 
Tacnode, 45, 52. 

Tangent, 13, 137, <fec. 

Tangent-even and tangent-odd cir- 
cuits, 355. 

Tangent of ^'-point contact, 20, 77, 
92. 

Tangential equation, 57, 59, 62. 
of point on cubic, 188, 205, 211, 
258. 

pencil, 59. 

Theoiy of equations, 16. 
Three-cusped hjpocycloid, 62, 266, 
283. 

Triangle of reference, 2. 
Triangular-symmetric curve, 91, 
102, 108. 


Triple point, 23, 64, 290. 
tangent, 63. 

Twisted curves^ 378. 

Type of curve, 113, 161, 201, 264, 
of twisted curve, 380. 

Undulation, 20, 64, 86. 
of quartic, 24, 333. 

Unicursal curve. 146, 201, 264, &c. 

Uniparti te, 215, 351. 

Vanishing line, 4. 

Vertex of curve, 163, 358. 
of perspective, 5. 
of in'ojection, 3. 

Weierstrass’s function, 157, 263. 

Zug, 351. 
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